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A B S T R A C T 

The locations of structural members can be provided according to architectural pro-
jects in the design of reinforced concrete (RC) structures. The design of dimensions 

is the subject of civil engineering, and these designs are done according to the expe-

rience of the designer by considering the regulation suggestions, but these dimen-

sions and the required reinforcement plan may not be optimum. For that reason, the 

dimensions and detailed reinforcement design of RC structures can be found by using 
optimization methods. To reach optimum results, metaheuristic algorithms can be 

used. In this study, several metaheuristic algorithms such as harmony search, bat al-

gorithm and teaching learning-based optimization are used in the design of several 

RC beams for cost minimization. The optimum results are presented for different 

strength of concrete. The results show that using high strength material for high flex-

ural moment capacity has lower cost than low stretch concrete since doubly rein-

forced design is not an optimum choice. The results prove that a definite metaheuris-

tic algorithm cannot be proposed for the best optimum design of an engineering 

problem. According to the investigation of compressive strength of concrete, it can 

be said that a low strength material are optimum for low flexural moment, while a 

high strength material may be the optimum one by the increase of the flexural mo-

ment as expected. 
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1. Introduction 

In structural systems, both tensile and compressive 
stresses occur under external loads. It is not possible to 
build these structural systems under tensile stresses us-
ing only brittle materials such as concrete. Although 
brittle materials are very useful in terms of compres-
sive strength, they are inconsiderable in terms of ten-
sile strength due to their small tensile strength. In this 
case, ductile materials like steel are quite important to 
meet tensile strength, but there are negative aspects 
like high costs and exposure to environmental condi-
tions. Given the mentioned aspects of concrete and 
steel, the use of reinforced concrete structures is af-
fordable, but the design of structure should be optimal 
and safe. Since two materials with different properties 

are used in the construction of reinforced concrete ele-
ments and the optimal cost structure is a non-linear 
problem, there is no optimal mathematical solution. In 
this case, numerical algorithms are quite useful. 

In order to find the optimal design variables for rein-
forced concrete elements, metaheuristic algorithms are 
quite suitable. Genetic algorithms were proposed in dif-
ferent approaches. Coello et al. (1997) used the genetic 
algorithm in the optimum design of reinforced concrete 
beams. Rafiq and Southcombe (1998), benefited from the 
genetic algorithm for optimization of columns under the 
biaxial bending. Rajeev and Krishnamoorthy (1998) opti-
mized reinforced concrete frame structures using a ge-
netic algorithm-based method. Camp and et.al. (2003) 
used the genetic algorithm to optimize the reinforced con-
crete frame system, taking into account the slenderness 
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of the columns. Ferreira et al. (2003) dealt with the opti-
mization of T-profile beams according to different con-
struction standards. In addition, the genetic algorithm, 
one of the classic metaheuristic algorithms, is used to 
achieve better results by combining it with other algo-
rithms. As examples, combining genetic algorithm with 
simulated annealing optimization for continuous beams 
(Leps and Sejnoha, 2003) or combining genetic algo-
rithm with Hook and Jeeves method for reinforced flat 
slab (Sahab et al., 2005) can be given.  

Simulated annealing optimization is widely used in 
the optimum design of reinforced concrete elements 
such as the genetic algorithm. This algorithm is proposed 
for both cost optimization of reinforced concrete frames 
(Paya et al., 2008; Perea et al., 2008) and minimizing CO2 
emission from reinforced concrete frames (Paya-Zafor-
teza et al., 2009). Similarly, Big Bang - Big Crunch Opti-
mization was used to minimize CO2 emissions from re-
inforced concrete frames (Camp and Huq, 2013).  

Optimization of reinforced concrete retaining walls is 
an important research area as it should be provided both 
structural and geotechnical rules. Simulated annealing 
optimization (Ceranic et al., 2001; Yepes et al., 2008), 
Harmony Search based algorithm (Kaveh and Abadi, 
2011)), Big Bang - Big Crunch Optimization (Camp and 
Akin 2012) and Charged System Search Algorithm 
(Talatahari et al., 2012) for the optimization of rein-
forced concrete retaining walls can be shown as an ex-
ample. 

Harmony search algorithm is used to optimize the 
structural members such as continuous beams (Akin and 
Saka, 2010), T-shaped reinforced concrete (Bekdaş and 
Nigdeli, 2013), columns (Bekdaş and Nigdeli, 2014a; 
Nigdeli and Bekdaş, 2014a), frames (Bekdaş and Nigdeli, 
2014b), walls (Nigdeli and Bekdaş, 2014b), cylindrical 
walls (Bekdaş, 2014; 2015) and biaxially loaded columns 
(Nigdeli et al., 2015). Tabu Search (Rama Mohan Rao and 
Shyju, 2010) and Artificial Bee Colony algorithm (Jah-
jouh et al., 2013) are the other algorithms, which are pro-
posed to optimize the reinforced structural elements.  

In this study, the optimum design of reinforced con-
crete beams was investigated. The metaheuristic algo-
rithms, which are used in the optimization process, are 
the harmony search algorithm, bat algorithm and teach-
ing-learning-based optimization. The results are given in 
five cases of the strength of concrete. 

 

2. Methodology 

In optimization of engineering problems, the goal is 
the determination of one or more design variables (xi, i = 
1,…, n) to bring the objective function to the most appro-
priate value. Design constraints which express equal 
equations (h(xi) = 0) and unequal equations (g(xi) ≤ 0) in 
some cases are required to determine design variables. 
Optimal values of design variables are searched step by 
step with meta-heuristic algorithms that are inspired by 
natural events. As the first main design, the design varia-
bles are randomly selected within the limits set by the 
user. These design variables create a solution set. The 
number of solution sets created is equal to the population 

of the individuals and cases used in the simulation of al-
gorithm. All solution sets are collected in a matrix and 
the objective function is calculated for each solution set. 
Design constraints are usually considered with a penalty 
function added to the objective function. After creating 
the first matrices with design variables, these matrices 
are updated according to the algorithm rules. The best 
solution is obtained with step-by-step updates.  

In this study, three different metaheuristic algorithms 
were used to optimize the objective function. These are 
harmony search algorithm, bat algorithm and teaching-
learning based optimization. 

2.1. Harmony Search (HS) 

Geem et al. (2001) developed harmony search algo-
rithm which is a music-based algorithm. A musician 
plays popular notes in his memory to please his audi-
ence. New notes that are similar to these notes can also 
be played to impress the audience more. With this anal-
ogy, the harmony search algorithm is emerging for opti-
mization problems. In the harmony search algorithm, 
the harmony memory matrix, which was originally cre-
ated and contains harmony vectors, is revised step by 
step. Harmony vectors contain design variables which 
are defined by random numbers in the specified solution 
range. Harmony memory size (HMS) is the number of 
vectors in the harmony memory matrix. The harmony 
memory matrix is determined in two ways depending on 
the harmony memory consideration ratio (HMCR). As 
much as HMRC probability, new values are created 
around some of the existing values. In this case, a solu-
tion set covering a smaller area is used, and the ratio of 
this range to the whole area is determined by the pitch 
adjustment rate (PAR). Another new type of vector crea-
tion involves the use of the whole solution area. If the so-
lution sets of the objective function are better than avail-
able solution sets, the results are replaced with the worst 
solution. 

2.2. Bat Algorithm (BA) 

The bat algorithm developed by Yang (2010) was in-
spired by the echolocation behavior of bats. Bats fly ran-
domly to a position with fixed frequency, variable wave-
length and loudness. Because of these properties, the de-
sign variables are included in the displacement vectors 
in the bat algorithm and the number of these vectors are 
equal to the bat population. Each displacement vector is 
modified at every step. Initial values are randomly deter-
mined from the solution set. Loudness and wave ratio 
(ri) are the parameters that change in the algorithm pro-
cess and determine the modification method. The basic 
code of the algorithm is presented in Table 1. 

