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ABSTRACT

ARTICLE INFO

The natural frequency analysis of a freely vibrating thin beam on Winkler foundation
is a significant part of the analysis for design against resonance failures which occur
when the natural frequency coincides with the excitation frequency due to loads. This
article explores the natural frequency determinations of an Euler-Bernoulli beam on
a Winkler foundation using Elzaki transform method (ETM). The main objective is to
develop a new analytical solution procedure using the ETM and demonstrate its effi-
ciency for beam foundation vibration problem. The ETM is adopted because of its ef-
fectiveness in solving both linear and partial differential equations problems, compu-
tational simplicity and versatility. For harmonic vibrations, the governing partial dif-
ferential equation (GPDE) of motion is simplified to an ordinary differential equation
(ODE) in terms of the space variable. The ETM further simplifies the ODE to an alge-
braic problem whose inverse yields the solution for the modal displacement in the
physical domain. The application of boundary conditions gives the characteristic fre-
quency equation as a transcendental equation. The roots give the eigenvalues from
which the natural frequencies are found. The boundary conditions considered are the
classical boundary conditions (BCs). The natural frequencies for all the classical BCs
are found as exact solutions within the assumptions and theoretical framework of Eu-
ler Bernoulli theory, Winkler foundation model, linear elastic behavior, small displace-
ment elasticity theory and classical boundary conditions. They are identical with pre-
vious solutions using Generalized Integral Transform Methods (GITM). The present
solutions are close to the previous solutions based on semi-analytical methods of Dif-
ferential Transform Method (DTM). Analytical solutions for the natural frequencies
are obtained for the classical BCs considered and for the foundation parameters con-
sidered. The effectiveness of the ETM in simplifying the natural frequency analysis of
thin beam on Winkler foundation to an algebraic formulation is demonstrated.
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1. Introduction

1.1. Background

Beams are structural members with longitudinal di-
mensions that are much more than their cross-sectional
dimensions. They are parts of building floors, bridges,
foundation beams, machines, aircrafts and spacecrafts.

* Corresponding author. E-mail address: dogankanig@gmail.com (D. Kanig)

ISSN: 2149-8024 / DOI: https://doi.org/10.20528/cjsmec.2026.1194

Beams that are placed on the ground are modeled using
beam on elastic foundation theories. When such beams
are subjected to dynamic forces, they can fail by resonance
when the frequency of excitation forces becomes equal to
the natural frequency of the beam on elastic foundation
(BoEF) system. The calculation of the natural frequencies
of vibration of BoEF systems is thus an important aspect
of the analysis and design to avert resonance.
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Nomenclature

X longitudinal coordinate

t time

r(x) foundation reaction

k Winkler foundation stiffness

k; second parameter of the foundation
w(x) transverse displacement (deflection)
u Elzaki transform parameter

A cross-sectional area

p mass density

q(x t) applied load

T Elzaki transform

1 moment of inertia

E modulus of elasticity

Wn natural frequency

4p* foundation parameter defined in terms of k and EI

K, =4B%* foundation parameter

0,* frequency parameter defined in terms of w,?, pA, EI
W(u) Elzaki transform of w(x)

T! Inverse Elzaki transform

l length of beam

An dimensionless frequency parameter

X parameter defined in terms of ,* and 4*
M(x) bending moment

Q(x) shear force

ETM Elzaki transform method

DTM differential transform method

GITM generalized integral transform method
BCs boundary conditions

ODE ordinary differential equation

PDE partial differential equation

BoEF beam on elastic foundation

SVIM Stodola-Vianello iteration method

ADM Adomian decomposition method

GFEM Galerkin finite element method

GDE governing differential equation

FD finite difference

FEMs finite element method(s)

VIM variational iteration method

DQM differential quadrature method

DQEM differential quadrature element method
HPM homotopy perturbation method

EBBoWF  Euler-Bernoulli beam on Winkler foundation

C-free clamped free
SS simple supports
SC simple support on left end and clamped on right

cc clamped at both ends

The behaviours of beams have been described using
several frameworks and models. The Euler-Bernoulli
beam theory which is appropriate for slender beams is
framed using the Euler-Bernoulli orthogonality hypoth-
esis. This hypothesis is that the straight lines on the
cross-section that are originally orthogonal to the mid-
dle surface of the beam before deformation remain
straight and normal to the middle surface (plane) after
deformation. This implies that shear stresses responsi-
ble for the change in shape of the cross-section is disre-
garded, limiting the scope of the resulting formulation to
slender beams for which transverse shear deformations
are negligible (Ike 2018a, 2018b, 2023).

Other beam theories have been formulated to con-
sider shear deformations by Onah et al. (2020), Krishna
Murty (1984), Ghugal (2007), and Sayyad and Ghugal
(2016). Other thick beam models include sinusoidal
shear deformable beams by lke (2024a), hyperbolic
shear deformable beams by Ike (2022), and first order
shear deformable beams by Ike et al. (2019) and Ike
(2019).

Kanig and Kutlu (2025) utilized a unified higher-or-
der shear deformation theory (HSDT) that considered
transverse stretching to analyze laminated composite
plates. Kanmig (2026a, 2026b) studied the stability of lam-
inated composites by using a mixed finite element
method based on a HSDT incorporating transverse
stretching. The displacement field was defined using
higher-order polynomial functions of thickness, leading
to accurate expressions of both transverse shear and
normal distributions without the need for shear modifi-
cation factors. Moreover, Kanig and Kutlu (2026) devel-
oped a two-node C°-continuous mixed finite element
formulation based on quasi-3D higher-order beam the-
ory and the Hellinger-Reissner principle for the static
bending analysis of laminated composite beams, incor-
porating transverse shear and normal deformation ef-
fects. Their work was however focused on beams and
plates but with flexural analysis so they did not study on
natural vibrations. On the other hand, recently, Kanig et
al. (2026) developed a mixed HSDT finite element for-
mulation based on the Hellinger-Reissner principle for
the flexural analysis of laminated composites on Win-
kler-Pasternak elastic foundations. Also, Nezami (2026)
proposed a compact higher-order shear and normal de-
formation theory with transverse stretching for the
bending analysis of laminated composite plates, achiev-
ing accurate displacement and stress predictions with a
fixed number of displacement variables independent of
the number of layers.