2.3. Teaching-Learning-Based Optimization (TLBO) 

The analogy of a class is used in teaching-learning-
based optimization method (Rao et al., 2011). This 
method guides two different types of design variables, 
the teacher and the learning process. Unlike other meth-
ods, these processes are applied in order without making 
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a choice between the two processes. After a knowledge 
was imparted by the teacher, the students continue their 
development among themselves. Thus, all the members 
of the class are at a good level. 

Table 1. Pseudo code of BA. 

Objective Function f (x), x=(x1,…….,xd)T 

determine the population (Xi) and speed (vi) (i=1,……,n) of bats 

determine wave frequency (fi) at position xi 

determine wave ratio (ri) and loudness (Ai)  

condition (t < number of iteration) 

Get new results updating speed and locations by  

adjusting frequencies 

if (random number < ri) 

Choose one of the best results 

Create a local solution around selected results 

end 

Create a new solution by flying randomly 

if (random number < Ai and f (xi)< f (x*) 

Accept new result 

Increase ri and drop Ai 

end 

find the best solution (x*) 

condition end 

Print results 

 

In the teacher process, the best result in the matrix is 
chosen as the teacher. It is provided to update the cur-
rent result (Xold) and to approach the best result (Xteacher) 
by using random numbers (rand) as given in Eq. (1). In 
the equation, there is a new generated result (Xnew) with 
the use of the mean of the existing variables (Xmean) and 
the teaching factor (TF), which can randomly take one or 
two as value.  

( )new old teacher meanX X rand X TFX    (1) 

In the learning process, new results are obtained us-
ing two random (j and k) results, and only good results 
are updated. Mathematical expression of this process is 
shown in Eq. (2). 

( )new old j kX X rand X X    (2) 

3. Numerical Examples 

In the numerical examples, the design having the op-
timum material cost, including concrete and steel bar for 
reinforced concrete (RC) beams under the effect of the 
different bending moment (250 kNm and 500 kNm) are 
investigated. Also, the effect of different compressive 
strength of concrete such as 20 MPa, 25 MPa, 30 MPa, 35 
MPa and 40 MPa. The cost difference for 5 MPa increase 
of strength is taken as 5 $/m3. 

The design variables of the problem are presented in 
Fig. 1 and the design constants and ranges of design var-
iables for optimization problem are shown in Table 2. 

h

bw

n11

n22

n33

n44

 
Fig. 1. Design variables of RC beam. 

Table 2. Design constants for RC beam. 

Design constant Value 

Concrete cover (mm) 35 

Maximum aggregate diameter (mm) 16 

Compressive strength of concrete (MPa) 20-40 

Yield strength of steel (MPa) 420 

 Stirrup diameter (mm) 10 

Unit concrete cost ($/m3) 30-50 

Unit steel cost ($/ton) 400 

Range of longitudinal steel bars (mm) 10-30 

Range of beam breadth (b) (mm) 250-400 

Range of beam height (h) (mm) 300-500 

 

In the study, the reinforcement design is done accord-
ing to rules of ACI 318: Building code requirements for 
structural concrete and commentary (2005).  

The optimization process is continued as long as the 
difference between the best and worst result is more 
than 2%, and this condition is stopping criteria of the op-
timization problem. The optimum results employing HS, 
BA and TLBO algorithms are summarized in Tables 3-5 
for selected cases. 

Table 3. Optimum results for 250 kNm  
and 20 MPa strength of concrete. 

 HS BA TLBO 

h (mm) 500 500 500 

bw (mm) 250 300 300 

ϕ1 (mm)  26 22 22 

ϕ3 (mm) 16 30 10 

n1 3 4 4 

n3 0 0 0 

ϕ2 (mm)  12 10 10 

ϕ4 (mm) 30 12 10 

n2 4 4 4 

n4 0 0 0 

Optimum cost 
($/m) 

10.12 10.21 10.43 



 Ulusoy et al. / Challenge Journal of Concrete Research Letters 11 (2) (2020) 26–30 29 

 

Table 4. Optimum results for 500 kNm  
and 20 MPa strength of concrete. 

 HS BA TLBO 

h (mm) 500 500 500 

bw (mm) 400 400 400 

ϕ1 (mm)  26 26 26 

ϕ3 (mm) 14 26 18 

n1 6 6 6 

n3 3 2 4 

ϕ2 (mm)  14 10 10 

ϕ4 (mm) 30 30 10 

n2 6 6 6 

n4 0 0 0 

Optimum cost 
($/m) 

20.23 20.69 20.56 

Table 5. Optimum results for 500 kNm  
and 35 MPa strength of concrete. 

 HS BA TLBO 

h (mm) 500 500 500 

bw (mm) 300 350 350 

ϕ1 (mm)  30 28 28 

ϕ3 (mm) 12 24 10 

n1 4 5 5 

n3 3 0 0 

ϕ2 (mm)  26 14 14 

ϕ4 (mm) 24 12 10 

n2 2 4 4 

n4 0 0 0 

Optimum cost 
($/m) 

19.85 19.32 19.32 

 

 
       According to the results for the 250 kNm flexural 

moment for 20 MPa compressive strength, single rein-
forced solution is optimum. Whereas double reinforced 
design is optimum for 500 kNm for the same concrete 
class. By the increase of the concrete strength, singly re-
inforced design become also optimum for 500 kNm flex-
ural moment. In Table 5, HS approach result is a little ex-
pensive than the others, and doubly reinforced design is 
found as optimum with a smaller cross-sectional area.  

 

4. Conclusions 

In the study, three different algorithms i.e. HS, BA, 
TLBO are used for optimization of the RC beam member 
and the optimum results are compared. The optimum 
cost values for two flexural moment cases are shown as 
bar diagrams in Figs. 2 and 3 for comparison of algo-
rithms and the best choice of the compressive strength 
of concrete.  

In this study, a penalty function is not used in case the 
design constraints are not provided. Instead, variables 
are randomly generated until all design constraints are 
provided at each step. Therefore, optimum results are ef-
fective and fast. 

 

Fig. 2. The optimum costs for 250 kNm flexural moment. 

 

Fig. 3. The optimum costs for 500 kNm flexural moment. 

As seen in Fig. 2, the best case for 250 kNm flexural 
moment value is 25 MPa compressive strength. By the 
increase of the moment, 35 MPa compressive strength 
has the minimum cost due to singly reinforced optimum 
design without compressive reinforcement bars. If the 
compressive strength is lower than that value, compres-
sive reinforcement bars are needed.      

It is clearly seen that there is no specific algorithm 
which is dominantly distinguished than the others. This 
situation proves that even in different parameters cases 
of the same optimum design problem, the best algorithm 
choice may be different.  
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A B S T R A C T 

This study presents a reliability analysis procedure for a reinforced concrete bridge 
exposed to different moving loads. Bridges are one of the important part of transpor-

tation infrastructure systems. As bridges age, structural weakening due to heavy traf-

fic and aggressive environmental factors lead to an increase in repair frequency and 

decrease in load carrying capacity. Therefore, bridges require periodic maintenance 

and repair in order to function and be reliable throughout their lifetimes. In other 
words, condition and safety of the bridges must be monitored at regular time inter-

vals to avoid the disadvantages of deterioration. Otherwise, sudden collapse of a 

bridge may lead to irreversible loss of life and property. Therefore, the importance 

of the structural assessment of bridges is rapidly increasing in developed countries. 

In this study, reliability analysis which is one of the structural performance predic-

tion method is applied to a reinforced concrete bridge subjected to the different mov-

ing loads. The aim of this study is to observe the safety of the bridge for the effect of 

the increasing traffic factor over the years. 
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1. Introduction 

Infrastructure systems are essential facilities for com-
munities and countries because they supply the neces-
sary transportation, water and energy utilities. Because 
of increasing populations, more facilities are being con-
structed to meet demand for these systems. Increasing 
number of infrastructure systems leads to results in en-
countering the most important problems allocating suf-
ficient funds and making appropriate decision for 
maintenance and repair to ensure their survival and ser-
viceability during the lifetime period. In addition, aging 
and environmental factors create more needs for peri-
odic inspection, maintenance and repair of these sys-
tems. Furthermore, the process of planning and design 
are invariably made under conditions of uncertainty and 
risk is often unavoidable. In addition, there are various 
causes of performance deterioration of a structural sys-
tem. Particularly, in reinforced concrete bridges, deteri-
oration is caused by corrosion and the main reason for 

corrosion in concrete is the chloride diffusion into con-
crete leading to corrosion of steel reinforcement. The 
causes of deterioration of performance may be grouped 
into three main categories. Kong (2001) stated that they 
include the aging (reduction of resistance and increase 
in loading), special actions (collusions by vehicles, earth-
quakes, pollution, etc.) and human errors. Existence of 
deterioration may have a major impact on the servicea-
bility and load carrying capacity of bridges. For instance, 
small amount of local corrosion in prestressing steel ca-
bles of prestressed reinforced concrete beams may cause 
a sudden collapse in the structure. Therefore, the infra-
structure management systems are needed to monitor 
the condition and safety of structural systems over the 
years. One of the infrastructure management systems is 
the Bridge Management Systems (BMSs) because bridges 
are one of the crucial part of the transportation infrastruc-
ture systems. After unexpected failures of certain 
bridges have occurred such as the Silver Bridge in the 
U.S, researchers focused on creating BMSs to establish 
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maintenance and repair programs and to record the con-
dition of bridges. Thompson et al. (1998) developed a 
well-known and most used bridge management system 
in the world. Also, Hawk and Small (1998) created an-
other bridge management system to enable the alloca-
tion of resources for repair and maintenance of bridges. 
In other words, the aim of BMSs is to implement the best 
maintenance and repair strategies ensuring an adequate 
level of reliability at the lowest possible life-cycle cost. 

In developed countries for the structural assessment 
of bridges, structural safety criterion is the most im-
portant criterion among the other criteria taken into ac-
count which affects the determination of investment 
budgets of bridge maintenance and repair. Safety is a 
function of combinations of loads over the lifetime of the 
structure. Furthermore, structural safety depends on the 
load carrying capacity of the structure. However, struc-
tural deterioration of reinforced concrete bridges de-
creases their load carrying capacities. Therefore, the as-
sessment of remaining load carrying capacity of bridges 
is crucial part in management of bridge structures. In ad-
dition, performance prediction of an infrastructure sys-
tem is a difficult process due to existence of many uncer-
tainties. Mori and Ellingwood (1993) studied on uncer-
tainties in the deterioration initiation time of a bridge 
structure. Hence, deterioration prediction models are 
produced to overcome this difficulty. The condition-
based and safety-based performance prediction meth-
ods used by BMSs are two different procedures to give 
an idea about the structural safety. Unlike the condition-
based structural assessment which is generally per-
formed visually, structural assessment normally re-

quires structural engineering formulations or determi-
nation of quantified value of resistance degradation and 
load increase in a bridge member. Reliability index β or 
probability of failure Pf can be used as a performance in-
dicator to quantify the structural safety. Actually, relia-
bility analysis method is one of the procedure used for 
safety prediction approaches in developed countries to 
conduct the structural assessment of bridges. Reliability 
index β and probability of failure Pf concepts are intro-
duced in the following section. 

 
2. Reliability Analysis 

Reliability analysis methods are subject of the 
mechanical studies based on probability. In other words, 
probabilistic measure of assurance of performance is de-
fined as reliability. Prediction of structural reliability is 
generally based on either the calculation of reliability in-
dex or the probability of failure. As an alternative crite-
rion to the probability of failure, reliability index has 
been more often used as a measure for bridge elements 
and systems. Reliability can be formulated as the deter-
mination of the capacity of the system to meet certain re-
quirements. This way, probabilistic nature of structural 
capacity and load can be modeled using the supply ca-
pacity (resistance) and the demand requirement (load) 
terms presented by R and Q, respectively. The objective 
of the reliability analysis is to ensure the event R>Q 
throughout the lifetime of the structure. This is possible 
only if the probability event P(R>Q) is satisfied. Fig. 1 
shows the relative probability distributions of resistance 
R of a structural element and load impact Q.

 

Fig. 1. Probability distributions of strength R and load impact Q.

Load and resistance have a time dependent effect on 
probability of failure throughout the service life of struc-
ture. Indeed, expected resistance of a structure de-
creases in time because of environmental factors, 
whereas load impact on a structure increases in time. 
Probability of failure can be defined as the probability 
that the resistance is less than the load, which is formu-
lated as Eq. (1). 

𝑃𝑓 = ∫ [1 − 𝐹𝑄(𝑥)]𝑓𝑅 (𝑥)𝑑𝑥
∞

−∞
 (1) 

This integral is not generally solved by analytical. 
Frangopol et al. (2004) generated a number of method 

to approximate the probability of failure. In addition, 
failure probability is used to obtain the reliability index 
of the structural system. Here, probability of occurrence 
of R>Q is calculated by integration known as reliability 
of the structural element (probability of safety, Ps) which 
is defined by the area under the joint probability distri-
bution function fR,Q(r,q) shown as in Eq. (2). 

𝑃𝑠 = 𝑃(𝑅 > 𝑄) = 𝑃(𝑅 − 𝑄 > 0) = ∬ 𝑓𝑅,𝑄(𝑟, 𝑞)𝑑𝑟 𝑑𝑞
𝑅>𝑄

  (2) 

The term R-Q defines another random variable which 
is called as Safety Margin and shown by M. The safety mar-
gin consists of resistance variable R and load variable Q. 
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The mean and standard deviation of M are shown by µM 
and σM, respectively. If R and Q are normally distributed 
random variables, there is a direct relationship between 
the probability of failure and reliability index. Then Eq. 
(3) can be formulated as: 

𝑃𝑓 = 𝑃(𝑅 − 𝑄 ≤ 0) = 𝑃(𝑀 ≤ 0) = 𝛷 (−
𝜇𝑀

𝜎𝑀
)  (3) 

In Eq. (3), the value of ϕ which is the cumulative dis-
tribution function of standard normal variable can be 
found in any standard normal distribution table. The 
value, within the parenthesis of ϕ function, is called the 
safety index by Cornell (1969). Also, this ratio is called as 
reliability index β shown in Eq. (4). 

𝛽 =
𝜇𝑀

𝜎𝑀
  (4) 

The probability of occurrence of any event in statistics 
is between 0 and 1. Therefore, probability of safety in 
terms of the probability of failure is defined as shown in 
Eq. (5). In addition, probability of safety is defined in 
terms of reliability index as shown in Eq. (6). 

𝑃𝑆 = 1 − 𝑃𝑓  (5) 

𝑃𝑠 = 𝛷(𝛽)  (6) 

Using the description of safety margin, for normally 
distributed random variables, the reliability index for-
mula can be extended as in Eq. (7). 

𝛽 =
𝜇𝑅−𝜇𝑄

√𝜎𝑅−𝜎𝑄
  (7) 

Safety margin equation described above M=R-Q is 
called as performance function g(x) which defines limit 
state M=0 as well is defined as thus. The vector X con-
tains the random variables in limit state function. g(x) 
describes the limit state of the system, g(x)<0 defines 
failure state, and however g(x)>0 represents safety state. 
In reliability analysis, Christensen (1998) introduced 
performance functions considering failure modes for 
bridges.  