Elastic foundation models have been proposed and
developed by Winkler, Vlasov, Hetenyi, Kerr, Pasternak
and Filonenko-Borodich. The Winkler foundation model
is the simplest representation of the soil interaction with
the beam using one-parameter, called the stiffness of the
foundation. The model assumes that the foundation re-
action r(x) at any point on the beam is directly propor-
tional to the beam deflection w(x) at the point, and the
proportionality constant (k) is the soil’s stiffness (Ike
2018a, 2018b). Hence,

r(x) = kw(x) (D
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This is equivalent to a representation of the founda-
tion using a model of closely spaced vertical elastic
springs which are unconnected to one another such that
interactions do not exist between the springs. The Win-
kler foundation model is represented in Fig. 1.

The Winkler foundation model however cannot sus-
tain shear stress and causes a discontinuity of deflec-

tions outside the loaded beam. The value of the Winkler
stiffness parameter is determined by the geometry,
foundation dimensions and soil stratification. The model
gave no systematic estimation of the Winkler parameter
apart from possibility of empirical determination via
loading tests (Balabusi¢ et al. 2019; Yelce et al. 2023; Ar-
ifin et al. 2020; Sadeghian and Ekhteraei Toussi 2011).

~___— beam

—

vertical elastic

A

tiiiitiite

VA A

Fig. 1. Winkler foundation model represented as a bed of closely spaced springs.

These obvious limitations of the one-parameter
model led to the development of two-parameter models
shown in Fig. 2, by Vlasov, Hetenyi, Filonenko-Borodich
and Pasternak (Doeva et al. 2022; Akhazhanov et al.
2023a, 2023b). These two-parameter models were de-
veloped primarily to resolve the displacement disconti-
nuity issues of the Winkler model by incorporating a sec-
ond interacting/coupling spring (Aleksandrovskiy and

1

Zaharova 2018). In the Pasternak foundation, a shear
layer is introduced to produce coupling of the vertical
springs. The resulting foundation reaction equation is:

d’w(x)

q(x) = kw(x) — ky 2 2)

while ki is the second parameter of the foundation.

—

shear/coupling

layer

vertical

springs

Vi A

Fig. 2. Pasternak foundation model.

1.2. Previous studies

Ike (2018a) used finite Fourier sine transform
method to determine the free transverse vibration fre-
quencies of simply supported thin beam on Winkler
foundations. The sinusoidal kernel function of the trans-
formation satisfies the Dirichlet boundary conditions
and yielded exact solutions to the eigenvalue problem.
The work however did not consider other BCs, and was
limited only to simply supported end conditions. Ike
(2018b) used point collocation method for the analysis
of static bending problems of Euler-Bernoulli beam on
Winkler foundation (EBBoWF) but did not consider vi-
bration problems. Ike and Elzaki (2023) explored the El-
zaki transform method for the free vibration analysis of
thin beams under various BCs, but they did not consider
EBBoWF. Ike (2024b) used Stodolla-Vianello iteration
method (SVIM) in novel ways for the free transverse vi-
bration solutions of EBBoWF for simply supported BCs.
The exact shape functions used in the SVIM gave exact
eigenfrequencies for the nth iteration. The work failed to
consider other end support conditions for the vibrating
thin BoEF problem.

Coskun (2003) studied the response of an elastic
beam on two-dimensional (2D) tensionless Pasternak

foundation which is under a central point sinusoidal
load. Erdogan and Coskun (2020) used semi-analytical
and finite element methods to study the free vibrations
of a stepped beam on an elastic foundation. Adomian De-
composition Method (ADM) was the semi-analytical
method adopted in their work and the finite element so-
lutions were obtained via finite element computational
software SAP 2000. Their work considered different
support conditions and found favourable comparisons
between the ADM results and SAP 2000 results.

Zhou (1993) developed a general solution for trans-
verse vibration analysis of thin beams on variable Win-
kler elastic foundation. The dynamic response of the
beams obtained in the work by considering the founda-
tion reaction as an external force acting on the beam. The
four unknown constants in the solution were found us-
ing the boundary conditions of the beam. The resulting
integration was evaluated approximately using the trap-
ezoidal rule. The frequency equation is a determinant
with order that equals the number of discrete nodes. The
mode shape functions were expressed as series of ana-
lytical functions. Accurate solutions were found using
few discrete nodes in the trapezoidal quadrature and the
study gave good convergence at lower computation ef-
fort.
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Kanwal et al. (2024) used Galerkin finite element
method (GFEM) and the separation of variables tech-
nique to find the eigenfrequencies and modal shapes of
beams that are elastically constrained and resting on
elastic foundations. They considered Winkler, Pasternak
and Hetenyi foundation models and non-classical
boundary conditions. They investigated the effects of
flexural rigidity, modulus of elasticity and foundation pa-
rameters on the free vibration frequencies of beams
modeled/idealized using Euler-Bernoulli, Timoshenko,
Rayleigh and shear beam models. The GFEM was shown
to converge to the closed form solution without shear
locking in the stiffness element. They further found that
the second foundation parameter in the form of shear
layer and foundation constants led to an increase in nat-
ural vibration frequencies.

Al-Azzawi and Daud (2020) studied the natural trans-
verse vibrations of non-prismatic, non-homogeneous
beam resting on variable Winkler elastic foundations us-
ing the finite difference (FD) and finite element methods
(FEMs). They considered different end support condi-
tions for the beam. The FD method used in their work
demands lesser computing rigour, compared to other
methods and is utilized when there is no exact solution
to the governing differential equation (GDE), or when
closed form solutions are difficult to obtain. In the FD
method, the GDE is expressed in finite difference form as
algebraic expressions in terms of grid values of the un-
knowns. For the study, the FD form of the GDE reduced
to an algebraic eigenvalue problem which was solved for
nontrivial cases for the eigenvalues and hence the natu-
ral frequencies. The results showed favourable compar-
ison with finite element method results obtained using
ABAQUS.

Kacer et al. (2011) studied the natural transverse vi-
bration analysis of Euler-Bernoulli beam on a variable
Winkler foundation using the Differential Transform
Method (DTM). Their work considered the Winkler pa-
rameter to vary along the beam’s major axis, and consid-
ered cases of constant, linear and quadratic variations of
the Winkler foundation parameter. The study consid-
ered three cases of boundaries, namely: simply sup-
ported at both ends, clamped at both ends, and cantile-
vered (clamped at one end and free at the other end). The
GDE was solved using DTM which is a transformation
technique relying on truncated Taylor series expansions
and yielded high accuracy. Recently, Olotu et al. (2021)
used DTM for the free vibration analysis of non-prismatic
Rayleigh beams on Winkler foundations with varying
foundation stiffness. Balkaya et al. (2009) also utilized
DTM for the free vibration analysis of thin BoEFs.