Structural systems are composed of structural mem-
bers. In addition, capacity of the systems is affected by 
the capacity and formation of the members. There are 
three types of structural systems according to combina-
tion of topologies and configuration of structural compo-
nents, namely; series, parallel, and the combination of 
series and parallel systems. The safety or failure of these 
systems are determined by formulas according to sys-
tem types. Enright and Frangopol (1998) studied on sys-
tem reliability for reinforced concrete highway girder 
bridges with time-dependent resistance and loads. The 
study considered environmental factors to predict the 
reliability of reinforced concrete bridges. Estes and 
Frangopol (1999) proposed a system reliability ap-
proach for optimizing the lifetime repair strategy for 
highway bridges. In their study, the bridge was modeled 
as a series-parallel combination of failure modes, limit-
state equations were developed for each failure mode in 

terms of certain random variables, and the reliability 
with respect to occurrence of each possible failure mode 
was computed separately based on these limit-state 
equations using First Order Reliability Method (FORM). 
In addition, Hong (2000) studied on taking into account 
the correlation between the failures of structural ele-
ments for the system reliability. Furthermore, Estes and 
Frangopol (2001) demonstrated that a component 
whose reliability index is below the target reliability 
level may not cause the reliability of the system to fall 
below the target reliability. If components of the systems 
are connected in series, such systems are called series 
systems and the failure of these systems requires fail-
ures of any one of the components. In other words, the 
reliability or safety of the system requires that none of 
the components fail. If components of the systems are 
connected in parallel, such systems are called parallel 
systems and the total failure of these systems requires 
failures of all components. In other words, the system re-
mains safe if any one of the components survives. On the 
other hand, many structures in reality include a combi-
nation of series and parallel systems as illustrated in Fig. 
2, where each number designates a failure mode or a 
component of a system. Also, bridges are examples of 
combination of series and parallel structural systems. In 
multi span bridges, the spans are in series connections 
with each other. Furthermore, each span consists of ele-
ments that form a parallel system in itself. 

 

Fig. 2. A combined series-parallel system. 

Failure of combination of series and parallel systems 
are formulated shown in Eq. (8). Here, the terms n and m 
show the number of series and parallel components in 
the structural system, respectively. Eq. (8) shows that 
the total failure of a system requires failure of any one of 
the series elements or failure of all parallel components. 
For instance, in Fig. 2, system fails when the components 
numbered 1 or 4 fails. In addition, system fails when 
both components numbered 2 and 3 fail together. 
Otherwise, the system remains safe and continue to 
survive. 

𝑃𝑓 = 𝑃(⋃ ⋂ {𝑔𝑖𝑗(𝑥) < 0}
𝑚𝑖
𝑗=1

𝑛
𝑘=1 )  (8) 

When the bridge superstructure elements are 
considered, the limit state equations are different for the 
deck and girders. In addition, limit state equations are 
determined for every structural components according 
to their failure modes. For instance, different limit state 
equations are determined by considering the bending 
moment and shear force. Akgül and Frangopol (2004) 
and (2005) developed the limit state equations of bridge 

1 

2 

 3 

4 
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elements for different bridge types. According to 
solution of limit state functions, there are two different 
reliability method. These are the First Order Reliability 
Method (FORM) and the Second Order Reliability Method 
(SORM). In FORM, limit state functions are linearized and 
then solved. Also, FORM can be solved in an iterative 
manner. The formulations consist of theoretical 
essentials of FORM were presented by Ang and Tang 
(1984). On the other hand, SORM is a method based on a 
quadratic approximation to limit state function. 

 

3. Analysis of a Reinforced Concrete Bridge 

Behavior of civil infrastructure systems is predicted 
using structural assessment methods. In this study, 
reliability analysis method is applied to an example 
reinforced concrete bridge aiming to predict the 
performance level of the bridge. The concrete material is 
found easily in the most areas of the world and has high 
flexibility. Furthermore, reinforced concrete bridges 
provide sufficiently earthquake-resistance performance 
and appropriate long-term maintenance cost. Also, 
reinforcing the concrete gives an important ability to 

bridges for crossing the appropriate openings. 
Therefore, the reinforced concrete bridge is one of the 
most preferred bridge type.  In this study, a multi span 
reinforced concrete bridge is chosen as an exemplary 
bridge built by  Turkish General Directorate of Highways 
to cross the stream in the end of 1960s. The chosen 
bridge was designed with 4 spans and 8 number of I 
profiles were used in cross-section of the bridge. Total 
length of the bridge is 44 meters. Both length of  inner 
spans are 12 meters. Also, length of outer spans is 10 
meters. In addition, steel ST 37 and concrete Wb28 225  
have been used in construction of the bridge. In this 
study, the system failure model  is constituted by 
considering the superstructure of the bridge consisting 
of decks and girders. Also, the First Order Reliability 
Method is used to calculate the reliability index for the 
reinforced concrete bridge. The reliability index β 
calculated  is compared to the target reliability index βT 
which is the minimum reliability index for the structure 
to be safe. The limit state functions and bridge span 
length affect the value of target reliability index shown 
as in Table 1. In this study, target reliability index for 
analysed bridge is selected as 3.5 according to ASSHTO 
(1992).

Table 1. Target reliability indices according to bridge properties. 

Bridge Type Span length Girder spacing Target Reliability Index 

All type ~10 m ~1.2 m between 2 and 4 

Steel girders and reinforced concrete 

T-beams 
~(20-60 m) - between 3 and 4 

Prestressed concrete girders - - ~5 

 

In order to perform reliability analysis, firstly, 
structural analysis was conducted and the loads to which 
the bridge was exposed were calculated. The bridge was 
designed by the Turkish General Directorate of 
Highways according to H15-S12 truck load. In this study, 
two different moving loads are acted on the bridge to 
observe the safety of the bridge for the effect of the 
increasing traffic factor over the years. The selected 
moving loads are H15-S12 and H20-S16 truck loads. 
Load characteristics of both vehicles are given in the 
Table 2. Analysis carried out for the design load of the 

bridge and the results obtained from the design load as 
H15-S12 truck were  represented in Figs. 3 and 4. The 
bridge was analyzed by loads at supports called as C, D, 
E and at spans called as F, G because of having a 
structural symmetry. Moving load resulted by truck 
passing over the bridge was distributed to girders of the 
bridge using moving load distribution factor and impact 
factor according to American Association of State 
Highway and Transportation Officials – Live and 
Resistance Factor Design, Live Load Distribution 
Specifications, AASHTO (1994).

Table 2. Vehicles load characteristics. 

Load class H15-S12 H20-S16 

Weight, kN 150 200 

Concentrated load for moment, kN 67.5 90 

Concentrated load for shear, kN 97.5 135 

Distributed load, kN/m 7.5 10 
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Fig. 3. Maximum shear envelope for H15-S12 truck load. 

 
Fig. 4. Maximum moment envelope for H15-S12 truck load.

3.1. Calculation of reliability index 

The shear force capacity and moment capacity are cal-
culated by multiplying nominal capacity values of the 
cross-section with 1,1 shown in Eqs. (9) and (10). Also, 
the structural analysis results for shear force and mo-
ments capacity are presented in Table 3. 

𝑀𝑅
̅̅ ̅̅ = 1,1 × 𝑀𝑛,𝑐𝑎𝑝  (9) 

𝑉𝑅
̅̅ ̅ = 1,1 × 𝑉𝑛,𝑐𝑎𝑝   (10) 

The moving load due to the vehicles passing over the 
bridge is distributed to the girders on the bridge by using 
the live load distribution factor and the impact factor as 
shown in Eqs. (11-13).  

𝐷𝑓 =
𝑆

5,5
  (11) 

In Eq. (11), Df is the live load distribution factor and 
its approximate value for the analysed bridge is 0.182. S 
is the distance between the two adjacent girders. In 
addition, live load shear force and moment which 
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applied to girders are calculated as in Eqs. (12) and (13). 
Here, I is the impact factor and assumed as 1.3 in 
calculations. 

 𝑀𝐿𝐿
̅̅ ̅̅ ̅ = 𝑀𝐿𝐿 × 𝐼 × 𝐷𝑓   (12) 

𝑉𝐿𝐿
̅̅ ̅̅ = 𝑉𝐿𝐿 × 𝐼 × 𝐷𝑓   (13) 

In the probabilistic reliability analysis, the coefficient 
of variation (COV) values generally varies from 0.05 to 
0.30 according to the variables denoted by Frangopol 
(1999). In this study, COV values used for variables are 
shown in Table 4. 

Finally, reliability index of the bridge for shear force 
and moment were calculated by using Eq. (7) taking into 
account unknowns of capacity, dead load and moving 
load shown in Tables 5 and 6.

Table 3. Structural analysis results for H15-S12 truck load. 