Agboola and Gbadeyan (2013) used DTM to obtain ac-
curate free vibration frequencies of thin beams, but they
did not consider solutions for thin beam on elastic foun-
dation. Adair et al. (2018) utilized the Variational Itera-
tion Method (VIM) for the natural transverse vibration
analysis of Timoshenko beams resting on two-parame-
ter elastic foundation. The VIM is a powerful semi-ana-
lytical method for solving linear and nonlinear differen-
tial equations, including ordinary and partial differential
equations. Their work produced a sequence of approxi-
mate solutions which can converge to the exact solution.
VIM uses correction functional with Lagrange multipli-

ers to iteratively refine the solution. Yayh et al. (2014)
presented an efficient analytical method for the free vi-
bration analysis of a beam on elastic foundation for non-
classical boundary conditions of elastically restrained
ends. Franciosi and Masi (1993) integrated the free vi-
bration studies of foundation beams resting on bi-para-
metric elastic foundations.

Chen (2000) used the differential quadrature element
method (DQEM) for the free transverse vibration analy-
sis of beam resting on an elastic foundation. The work
combined the ideas of differential quadrature method
(DQM) and finite element method (FEM) to solve the
governing differential equations of the problem. The
DQM uses a numerical method for approximate expres-
sions of derivatives at a point on the solution domain us-
ing a weighted form of the function’s values at the neigh-
bouring points while the FEM provides a numerical ap-
proach for solving the resulting differential equations by
discretizing the domain into smaller elements. Accurate
eigenfrequency results for various classical BCs were ob-
tained by Chen (2000). Mutman and Coskun (2013) used
Homotopy Perturbation Method (HPM) to develop accu-
rate free vibration solutions for non-prismatic Euler-
Bernoulli beams on elastic foundation.

Rahbar-Ranji and Shahbaztabar (2017) used Legen-
dre polynomials and Rayleigh-Ritz method for the eigen-
frequencies analyses of beams on Pasternak foundation;
and obtained accurate results. Ike (2025a) studied the
static flexural analysis of thick beam on bi-parametric
elastic foundation, but did not consider vibration analy-
sis. Motaghan et al. (2018) developed a novel Fourier se-
ries solution for the natural transverse vibration of non-
prismatic beams resting on variable elastic foundation.
Soltani and Asgarian (2019) used a new hybrid approach
for the free vibration analysis of axially functionally
graded (FG) non-prismatic variable cross-section thin
beams resting on uniform Winkler-Pasternak founda-
tion. Rao and Raju (2002) developed accurate closed
form eigenfrequency solutions for the free transverse vi-
bration of thin beams on two-parameter elastic founda-
tion. Ghannadiasl and Mofid (2015) presented analytical
solutions for freely vibrating elastically restrained Timo-
shenko beam on variable Winkler foundation. A recent
study by Ike (2025Db) explored the application of Ritz
variational method for the natural transverse harmonic
vibration solutions of thin beam resting on biparametric
elastic foundations. Satisfactory natural frequencies
were obtained for various boundary conditions.

A recent innovative study by Ike (2025a) applied
Stodola-Vianello successive iteration method to analyze
natural vibration frequencies of thick beams based on
Shimpi’s shear deformable model. Closed form solutions
were obtained in the study but the effect of elastic founda-
tions on the thick beam vibration was not investigated.

Another recent work by Ike (2026) applied the gener-
alized integral transformed method to analyze the natu-
ral vibrations of thin beam on two-parameter Filonenko-
Borodich elastic foundations. Exact analytical solutions
were obtained in the study, which considered various
end support conditions, illustrating the accuracy and
versatility of the GITM. The frequency results were vali-
dated using favorable comparisons with previous results
based on other solution methods.
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Uzun et al. (2023) investigated the dynamics of func-
tionally graded nano-sized beams supported on Winkler
elastic foundations for different boundary conditions; but
did not consider the use of Elzaki integral transformations
for solving the resulting boundary value problem. Civalek
and Demir (2011, 2022) studied bending and buckling
beams but did not consider dynamic analysis.

Akgoz et al. (2016) investigated the static bending of
beams an elastic foundation using discrete singular con-
volution (DSC), but did not consider the effect of elastic
foundation and restrained the work to static bending.
Akgoz and Civalek (2015) studied the flexural analysis of
functional graded micro beams on Winkler elastic foun-
dations using strain gradient elasticity method. Their
work however did not consider natural vibration analy-
sis and did not use ETM.

This work explores Elzaki transform method (ETM)
for the free harmonic transverse vibration analysis of
Euler-Bernoulli beams resting on Winkler foundation.
This work aims to apply the ETM in a step by step sys-
tematic manner to develop analytical solutions for
beam-foundation vibration and illustrate the effective-
ness of the ETM for each analysis. The ETM has been sat-
isfactorily used previously by Ike (2020) and Elzaki
(2023) and by Elzaki (2011, 2012a, 2012b, 2012c) and
also by Elzaki and Elzaki (2011) for solving differential
equations. The ETM is adopted in this work because:

- Itis efficient for both linear and nonlinear problems, and
can be used for partial differential equations (PDEs).

- Itreduces the computation effort, compared to rigor-
ous methods for solving differential equations.

- It is applicable to diverse problems described using
differential equations in engineering physics.

1.3. Novelty of the work

The novelty of the ETM lies in its ability to transform
complex differential equations that govern problems
into simple, solvable algebraic equations in the Elzaki
space. The novel aspects of this study consists in
e The transformation of the governing differential

equations of beam foundation vibration into simple

solvable algebraic equations in the Elzaki space.

e The use of step by step, systematic procedure to solve
the resulting algebraic equations for the classical BCs
considered.

e ETM gives exact analytical solutions without the need
for the common assumptions of linearization, pertur-
bation or discretization.

e ETM directly considers the initial conditions of the
problem and avoids some of the more complex convo-
lution or expansion processes encountered in other
transform methods.