 Support C Span F Support D Span G 

Shear force capacity (kN) 5156.8 5156.8 5156.8 5156.8 

Dead load shear (kN) 48.45 0.253 -50.5 -9.94 

Moving load shear (kN) 202.9 -75 203.5 176.6 

Moment capacity (kN.M) 683.28 683.28 683.28 683.28 

Dead load moment (kN.M) -96.4 48.19 -99.43 51.75 

Moving load moment (kN.M) -258.8 293.9 -251.9 289.8 

Table 4. Coefficient of variation (COV) for the variables (%). 

COV values Used values Range 

Capacity 10 5-15 

Dead load 5 5-10 

Moving load 20 15-30 

Table 5. Reliability Indices at supports and spans based on design load for shear force. 

  Support C Span F Support D Span G 

Shear force capacity (kN) 5156.8 5156.8 5156.8 5156.8 

Dead load shear (kN) 48.45 0.253 -50.5 -9.94 

Moving load shear force (kN) 48 -17.75 48.15 41.78 

Variance of shear force capacity (kN) 265925.86 265925.86 265925.86 265925.86 

Sum of variance of loads (kN) 315.26 112.5 321.5 264.4 

Reliability index (β) 11.21 13.55 10.75 12.23 

Table 6. Reliability Indices at supports and spans based on design load for moment. 

 Support C Span F Support D Span G 

Moment capacity (kN.M) 683.28 683.28 683.28 683.28 

Dead load moment (kN.M) -96.40 48.19 -99.43 51.75 

Moving load moment (kN.M) -61.23 69.55 -59.60 63.78 

Variance of moment capacity (kN.M) 4668.99 4668.99 4668.99 4668.99 

Sum of variance of loads (kN) 173.20 199.30 166.80 169.50 

Reliability index (β) 7.55 8.11 7.54 8.16 
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Reliability index β  for the shear force capacity was 
calculated based on the analysis results for truck H15-
S12 regarding standard normal distribution table. The 
smallest reliability index for shear capacity is obtained 
at support D as 10.75. The value 10.75 of reliability index 
pairs with the value 0.25E-15 of probability of failure 
and this value of the probability of failure is very small. 
Also, reliability index value is much bigger than selected 
target reliability value. This situation implies that the 
bridge is in safe according to shear capacity. 

As shown in Table 6, reliability index β for the 
moment capacity was calculated based on the analysis 
results for truck H15-S12 and probability of failure of the 
bridge was calculated based on β  values and regarding 
standard normal distribution table. As seen, the smallest 
reliability index is obtained  at support D as 7.54. The 
value 7.54 of reliability index pairs with the value 0.20E-
13 of probability of failure and this value of the 
probability of failure is also very small. In addition, 
reliability index value is much bigger than the selected 
target reliability value. Therefore, under the design load, 
the bridge is in safe for moment capacity. 

The bridge decreasing its strength in time is exposed 
to the more load than the design one as well. Therefore, 
the second analysis  was performed for heavier load than 
the design load of the bridge and the structural analysis 
results of H20-S16 truck acted to the bridge  are 
represented in Table 7. 

The analysis procedure for the results of H15-S12 
truck is repeated this time for the results of H20-S16 
truck by using Eqs. (9)-(13). Finally, the new 
reliability indices of the bridge for shear force and 
moment according to H20-S16 truck load were 
calculated by using Eq. (7) taking into account 
unknowns of capacity, dead load and moving load 
shown in Tables 8 and 9. 

Reliability index β for shear force capacity was 
calculated based on the result of analysis for truck H20-
S16. The smallest reliability index is obtained  at support 
C and support D as 9.66. As seen, reliability index value 
obtained from analysis is much bigger than the selected 
target reliability index. So, this situation implies that the 
bridge subjected to H20-S16 truck load is in safe 
according to shear force.

Table 6. Reliability Indices at supports and spans based on design load for moment. 

 Support C Span F Support D Span G 

Moment capacity (kN.M) 683.28 683.28 683.28 683.28 

Dead load moment (kN.M) -96.40 48.19 -99.43 51.75 

Moving load moment (kN.M) -61.23 69.55 -59.60 63.78 

Variance of moment capacity (kN.M) 4668.99 4668.99 4668.99 4668.99 

Sum of variance of loads (kN) 173.20 199.30 166.80 169.50 

Reliability index (β) 7.55 8.11 7.54 8.16 

Table 7. Structural analysis results for H20-S16 truck load. 

 Support C Span F Support D Span G 

Shear force capacity (kN) 5156.8 5156.8 5156.8 5156.8 

Dead load shear (kN) 48.45 0.253 -50.5 -9.94 

Moving load shear (kN) 508.4 -243.5 -509.5 -278.83 

Moment capacity (kN.M) 683.28 683.28 683.28 683.28 

Dead load moment (kN.M) -96.4 48.19 -99.43 51.75 

Moving load moment (kN.M) -860.3 893.1 -816 886 

Table 8. Reliability indices for shear force capacity at supports and spans based on H20-S16 truck load. 

 Support C Span F Support D Span G 

Shear force capacity (kN) 5156.8 5156.8 5156.8 5156.8 

Dead load shear (kN) 48.45 0.253 -50.5 -9.94 

Moving load shear force (kN) 120.29 -57.61 -59.60 63.78 

Variance of shear force capacity (kN) 265925.86 265925.86 265925.86 265925.86 

Sum of variance of loads (kN) 584.76 132.7 587.7 174.5 

Reliability index (β) 9.66 9.88 9.66 9.85 



38 Bayrak and Akgül / Challenge Journal of Concrete Research Letters 11 (2) (2020) 31–38  

 

Table 9. Reliability indices for moment capacity at supports and spans based on H20-S16 truck load. 

 Support C Span F Support D Span G 

Moment capacity 683.28 683.28 683.28 683.28 

Dead load moment -96.40 48.19 -99.43 51.75 

Moving load moment -203.55 211.31 -191.10 209.63 

Variance of moment capacity 4668.99 4668.99 4668.99 4668.99 

Sum of variance of loads 1680.53 1791.90 1516.20 1764.83 

Reliability index (β) 4.81 5.27 4.96 5.26 

 

Furthermore, reliability index β for moment capacity 
was calculated based on the result of analysis for truck 
H20-S16. The smallest reliability index is obtained  at 
support C as 4.81. Reliability index value obtained from 
analysis is slightly bigger than the value of selected 
target reliability index. So, according to the result, the 
bridge subjected to H20-S16 truck load is in safe for the 
moment capacity. 

 

4. Conclusions 

Reliability index is used as performance indicator for 
the structures. In this study, reliability index of a 
reinforced concrete bridge subjected to different moving 
loads is calculated and the obtained results are 
compared and discussed. As bridges age, reliability index 
of bridge decreases due to aggressive environmental 
factors and heavy traffic load. The values of probability 
of failure of bridges not applied any maintenance and 
repair actions increase more and more in time. In 
addition, decreasing of resistance capacity resulted from 
aging of bridge is the most important factor causing the 
failure of a bridge. One of the most important reason of 
decreasing of the resistance capacity is the structural 
deterioration over the years.  Material degradation 
models and statistical load increment models are 
improved in order to estimate how safety index decrease 
over time. In this study, any material degradation model 
was not used. Analysis was carried out for the design 
load and the load heavier than the design load to 
illustrate the effect of increasing traffic load in time. 