2. Theoretical Framework
2.1. Governing equation

The governing equation for the transverse vibration
of thin Euler-Bernoulli beam on Winkler foundation is

the non-homogeneous partial differential equation (Ike
2018a, 2026):

a*w %w
E1W+kw+pAﬁ—q(x,t) (3)

where w(x, t) is the transverse deflection, k is the Win-
kler foundation parameter, x is the longitudinal coordi-
nate, t is the time, p is the mass density, A is the cross-
sectional area, q(x, t) is the applied load, E is the modulus
of elasticity, I is the moment of inertia.

For free vibration,

q(x,t) =0 (4)

Hence, the governing differential equation (GDE) of
free vibration is the homogeneous equation

E1—+k +'0Aat2_0 (5)
For harmonic vibrations,
w(x, t) = W(x) sin(w,t + ¢) (6)

where w, is the natural frequency, and W(x) is the modal
displacement function.

2w

%= —wE W(x) sin(w,t + ¢) (7)

(EIW® (x) + kW (x) — pAw2W (x)) sin(w,t + ) =0 (8)

EIW® (x) + (k — pAw2)W (x) = 0 9)

W (x) + (M) W(x) =0 (10)

W (x) + (48" — )W (x) = 0 (11)

apt == 0% = "’;‘f" (12)
Let

—4p* (13)

WP (x) — atiW(x) =0 (14)

2.2. Elzaki transform method and its properties

The Elzaki transform is an integral transform which
was derived from the Fourier integral by Elzaki (2011).
The purpose was to simplify the process of solving linear
ordinary and partial differential equations with constant
or variable parameters. It is now a significant tool in ap-
plied mathematics, converting complex differential
equations into easier algebraic equations.

The Elzaki transform of a function f{x) is defined as:
(Elzaki 2011, 2012a, 2012b, 2012c¢)

Tf() =uf, f(x)e ™ dx =u lim Jy f)e™*dx =
Jy fee ™M dx = F(w) (15)

where T is the Elzaki transform operator, u is the Elzaki
transform parameter.
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The Elzaki transformation transforms a function de-
pendent on the physical domain x to another function de-
pendent on the Elzaki transform space (domain) param-
eter u.

For a function f(x, t) of two independent variables, x
and time t, the Elzaki transform can be defined with re-
spect to the parameters x and t as:

Tf (e t) =T t) =u [ f(x,)e /" dx =
ulim Jy fx, De~*/" dx (16)

T.f(x,t) = T(x,v) = F(x,v) = vfooof(x, t)e tvdt =
vlim [f e oet at (17)

where Tx denotes Elzaki transform with respect to x, and
Tt is Elzaki transform with respect to ¢.

The Elzaki transform method simplifies the solution
of initial value problems by transformation of function
derivatives into simple algebraic expressions. The Elzaki
transforms of derivatives are obtained using integration
by parts as:

Tf'(x) = u [ L2 e~/ dx (18)

T = ulf e — [0 () dx  (19)

T (x) = u(f(0)e™ = F(0)e® +2 ;" f(x)e /" dx) (20)

Tf'(x) = f, f(x)e™/* dx — uf (0) (21)
Tf'(x) = L2 —uf(0) =22 —uf(0) (22)
Let g(x) = f'(x) (23)
Tg'(x) = Tf"(x) = 2 Tg(x) — ug(0) (24)
Tf" () = (K2~ uf(0)) - uf' (0) (25)
Tf"(x) = =52 = £(0) — uf'(0) (26)

Letg(x) = f"(x),g'(x) = f"(x)
Tg'(x) =Tf"(x) = i(Tg () —ug(0) (27)
Tf"(x) = ﬁ(Tf "(x)) = uf"(0) (28)

Tf" () == (52 = £(0) —uf (@) —uf"(0)  (29)

Tf"(x) = "2 =2 £(0) = £'(0) — uf"(0) (30)
Similarly,
Tf¥(x) = = (Tf" (%)) = uf"(0) (31)

T @) =2 (B2 - 1£(0) - £/(0) —uf" () - uf"(0) (32)

Tfv() =22 - L2 2p0) — f7(0) —uf"(0) (33)

2.3. Flowchart for implementing the ETM

1. Define the governing differential equation (GDE) and
initial conditions.

2. Apply the Elzaki transformation to the GDE by multi-
plying the GDE by ue /% and integrating with re-
spect to x from x = 0 to x = . The problem is thus
converted from the space (problem) domain to the El-
zaki domain, u.

3. Substitute initial conditions by incorporating the
given initial conditions into the newly transformed al-
gebraic equation in the Elzaki transform domain.

4. Rearrange and solve algebraically to obtain a solution
in the Elzaki domain.

5. Apply the inverse Elzaki transform by using standard
inverse Elzaki transform formulas or by using partial
fraction decomposition techniques to simplify com-
plex algebraic problems to simpler ones with existing
inverses. Thus, the solution in the Elzaki domain is
found in the problem domain.

6. Final solution: The final solution gives the analytical
solution to the GDE subject to the initial conditions.

3. Methodology

Applying the Elzaki transformation to the governing
equation yields:

oo (d*W(x) 4
uf() ( dx* n

wherein, u is the Elzaki transform parameter.

W(x))e /idx =0 (34)

Using the linear properties of the Elzaki transfor-
mation, gives:

" fooo d dm;gx) /iy — yat foo W(x)e ™**dx =0 (35)

Hence, simplifying Eq. (35) gives:

ww) w(©) w'(0)

T T WO —uw(0) —atWw) =0 (36)
where
W) =uf, W()e ™ dx (37)

Hence, further simplification gives:

w(u)
ut

W(O) w (0)

—aiw) =X2 4 YO 4 o) + uw(0) (38)

Further simplification gives:

ww-azu*wm) _ w©) & w (0)

> =—z t— +W"0) +uW”(0) (39)
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Hence,

W) () = B0 L WOy ) 4w (0) (40)

u2
Then,

W(w) = W(O)( ) +w(0) (o u4) +
n m 5

w0 (1— 4u4) + W7 (0) (1—11;}111_4) (41)
Inverting,

W(x) =T W(u) (42)

where T~1 is the inverse Elzaki transform of W(u). Then,

-1 2 , U3
W) =T [W(O)[—aﬁu j+W(0)(—l_aﬁu4j+
W (0) ( —) +W"(0) ( )) (43)

Using the linearity properties of the inverse trans-
form gives:

U2 U3
— +W/(0)T? — |+
l-ayu l-apu

4u )+ WO () (44)

W(x)=W(0)T—1[

n -
wr ()T ' (1 1-aput

By partial fraction decomposition methods and the
catalogue of inverse Elzaki transforms, the inverse Elzaki
transforms are found by expressing the required in-
verses using partial fractions.

Let A and B be constants, then,

u? Au? Bu?
1-afut ~ 1+aZu? + 1-aZu? (45)
u?  u?A(-adu?)+Bu(1+aiu?)
1-alut 1-aju* (46)
u? _ u?(A+B)+uai(B-4)
1-atut ~ 1-ajut (47)
Hence, A+ B=1landB—-A=0
Solving,
A=B= % (48)
u? 1 u? 1 u?
1-atut 2 (1+a’,21u2) + 2 (1—a,21u2) (49)
-1 uz _
T (1_aguz) = cosh( a,x) (50)
— uz
Tt (1+a%u2) = cos(a,x) (51)
Hence,
_ u? 1
T-1! (1—a;§u4) = 5 (cosh(ayx) + cos(ayx)) (52)

Similarly,
us _ Aanu3 Banu3
1-afut ~ 1-aZu? | 1+adu? (53)
us _ Aanu3(1+a,21u2)+Banu3(1—a%u2)
1-afut 1-agut (54)
u?  Aapul+Bapud+(Aaqu-Bapud)aiu?
1-aput - 1-aju* (55)
3 — 3 _ 3.5
u® = A+ B)au’ + (A - B)azu (56)
A—B=O;(A+B)an=1;A=B=i (57)
n
ud 1 apud anu’ )
1-atut ~ 2an (1—u2a% + 1+adu? (58)

P () = o (1 () 7 (25)) (59

- ud 1 , ,
L o = Zan (sinh( a,x) + sin( a,x)) (60)
Also,
ut Au? Bu?
1-a%u* ~ 1-a2u? + 1+adu? (61)
ut  Au?(1+aiu®)+Bul(1-afu?)
1-akut 1-aju* (62)
ut=(A+Bu? + a?u*(4A—B) (63)

A+B=0-(A—B)a,%=1;A=—B;A—B=aiz=2A;
1

A= B=-— 64
2a 2' 2a2 (64)
Hence,

4 2 2

u 1 u u

= (o — o) (65)
1-anu 2an \1—anu 1+anu

() = (7 () T () (69

- ut 1
T (1—a;tu4) =2 (cosh(ayx) — cos(ayx)) (67)
Similarly,
u  Aapu® Banu®
1—aput ~ 1-afu? | 1+aju? (68)
uS  Aapud(1+adu®)+Banud(1-adu?)
1-aput 1-apu* (69)
= A+ B)a,ud + alu®(4-B) (70)

Comparing like terms

A+B=0;(4- B)an— ;A=—B;24a3 =1;
A=—=B=—— (71)

a 2an
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v 2 o _anu? ) (72)

_atut 3 \1_q2u2 24,2
1-anu 2an \1-anu 1+anu

P () = (7 () - 7 () o)

5
-1 u _ 1 . .
T (1—a;§u4) =% (sinh(a,x) — sin( a,x)) (74)
Hence,
_ cosh apx+cos apx ' sinh apx+sin apx
W (x) = W(0) (FEREEERDT) 1y (o) (FHRALIRERT) 4
" cosh apx—cos anpx m Sinh apx—sin anx
W (0) (SRR s W) (TR (75)
Differentiating,
' _ sinh apnx—sin anx ' cosh anx+cos anx
W' (x) = W(0)ay, () 4y (0) (Smmtiees et
" sinh apx+sin apx m cosh anx—cos anx
W) () w0 () (76)
W”(x) _ W(O)a,zl (cosh anx—cos unx) + W’(O)an (sinh anxz—sin anx) +
" cosh apx+cos anx m sinh apx+sin apx
W (0) (I 4 (o) (FErm ) (77)

w"(x) = W(0)a;

(sinh Apx+sin anx)

+ W' (0)} (

cosh apx—cos anx
— 2 )t

W”(O)an (sinh anxz—sin anx) + WW(O) (cosh anx2+cos anx) (78)

4. Results and Discussion
4.1. Results
4.1.1. Results for simply supported EBBoWF

The results are presented for simply supported EB-
BoWF shown in Fig. 3.

//Q/////////ﬁ
77T

e / >

Fig. 3. Simply supported EBBoWF.

The BCs for the simply supported EBBoWF shown in
Fig. 3 are:

W) =wd) =0, W'0)=w"{l)=0 (79)
Hence,
sinh apl+sinanl sinh apyl-sinanl W’(O) 0
( ‘ Zan_ ' ) ( . Za;q'L‘ ) _ (80)
(smhanl smanl) (smhaanmanl)
n 2 20, w"(0) 0

For nontrivial solutions, the characteristic equation
is:

sinh anpl+sin anl sinh apl-sin anl
( 2ap ) ( 2a3 )
sinh anpl—-sin anl sinh apl+sin anl
n ( 2 ) ( 2an )

=0 (81)

Expanding,
((sinh anl+§in anl)z) _ ((sinh anl—;in anl)z) -0 (82)
402 4agp

# [(sinh® a, 1 + 2sinha, | sina, |+ sin® a, 1) —

(sinh? a, | — 2sinh a, | sina, l + sin® a, )] =0 (83)

Simplifying,
é4sinh aplsina,l =0 (84)
or,
inh aplsin ayl
sin aa%smzx — 0 (85)
Hence,
sina,l=0; or, sinha,l =0 (86)
a,l =sin"10=nr (87)
an =" (88)
4
ah = —4p* + 04 = (%) (89)
Hence,
4 2
4 _ 4 nw\* _ pAw
0f =4pt+ () =22en (90)
Thus,
2 _ Bl (gpa o (nm\") 2 EL((m L oa
wn_pA(4'8 +(l))_pA( 14 +4ﬁ) (°1)
wh = 5—; (7(71”)4;4!;414) = % ((nm)* + 4p*1%) = % ((nm)* + K,) (92)
where,
K, = 4p*1* (92a)
Ko is the beam foundation parameter.
Hence,
_ 1 |EI 4 474\1/2
wp =37 |7 ((mm)* + 4% (93)
or,
1 [EI
an = [22% ©4)
where,
A = ((nm)* + 4B*1*)Y? = (nm)* + Ko)/? (95)

The values of 4,, are calculated forn=1, 2, 3,4, 5 and
for 48*1* = 1, 10, 100, 1000, 10,000 and presented in
Table 1 along with previous solutions by Rahbar-Ranji
and Shahbaztabar (2017), Zhou (1993) and Ike (2023).
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Table 1. Dimensionless frequency parameters A, for the first five modes of simply supported EBBoWF.