The difference between reliability index obtained 
from the H20-S16 truck load and the reliability index 
obtained from the design load is compared with each 
other. The smallest reliability index obtained from 
design load is 7.54 and it has changed dramatically and 
reached to 4.81 which is very close to the target 
reliability index under H20-S16 truck load. The results of 
conducted analysis indicate that if the bridge is not 
subjected to any maintenance or repair activities for 
many years, the load carrying capacity of the bridge may 
decrease leading to sudden collapse of the bridge. Also, 
the analysis results revealed how important Bridge 
Management Systems are, especially in countries with 
high number of bridges. As a future work, a material 
degradation model and a performance deterioration 
model may be generated and applied to obtain the more 
accurate value of the reliability index of a bridge system.  
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A B S T R A C T 

In this paper, the investigation of the optimum designs for two types of concrete can-
tilever retaining walls was conducted utilizing the artificial bee colony algorithm. Sta-

bility conditions like safety factors of sliding, overturning and bearing capacity and 

some geometric instances due to inherent of the wall were considered as the design 

constraints. The effect of the existence of the key in wall design on the objective func-
tion was probed for changeable properties of foundation and backfill soils. In optimi-

zation analysis, the concrete of the wall, which directly affects parameters such as 

carbon dioxide emission and the cost, was considered as the objective function and 

analyzes were performed according to different discrete design variables. The opti-

mum concrete cantilever retaining wall designs satisfying constraints of stability 

conditions and geometric instances were obtained for different soil cases. Optimum 

designs of concrete cantilever retaining wall with the key were attained in some soil 

cases which were not found the feasible optimum solution of the concrete cantilever 

retaining wall. Results illustrate that the artificial bee colony algorithm was a favor-

able metaheuristic optimization method to gain optimum designs of concrete canti-

lever retaining wall. 
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1. Introduction 

In geotechnical engineering, cantilever retaining wall 
is commonly employed for enduring lateral soil pressure 
occurred between two different soil levels. Cantilever re-
taining wall, which comes into existence by combining a 
base and thin stem, is manufactured utilizing materials 
like stone, concrete or concrete-reinforcement. Design of 
a cantilever retaining wall must not be only ensured sta-
bility conditions but also should have a low cost. While a 
designer is trying to meet the requirement of being safe 
and economical wall design, the effect of changing param-
eters on the wall design should also be deliberated. In the 
wall design, considering parameters, for instance, re-
tained height, the existence of groundwater, the physical 
position of construction area, intended use of the struc-
ture, the completion time of the construction and soil 

properties have made the design process complex with 
many unknowns. That is why utilizing metaheuristic op-
timization methods in the solution of this kind of engi-
neering problems has become quite popular in recent 
years. Metaheuristic optimization methods are algo-
rithms that mimic the behaviours of creatures like the 
process of survival, foraging, and migration in nature. 
The metaheuristic optimization methods which does not 
guarantee the accurate solution are robust and effective 
by courtesy of approaching the feasible solution in a rea-
sonable time. 

Many metaheuristic optimization methods that pro-
vide optimum solutions for the complex engineering 
problems have been presented hitherto; the genetic al-
gorithm (GA) by Goldberg (1989), the particle swarm 
optimization (PSO) by Kennedy and Eberhart (1995), the 
ant colony algorithm (ACO) by Dorigo and Gambardella 
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(1997), the harmony search algorithm (HSA) by Geem et 
al. (2001), the artificial bee colony algorithm (ABC) by 
Karaboga (2005), the firefly algorithm (FA) by Yang 
(2009), and the cuckoo search algorithm (CS) by Rajabi-
oun (2011). The study conducted by Sarıbaş and Erbatur 
(1996) has been one of the first examples for the opti-
mum cantilever wall design investigated the optimum 
wall weight and the optimum cost. Since the metaheuris-
tic algorithms are simple, effective, and easy to imple-
ment, using these algorithms to analyze the optimum de-
sign and cost of cantilever retaining walls have become 
widespread. Studies for the optimization analysis of can-
tilever retaining wall were carried out by Camp and Akın 
(2012), Gandomi (2015), Temur and Bekdaş (2016), and 
Uray et al. (2019). 

In this study, the optimum designs of concrete canti-
lever retaining wall (CRW) and concrete cantilever re-
taining wall with key (CRWK) were investigated utiliz-
ing the artificial bee colony algorithm. For changing soil 

instances, obtained optimum designs of CRW and CRWK 
have been compared in terms of concrete wall weights. 

 

2. Materials and Methods 

2.1. Geotechnical design of the concrete cantilever 
retaining wall designs 

The optimum wall design of the concrete cantilever 
retaining wall (CRW) and the concrete cantilever retain-
ing wall design with key (CRWK) must be provided sta-
bility conditions like check for sliding, overturning, and 
bearing capacity with the allowable safety factors for the 
safe wall design. The wall dimensions and acting loads to 
the wall utilized for calculation of the safety factors of 
sliding, overturning, and bearing capacity in the design 
of CRW and CRWK were indicated respectively in Figs. 1 
and 2.

 

Fig. 1. Concrete cantilever retaining wall design: (a) wall dimensions; (b) acting loads to the wall. 

 

Fig. 2. Concrete cantilever retaining wall design with key: (a) wall dimensions; (b) acting loads to the wall.  
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While W1, W2, W3, and W6 correspond to the concrete 
weight of the wall for CRW or CRWK, W4 and W5 sign the 
soil weight above the back extension of the wall. Pa and 
Pp are active and passive soil pressure forces, respec-
tively and Pa (Eq. (1)) is equal to the sum of Pa1 and Pa2 
given in Figs. 1(b) and 2(b).  

𝑃𝑎 = 𝑃𝑎1 + 𝑃𝑎2 = 𝑞𝐾𝑎(𝑏 + 𝐻 + 𝑋3)  

         + 0.5𝐾𝑎𝛾𝑏𝑠(𝑏 + 𝐻 + 𝑋3)2 (1) 

The passive soil pressure force is calculated using Eq. 
(2) for the CRW design and Eq. (3) for CRWK design. 
Here, γbs, γfs and cfs are the unit volume weights of backfill 
soil and foundation soil, and cohesion of foundation soil, 
in turn.  

𝑃𝑝 = 0.5𝐾𝑝𝛾𝑓𝑠𝐷2 + 2𝑐𝑓𝑠√𝐾𝑝 𝐷 (2) 

𝑃𝑝 = 0.5𝐾𝑝𝛾𝑓𝑠(𝐷 + 𝑋6)2 + 2𝑐𝑓𝑠√𝐾𝑝 (𝐷 + 𝑋6) (3) 

In the determination of active and passive soil pres-
sure coefficients given in Eqs. (4) and (5) Rankine theory 
(1857) is utilized. In equations, β, Øfs, and Øbs correspond 
to respectively the slope of the backfill soil, the angle of 
internal friction of the backfill soil and the angle of inter-
nal friction of the foundation soil.  

𝐾𝑎 = cos𝛽
cos𝛽−√cos2𝛽−cos2∅𝑏𝑠

cos𝛽+√cos2𝛽−cos2∅𝑏𝑠
 (4) 

𝐾𝑝 = tan2 (
45+∅𝑓𝑠

2
) (5) 

In the wall designs, stability criteria which are safety 
factors of sliding (Fs(s)), overturning (Fo(s)), and bearing 
capacity (Fs(bc)), have been employed; given in respec-
tively Eqs. (6), (7) and (8) with allowable the minimum 
and the maximum values of safety factors.  

𝐹𝑠(𝑠, min) ≤ 𝐹𝑠(𝑠) =
∑𝑉tan(

2

3
∅𝑓𝑠)+

2

3
𝑋1𝑐𝑓𝑠+𝑃𝑝

𝑃𝑎cos𝛽
≤ 𝐹𝑠(𝑠, max) (6) 

𝐹𝑠(𝑜, min) ≤ 𝐹𝑠(𝑜) =
∑𝑀𝑟

∑𝑀𝑜
≤ 𝐹𝑠(𝑜, max) (7) 

𝐹𝑠(𝑏𝑐, min) ≤ 𝐹𝑠(𝑏𝑐) =
𝑞𝑢

𝑞max
≤ 𝐹𝑠(𝑏𝑐, max) (8) 

Eq. (9) has determined the sum of vertical forces (∑V) 
effective directly on the resistance to sliding for CRW and 
CRWK. To determine the overturning safety factor rota-
tion effect of acting loads to the wall must be calculated. 
The total moment (∑Mr) of forces which withstand over-
turning of the wall according to toe point of the wall base 
is given Eq. (10) for CRW or CRWK. The total moment 
(∑Mo) which try to overturn the wall at the toe point is 
determined as Mo given in Eq. (11).  

∑𝑉 = ∑ 𝑊𝑖 + 𝑃𝑎sin𝛽 (9) 

∑𝑀𝑟 = ∑ 𝑊𝑖𝑥𝑖 + ⋯ + 𝑊6𝑥6 + 𝑃𝑎sin𝛽𝑋1 (10)  

∑𝑀𝑜 = 0.5𝑞𝐾𝑎(𝑏 + 𝐻 + 𝑋3)2cos𝛽  

              +0.5𝐾𝑎𝛾𝑏𝑠(𝑏 + 𝐻 + 𝑋3)3/3 (11) 

The loads coming from the wall (qmax) must be safely 
transferred to the soil by the foundation, and these loads 
must be carried by the soil (qu). The minimum base pres-
sure (qmin) in the interface between the soil and the wall 
must be greater than the zero (e < X1/6) as the soil can-
not bear the tension. Expressions of qmax, qmin, and eccen-
tricity (e) are given Eqs. (12) and (13), respectively. Gen-
eral bearing capacity expression suggested by Meyerhof 
(1963) have been utilized for the calculation of the ulti-
mate bearing capacity (qu) (Das, 2016).  

𝑞min
max

=
∑𝑉

𝑋1
(1 ±

6𝑒

𝑋1
) (12) 

𝑒 =
𝑋1

2
−

∑𝑀𝑟−∑𝑀𝑜

∑𝑉
 (13) 

2.2. Formulation of the optimization problem for the 
concrete cantilever retaining walls 

In the optimization problems generally should have 
three basic concepts, including the design space, the de-
sign constraints and the objective function. The dimen-
sions of CRW are the base width (X1), the toe extension 
(X2), the base thickness (X3), the inclination of the wall 
front face (X4), and the top thickness of the stem (X5) 
given in Fig 1(a). The dimensions of CRWK given in Fig. 
2(a) which are the base width (X1), the toe extension (X2), 
the base thickness (X3), the inclination of the wall front 
face (X4), and the top thickness of the stem (X5), the 
height of key (X6) and the thickness of key (X7) were se-
lected as the discrete design variables. To determinate of 
the lower-the upper bounds for the discrete design vari-
ables, wall dimensions suggested in the provisions of 
Building Code Requirements for Structural Concrete 
(ACI 318-08, 2008) and LRFD Bridge Design Specifica-
tions (AASHTO, 2010) were employed. The lower-the 
upper bounds of the discrete design variables with incre-
ments have been tabulated in Table 1. 

The wall designs obtained by using different values of 
the design variables given in Table 1 must provide these 
basic four rules for the external stability of the wall: (i) 
Safety factor of sliding of the wall must be greater than 
its minimum acceptable value, (ii) Safety factor of over-
turning of the wall must be greater than its minimum al-
lowable value, (iii) The pressure transferred from the 
base to the soil must be smaller than the ultimate bear-
ing capacity of the soil, (iv) The eccentricity of resultant 
force at the base surface must be within in the core not 
to occur tension stress. Therefore, these rules were de-
fined as design constraints for having values of minimum 
and maximum safety factors. The minimum safety fac-
tors values of sliding, overturning and bearing capacity 
have been taken as Fs (s, min) = 1.50, Fs (o, min) = 1.50, 
and Fs (bc, min) = 3.00, respectively (Das, 2016). Also, the 
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maximum safety factors (Fs (s, max), Fs (o, max), Fs (bc, 
max)) whose changing values depend on soil properties 
were considered with the aim of obtaining more eco-
nomical design. Besides, the eccentricity control in base 

width constraint and geometric design constraints due 
to the wall dimensions were taken into consideration too 
in the optimization analyses. Normalized expressions of 
all design constraints are designated in Table 2.

Table 1. Design variables and limit bounds for CRW and CRWK. 

Design variables Lower bound Upper bound Increment 

X1: Base width 0.25H 1.0H 0.05H 

X2: Toe extension 0.15X1 0.60X1 0.05X1 

X3: Base thickness 0.06H 0.15H 0.015H 

X4: Inclination of wall front face (%) 0 6 1 

X5: Top thickness of stem (cm) 0.20 0.40 0.05 

X6: Height of key 0.60X3 1.20X3 0.10X3 

X7: Thickness of key 0.20X1 0.40X1 0.05X1 

Table 2. Design constraints. 

Design constraints Normalized expression 

The sliding safety factor lower bound 𝑔𝑥(1) = 1 − 𝐹𝑠(𝑠)/𝐹𝑠(𝑠, min) 

The sliding safety factor upper bound 𝑔𝑥(2) = 𝐹𝑠(𝑠)/𝐹𝑠(𝑠, max) − 1 

The overturning safety factor lower bound 𝑔𝑥(3) = 1 − 𝐹𝑠(𝑜)/𝐹𝑠(𝑜, min) 

The overturning safety factor upper bound 𝑔𝑥(4) = 𝐹𝑠(𝑜)/𝐹𝑠(𝑜, max) − 1 

The bearing capacity safety factor lower bound 𝑔𝑥(5) = 1 − 𝐹𝑠(𝑏𝑐)/𝐹𝑠(𝑏𝑐, min) 

The bearing capacity safety factor upper bound 𝑔𝑥(6) = 𝐹𝑠(𝑏𝑐)/𝐹𝑠(𝑏𝑐, max) − 1 

The eccentricity constraint 𝑔𝑥(7) = 𝑋1/(6𝑒) 

The geometric constraint 1 𝑔𝑥(8) = 𝑋5/(𝐻𝑋4 + 𝑋5) −1 

The geometric constraint 2 𝑔𝑥(9) = (𝑋2 + 𝐻𝑋4 + 𝑋5)/𝑋1/−1 

In this paper, the objective function of the optimiza-
tion problem taken as concrete weight of CRW and 
CRWK. Wall weights of CRW and CRWK have been com-
pared for different soil conditions. The mathematical ex-
pressions of the objective formulation for CRW and 
CRWK are given Eqs. (14) and (15), respectively.  

𝑓min = 𝑊1 + 𝑊2 + 𝑊3   (14) 

𝑓min = 𝑊1 + 𝑊2 + 𝑊3 + 𝑊6  (15) 

2.3. Artificial bee colony algorithm 

The artificial bee colony algorithm (ABC) suggested by 
Karaboga (2005) is one of the metaheuristic optimization 
algorithms. It is inspired by swarm intelligence that is ef-
fective interpersonal communication for surviving as a 
swarm in nature and having basic life needs such as nutri-
tion, defense and migration. General concepts and algo-
rithm steps have given for the artificial bee colony algo-
rithm based on bees' nutritional processes and behaviour 
in this chapter. Bees tried to find the best food source in the 
algorithm are divided into three groups; as the employed 
bees, the onlooker bees and the scout bees. The employed 
bees seek food source vicinity of the hive and evaluate the 
quality of a found food source. If this quality is better than 

the previously found quality of the food source, the loca-
tion of the food source is kept in their mind. The onlooker 
bees observe the returned employed bees that dance to 
share the information like the amount of nectar, quality, 
and location about the found food source. Factors like the 
type of dance or time of dancing are influential in selecting 
which food source is worth to prefer by the onlooker bees. 
When the food sources are consumed, the process of the 
employed bee and the onlooker bee is fulfilled. The ran-
dom seeking of the scout bee commences for the possible 
food sources around the hive. The scout bee that finds a 
food source turns into an employed bee. Only one scout 
bee is allowed, and the number of employed bees is equal 
to the number of food sources in the algorithm.  

In this optimization problem of the wall design, de-
signs of CRW and CRWK with the changeable values of 
design variables correspond to food sources, and the 
quality of the food sources are the weights of the wall. 
The main steps of the ABC algorithm for the optimum de-
sign of CRW and CRWK are as follows: 

 
Step 1: The ABC algorithm parameters which are the 
number of employed bees (NEB), the number of on-
looker bees (NOB), the number of the food source (NFS), 
the number of maximum iteration (maxiter), and limit 
(Akay and Karaboga, 2012) are defined and initial food 
source areas are formed by using Eq. (16). 
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𝑥𝑖𝑗 = 𝑥𝑗
min + rand(0,1)(𝑥𝑗

max − 𝑥𝑗
min)  

           (𝑖 = 1, … , 𝑁𝐹𝑆, 𝑗 = 1, … , 𝑁) (16) 

Here, N is the total number of design variables. In this 
study, N has been taken 5 and 7 for designs of CRW and 
CRWK, respectively. Rand (0,1) means a random number 
between 0 and 1. xjmin and xjmax are given as the lower and 
the upper bounds of the jth design parameter, respec-
tively. The food matrix (FM) corresponding the design 
space is formed by using values of design variables given 
in Table 1 and Eq. (16). For each row of FM, which states 
wall designs, values of the objective function are calcu-
lated. 