M A2
b:{(\]/vziefrfle;gsc:nt lie Rahbar-Ranji and be?w[()aiefrfle;iref:nt e Rahbar-Ranji and
Ko = 4814 P;tejg;t results and (Zgijérzgtz :lb)' Shahbaztabar (%23131] ng;;;t results and (Zlgijérzgtz :lb)' Shahbaztabar (?91;;)
Ike (2023, 2024), 2011) (2017) Ike (2023, 2024), 2011) (2017)
Kacer et al. (2011) Kaceretal. (2011)
1 3.1496 (0%) 3.1496 3.1496 = 6.2842 (0%) 6.2842 6.2843 =
10 3.2193 (0%) 3.2193 3.2193 3.2200 | 6.2932 (0%) 6.2932 6.2932 6.2930
100 3.7484 (0%) 3.7484 3.7484 3.7480 | 6.3816 (0%) 6.3816 6.3816 6.3820
1000 5.7556 (0%) 5.7556 5.7556 5.7550 | 7.1121 (0%) 7.1121 7.1121 7.1120
10,000 | 10.0243 (0%) 10.0243 10.0243 = 10.3687 (0%) 10.3687 10.3687 =
A3 Aa
b:fwziefrfle;i:scsnt e Rahbar-Ranji and be?wziefrfle;i:sc:nt It Rahbar-Ranji and
Ko = 4414 Psrteusg;t results and (zgiférzgtz:]b)' Shahbaztabar égg;l Psrflfg;lt results and (zlngéfgg;b)' Shahbaztabar ( 123;)
Ike (2023, 2024), 2011) (2017) Ike (2023, 2024), 2011) (2017)
Kacer et al. (2011) Kacer et al. (2011)
1 9.4251 (0%) 9.4251 9.4251 . 12.5665 (0%) 12.5665 12.5665 .
10 9.4278 (0%) 9.4278 9.4277 9.4270 | 12.5676 (0%) 12.5676 12.5676 12.5680
100 9.4545 (0%) 9.4545 9.4545 9.4540 | 12.5789 (0%) 12.5789 12.5790 12.5790
1000 9.7102 (0%) 9.7102 9.7102 9.7100 | 12.6905 (0%) 12.6905 12.6905 12.6900
10,000 | 11.5652 (0%) 11.5652 11.5652 - 13.6716 (0%) 13.6716 13.6716 -
As
b(:f]wzgfle;izssnt i Rahbar-Ranji and
Ko = 414 P;tellsg;lt results and [Zlgiférzgtz :ib]‘ Shahbaztabar (?23;)
Ike (2023, 2024), (2011) ’ (2017)
Kacer et al. (2011)
1 15.7080 (0%) 15.7080 15.7080 =
10 15.7086 (0%) 15.7086 15.7086 15.7090
100 15.7144 (0%) 15.7144 15.7144 15.7150
1000 15.7721 (0%) 15.7721 15.7721 =
10,000 | 16.3167 (0%) 16.3167 16.3167 =
4.1.2. EBBoWF with clamped ends x = 0, x = Expanding,
The natural vibration of EBBoWF with both left and (w)z — = (sink?ayl—sina,l)=0 (98)
right ends clamped as shown in Fig. 4 is considered. 2 ton
Expanding,
j /fE é(cosh2 anl—2coshaylcosa,l+ cos®a,l—
Fig. 4. EBBoWF with clamped ends at x = 0 and x = L. sinh® ay L + sin® a, 1) = 0 (99)
cosh? a, | — sinh? a, | + cos? a, L + sin® a, | —
The BCs are W(0) = W'(0) = 0; W) =w'()) =0  2coshaplcosayl=0 (100)

Hence,

(cosh anl—cos anl) (sinh apl-sin anl) W"(O) 0
2a2 2a3 _ 96
(sinh anpl+sin anl) (cosh anpl-cos anl) - ( )
2an 2a} w"(0) 0
For nontrivial solutions,
(cosh anl—cos anl) (sinh anpl-sin anl)
20 2a3
, " n =0 (97)
(smh anl+sin anl) (cosh anl—cos anl)
2an Za%

Using trigonometric identities,
cosh? a, | — sinh? a, |l = 1; cos? a, 1 + sin® a, 1 = 1 (101)

Eq. (100) simplifies to Eq. (102)

2—2coshaylcosa,l=0 (102)
Hence,
coshaylcosa,l=1 (103)
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The eigenvalues are the roots which are extracted us-
ing Newton Raphson’s iteration. Eq. (103) is expressed
in function form as:

f(x)=coshxcosx—1=0 (104)
By differentiation,
f'(x) = sinhx cos x — cosh x sin x (105)

The Newton-Raphson iterative relationship is the re-
currence formula:

_ f(xn)
f'(xn)

(106)

Xn+1 = Xp

coSh xyn coS xp—1

For first iteration, x, = 4.70

e [teration 1
cosh 4.7 cos 4.7—1

X, = 4.70 — — = 4730964
sinh 4.7 cos 4.7—cosh 4.7 sin 4.7
e [teration 2
X, = 4.730964 — LEB30Y _ 4 730042
£'(4.730964)
e [teration 3
x5 = 4730042 — L&D _ 4 730041

£'(4.730042)

Table 2 shows the Newton-Raphsons iteration calcula-
tions presented in table format. The eigenvalues have con-
verged to six decimal places since the next iteration yields.