 
Step 2: The employed bees determine a new food source 
and evaluate its quality. In determining a new food 
source which is neighbor of its current food source Eq.17 
is used.  

𝑖𝑗 = {
𝑥𝑖𝑗 + Ø𝑖𝑗(𝑥𝑖𝑗 − 𝑥𝑘𝑗), rand(0,1) < 𝑀𝑅

𝑥𝑖𝑗 , rand(0,1) ≥ 𝑀𝑅
  

           (Ø𝑖𝑗 = [−1,1]) (17) 

Here, xij means the jth design variable randomly se-
lected of the ith food source and k is a randomly chosen 
value between 1 and NFS. The modification rate, MR, is a 
control parameter for use in checking a new source is de-
veloped or not. The value of MR has been suggested to be 
between 0.30-0.80 (Akay and Karaboga, 2012). Fitness 
value for the appropriate new food source (ij) is calcu-
lated by using Eq. (18).  

fitness𝑖 = {
1/(1 + 𝑓𝑖), 𝑓𝑖 ≥ 0
1 + abs(𝑓𝑖), 𝑓𝑖 < 0

 (18) 

Here, fi is the objective function value of the new food 
source. The selection process is performed between xi 
and vi by using Deb's Rules (Deb, 2000) which consider 
constraint violations of the obtained wall designs 
(Karaboga and Akay, 2011). If the penalty value of the 
new wall design is better than the worst penalty value 
one in mind, the worst wall design replaced with the new 
wall design. Otherwise, the worst one remains in mind. 

 
Step 3: All employed bees fulfil their seeking in the vicin-
ity of the hive for the food sources and keep in their mind 
the information about them. In the algorithm, it means 
new wall designs obtained. Employed bees share infor-
mation about the food sources like the amount of nectar 
and location of the food sources on the dance area. To 
give an idea to the onlooker bees is determined proba-
bility values used in a probabilistic selection based on 
the information of the food sources. The onlooker bees 
evaluate the transferred information in proportion the 
calculated values of the fitness and constraint violations 
of the food sources. Probability of selection of the food 
source by the onlooker bees is defined in Eq. (19).  

𝑝𝑖 =
fitness𝑖

∑ fitness𝑗
𝑁𝐹𝑆
𝑗=1

 (19) 

Step 4: The onlooker bees select the food source area us-
ing the information provided by the employed bees in 
this step. If the produced random number within the 
range [0,1] is greater than the pi (Eq. (19)), the onlooker 
bees produce a new food source like the employed bees 
by using Eq. (17). The new food source and the old food 
source are compared, and then the better one is selected 
by using Deb's rules. This process continues until all on-
looker bees complete their search for the food sources. 
 
Step 5: It is checked whether the nectar in a food source 
is exhausted or not when the employed and the onlooker 
bees complete the cycles. After abandoned food sources 
are determined by using the limit parameter, scout bee 
initializes the searching for a new food source by using 
Eq. (16). This cycle continues until the current iteration 
number reaches the maximum iteration number, and 
then the algorithm terminates. 

 

3. Optimization Analyses and Results 

The optimum weights of CRW design given in Fig. 1 
and CRWK design given in Fig. 2 were obtained by using 
the ABC algorithm. In the optimization analyses, sixteen 
variable soil conditions presented in Table 3 which in-
clude two different values for the cohesion of foundation 
soil, two different values for the angle internal friction of 
the foundation soil, and four different values for the an-
gle of internal friction of backfill soil were taken into con-
sideration as example wall designs. Except for the three 
above mentioned soil parameters, the other input pa-
rameters have been taken the same for all example wall 
designs.  

Initial food sources were formed by using Eq. (16) for 
the design variables demonstrated in Table 1. The values 
of objective functions by using Eqs. (14) or (15) and pen-
alty values by using design constraints given in Table 2 
have been calculated for the wall designs. The ABC algo-
rithm by continuing iterations and cycles achieved the 
optimum wall design among all possible wall designs, 
which has the minimum penalty value with the mini-
mum wall weight for current soil condition. 

In this study, the algorithm parameters of modifica-
tion rate, population size, number of the food source, 
limit and number of maximum iterations were taken as 
0.40, 30, 15, NFSxN and 5000, respectively. For each soil 
condition, the algorithm has been operated in 500 times, 
by the number of maximum iterations and it also has 
been observed that the more minimum wall weight can-
not be obtained anymore with continuing analysis of the 
cycles. The optimum wall weights are demonstrated in 
Fig. 3 for the various soil conditions. 

Fig. 3 illustrates that the optimum wall weights de-
crease with the increasing the angle of internal friction 
of the backfill soil and the cohesion of the foundation soil 
for all angle of internal friction of the foundation soil 
(Øbs). The feasible wall the feasible wall design satisfied 
the design constraints was attained only for CRWK de-
sign in the soil condition Øbs=20-35°, Øfs=20° and cfs=50 
kPa. The CRW weight was smaller than the CRWK weight 
when the values of the cohesion of the foundation soil 
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and the angle of internal friction of the backfill soil were 
the minima (Øbs=20°, Øfs=30°and cfs=50kPa). There is no 

conclusion that CRWK designs are less costly than CRW 
designs for other soil conditions.

Table 3. Parameters of example wall designs. 

Input parameter Unit Symbol Value 

Height of stem m H 6 

Surcharge load kPa q 20 

Backfill slope ° β 10 

Depth of foundation m D 0.50 

Unit weight of foundation soil kN/m3 γfs 19 

Unit weight of backfill soil kN/m3 γbs 18 

Unit weight of concrete kN/m3 γc 25 

Cohesion of backfill soil kPa cbs 0 

Cohesion of foundation soil 
Case 1 kPa cfs 50 

Case 2 kPa cfs 100 

Internal friction angle of foundation soil 
Case 1 ° Øfs 20 

Case 2 ° Øfs 30 

Internal friction angle of backfill soil 

Case 1 ° Øbs 20 

Case 2 ° Øbs 25 

Case 3 ° Øbs 30 

Case 4 ° Øbs 35 

 

Fig. 3. Optimum wall weights for the various soil conditions.

In the investigation of the optimum wall designs, 
lower-upper bounds of the safety factors have been se-
lected to obtain the safe and economical design. Safety 
factors of sliding, overturning and bearing capacity, for 
wall design examples are shown in Fig. 4. The lower (Fs 
(s, min), Fs (o, min), Fs (bc, min)) and the upper (Fs (s, 

max), Fs (o, max), Fs (bc, max)) bounds of safety factors 
for different soil conditions have been demonstrated at 
the same figure with the red lines. 

It is evident from Fig. 4 while obtained optimum wall 
designs were satisfied with the lower bounds of safety 
factors.  
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Fig. 4. Safety factors of example wall designs: a) sliding; b) overturning; c) bearing capacity.

4. Conclusions 

In this study, the optimum designs of concrete canti-
lever retaining walls have been investigated using the ar-
tificial bee colony algorithm, an effective optimization 
technique that has been widely applied to engineering 
problems. The wall dimensions of concrete cantilever re-
taining wall (CRW) and the concrete cantilever retaining 
wall with the key (CRWK) satisfied stability conditions 
have been attained to find the minimum wall weight. Ac-
cording to the result of the optimization analysis, the 
costs of CRW and CRWK designs have growth when the 
angle of internal friction of the foundation soil is smaller 
than 25°. CRWK design is more economical than CRW de-
sign just for poor foundation soil. Adding a key to the 
concrete cantilever retaining wall is insignificant in 
terms of obtaining the more economical wall designs for 
quality foundation soil. Consequently, it is observed that 
the artificial bee colony algorithm can be effectually used 
in obtaining the optimum concrete retaining wall de-
signs. 
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