The first positive non-trivial solution to Eq. (103) ob-
tained using Newton-Raphson'’s iteration is

Xn+1 = Xp

Sinh xy €0S Xpn—CoSh Xy Sin xp

X3 = 4.730041

(108)

Table 2. Newton-Raphson’s Iteration calculation for first natural frequencies from f(x) = coshxcosx —1 = 0.

n Xn f(xn) £ (xn) Xn+1 Error
0 4.70 -1.6811066 54.292922 4.730964 -1.6811066
1 4.730964 0.053270 57.750148 4.730042 0.053270
2 4.730042 7.235313 x 10 57.645663 4.730041 7.235313 x 10
3 4.730041 1.470753 x 107 57.645549 4730041 1.470753 x 10°5
4 4730041 1.470753 x 107 1.470753 x 1075
Solving using Mathematica software, or Online Equa- v A,
tion Solver of Wolfram Alpha, the first five eigenvalues of ~ @n = 33 oa’n (114)
Eq. (103) are found as
2 = (agl* + 4BHIMY? = (apl* + Ko)'/? (115)

oyl = 4.73004 ; a,l = 7.85321 ; azl = 10.9956

aul = 1413717 ; a5l = 17.27876 (109)

Hence,
ar = 0n —44* (110)

Rearranging,

2
04 = i+ 4p* = (111)
w? = (at + 48" (112)
n pA n
El

w2 = ATt (atl* + 4p*%Y) (113)

The values of 4, are calculated for n=1, 2, 3, 4 and for
4B41* = 1,10, 100, 1000, 10,000 and presented in Table
3 along with previous results by Ike (2023), Kacer et al.
(2011) and Balkaya et al. (2009). Table 4 shows the val-
ues of 12 for EBBoWF with clamped boundaries for p =
A=1=E=1,4B** = 1 together with previous results
using Homotopy Perturbation method by Mutman and
Coskun (2013), Balkaya et al. (2009), Chen (2000) and
Ike (2023).

4.1.3. EBBoWF clamped at x = |, and simply supported at x = 0
The natural vibration of EBBoWF with simple support

atx = 0 and clamped at x = [ as shown in Fig. 5 is con-
sidered.

WVW‘%W

Fig. 5. Vibration of EBBoWF clamped at x = [ and simply supported at x = 0.
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Table 3. Natural vibration frequency parameters A,
for the first four vibration modes of clamped-clamped beam on Winkler foundation.

Yo A2
Ko= 4314 % Difference between % Difference between
’ Psrtelfgnt present results and Ike (2023) Bla(l;:; aeitaélﬂ-((zzoolol?‘ PSr:usgnt present results and Ike (2023) B;g(;iaeita?l'((zzoolog)'
y Ike (2023) : y Ike (2023) :
1 4.7324 (0%) 4.7324 4.7324 7.8537 (0%) 7.8537 7.8537
10 4.7535 (0%) 4.7535 4.7535 7.8584 (0%) 7.8584 7.8584
100 4.9504 (0%) 4.9504 4.9504 7.9043 (0%) 7.9043 7.9043
1000 6.2239 (0%) 6.2239 6.2239 8.3251 (0%) 8.3251 8.3251
10,000 | 10.1229 (0%) 10.1229 . 10.8392 (0%) 10.8392 .
A3 yn
Ko= 44 % Difference between % Difference between
’ Psrteusgnt present results and Ike (2023) BIT;(:; aeita?l-((zz()olol‘?‘ P;:jgnt present results and Ike (2023) B]:i];aeiaeita:ill.((zzo()l()l‘;),
y Ike (2023) : y Tke (2023) :
1 10.9958 (0%) 10.9958 10.9958 14.1373 (0%) 14.1373 14.1373
10 10.9975 (0%) 10.9975 10.9975 14.1381 (0%) 14.1381 14.1381
100 11.0144 (0%) 11.0144 11.0144 14.1460 (0%) 14.1460 14.1460
1000 11.1790 (0%) 11.1790 11.1790 14.2248 (0%) 14.2248 14.2248
10,000 | 12.5260 (0%) 12.5260 . 14.9493 (0%) 14.9493 14.9493
Table 4. Natural frequencies, o for clamped-clamped EB beam resting on Winkler foundation
forp=A=1=E=1=1,K, =4p** =1, 0, = 22.
Method w1 w2 w3 w4
Present method 22.3956 61.6810 120.9074 199.8621
Ike (2023) 22.3956 61.6810 120.9074 199.8621
HPM (Mutman and Coskun 2013) 22.3956 61.6809 120.9080 199.8620
DTM (Balkaya et al. 2009) 22.3733 61.6728 120.9030 199.8590
ADM (Mutman and Coskun 2013) 22.3956 61.6809 120.9080 199.8620
DQEM (Chen 2000) 22.3956 61.6811 120.9100 199.8850
The BCs are W(0)=0, W"(0)=0 W() = Hence,
0, wW'{d=0 , ,
O (sinha,lcosha,l+ sina,lcosha,l —
Hence, nt ntT n n
cosaylsinha,l —sina,lcosa,l)—
(smh wnlssin anl) (sinh wnlsin anl) w'(0) 0 (;lnh aplcosha,l —sinay, lcosha,l+
2am 203 B 116 sinhaylcosa,l —sina,lcosa,l) =0 (119)
(cosh anl+cos anl) (cosh anl—cos anl) - ( )
2 2a3, w"(0) 0 Simplifying,
For nontrivial solutions,
2sina,lcosha,l —2cosa,lsinha,l =0 (120)
(sinh apl+sin anl) (sinh anl-sin anl)
2a, 2a _ . _ ;
(Cosh alicos anl) (Cosh aylcos anl) =0 (117) sina, lcosha,l = cos a, lsinha,l (121)
2 2a2
, inh oyl
. sina, | = cos a, | —n (122)
Expanding, cosh anl
sinanl sinh anl (123)
1 . . =
py [(sinha,l + sina, )(cosh a, | — cos a, 1) — cosanl  coshanl
(sinha,l —sina, )(cosha, L+ cosa, )] =0 (118) tana,l=tanha,l (124)



Kanig and Ike / Challenge Journal of Structural Mechanics (2026) 12(3) 254-273

265

The equation f(x) = tanx — tanh x = 0 has a trivial
solution at x = 0, since f(x = 0) = 0, but its first non-
trivial positive rootis x = 3.926602. The first non-trivial
positive root can be extracted using Newton-Raphson it-
eration method. The iteration scheme is

tan xp—tanh xyn

_ f(xn) —

f'xn) N sec? xp—sech? xp

(125)

Xn+1 = Xp

. . 5
The iteration can start at x, = Tﬂ = 3.927

Then,
X, = xp — L0 = — 200098 _ 3 926506
f(xo0) 1.999393
Similarly,
x, = x; — L8 x = 3926506 — 2209 _ 3926602
f(x1) 1.998214
Then,
o fGa) _
X5 = X, =52 = 3.926602

The iteration has converged at x = 3.926602
The calculations are summarized in Table 5.

Table 5. Newton-Raphson iteration calculations for f(x) = tanx — tanh x = 0.

Iteration n X1 f(xn) f(xn) Xn+1 Error
0 3.92700 0.000412 1.9904 3.92679 0.000412
1 3.92679 0.000002 1.9998 3.92660 0.000002
2 3.92660 0.000000 2.0000 3.92660 0.000000
3 3.92660 0.000000 2.0000 0.000000

Solving by Mathematica software, or Online Equation
Solver of Wolfram Alpha the first four non-trivial eigen-
values are:

a,l =3.92660246 ; a,l = 7.068583 ;

a3l =10.2107612; a,l = 13.3517688 (126)

The natural frequencies are calculated for n =1, 2, 3,
4 and for 48*1* = 1, 10, 100, 1000, and presented in Ta-
ble 6 together with previous results by lke (2023),
Coskun (2003), Mutman and Coskun (2013).

Table 6. Natural frequency parameters for first four modes of transverse vibration
of SC thin beams on Winkler foundation.

A A2
. HPM . HPM
Ko=4p1* | presen; % Differencebetween — qipy (Coskun 2003; Present 0 Difference between (Coskun 2003;
study pre(s}(;'}l&results xndl (ke 2023) Mutman and Coskun study DR eSS (Ike 2023) Mutman and Coskun
results 2013) GITM results 2013)
1 3.9307 (0%) 3.9307 3.9308 7.0693 (0%) 7.0693 7.0693
10 3.9673 (0%) 3.9673 - 7.0757 (0%) 7.0757 -
100 4.2867 (0%) 4.2869 = 7.1383 (0%) 7.1383 ®
1000 5.9314 (0%) 5.9314 = 7.6897 (0%) 7.6897 ®
A3 Aa
. HPM . HPM
Ko=4fi* | preene 0 Differencebetween ip (Coskun 2003; el Y (Coskun 2003;
study pre(s;ent ez (Ike 2023) Mutman and Coskun study DTS eI el (Ike 2023) Mutman and Coskun
ITM results 2013) GITM results 2013)
1 10.2104 (0%) 10.2104 10.2104 13.3519 (0%) 13.3519 13.3519
10 10.2125 (0%) 10.2125 = 13.3529 (0%) 13.3529 ®
100 10.2336 (0%) 10.2336 - 13.3623 (0%) 13.3623 -
1000 10.4374 (0%) 10.4374 - 13.4556 (0%) 13.4556 -

4.1.4. Cantilever EBBoWF

The natural vibration of EBBoWF clamped at the left
and x = 0 and free at the right end (x = [) as shown in
Fig. 6 is considered.

z

Ve WAV AV YAV AV AN EY SV Y SV EN AV

Fig. 6. Natural vibration of EBBoWF with clamped end
(x =0) and freeatx = L.
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The BCs are:

At the clamped end, x = 0,
w(x =0,t) =0 (127)
wx=0t)=0 = W'kx)=0 (128)

At the free-end, M(x = ,t) = —EIw"(x = ,t) =0
Hence,

W'x=0)=0

Qx=Lt)=—Elw"(x=Lt)=0 (129)
Hence,

W"x=0)=0 (130)
Hence,

cosh apl+cos anl sinh apl+sinayl w” (0) 0
(( ety (s )) ()()

(sinh anl-sin anl) (cosh anl+cos anl)
n Wm(o) 0

2 2

For nontrivial solutions,

(cosh anl+cos anl) (sinh apl+sin (xnl)

2 2an —
(sinh anl—sinanl) (cosh anl+cos anl) =0 (132)
n 2 2
Expanding the determinant gives:
2 2 2
(cosh anl+cos anl) _ (sinh” anl-sin“ ayl) -0 (133)
4 4
%(cosh2 a,l+2cosha,lcosa,l+cos?a,l—
sinh? a, 1+ sin a, ) =0 (134)

Using trigonometric identities in Eq. (101), we have:

%(2 + 2coshaylcosa,l) =0 (135)
or,
coshaylcosa,l=-1 (136)

Rewriting Eq. (130) as a standard function, f(x) =
coshxcosx+1=0
The Newton-Raphson iteration formula for the root is

fxn) _

X =x cosh xy cos xp+1
n+1 n f’(xn)

Xy — (137)

Sinh xyp oS Xp—CcoSh xy Sin xn,

Since f(x =1) > 0and f(x = 2) <0, a real root oc-
curs within the internal 1 < x < 2.

Letxy, = 2

The Newton-Raphson iteration calculations are pre-
sented in Table 7.

Using different initial guesses of the roots yields the
successive roots. Second root is obtained as x =
4.694091 using the initial guess x, = 4.50. The third
root is obtained as x = 7.854757 using the initial guess
Xo = 7.5.

The eigenvalues extracted using mathematical soft-
ware tools, Mathematica and Newton-Raphson’s itera-
tive methods for obtaining roots of transcendental equa-
tions are:

a,l = 1.87510 ; a,l = 4.69409 ; asl = 7.85476 ;
a,l = 1099554 ; a,l = YT for n > 5

(138)

The dimensionless frequency parameters for the first
four modes and for 45*1* = 1, 10, 100, 1000, are pre-
sented in Table 8.

Table 7. Newton-Raphson iteration for f(x) = coshx cosx + 1 = 0.

Iteration n Approximate root x» Function value f{xn) Derivative value f (x») Error
0 2.000000 -0.565646 -4.930441 -0.565646
1 1.885275 -0.046399 -4.137837 -0.046399
2 1.874062 -0.003926 -4.062095 -0.003926
3 1.875104 0.0000 -4.069150 0.0000
4 1.875104 0.0000 -4.069150 0.0000

4.2. Discussion

This study has explored the Elzaki transform method
for the closed form analytical solutions of free harmonic
transverse vibration frequencies of prismatic Euler-Ber-
noulli beams resting on Winkler foundations for classical
boundary conditions. The assumption of harmonic re-
sponse simplified the governing partial differential
equation to an ordinary differential equation (ODE) in
the spatial variable. The Elzaki transformation of the
ODE simplified it to an algebraic equation in the Elzaki
transform space. It also considered the initial conditions.
The inversion of the Elzaki transformed solution gave

the general solution in terms of the physical (problem)
domain variable. The enforcement of boundary condi-
tions gave the characteristic frequency equations for the
various BCs cases considered. The expansion of the de-
terminants resulted in transcendental equations whose
eigenvalues were used to find the natural frequencies of
vibration for each considered BC. The dimensionless ei-
genfrequencies A, for the first five vibratory modes n =
1,2,3,4,5and for K, = 4p*1* = 1,10, 100, 1000, 10000
are presented in Table 1 for EBBoWF with simply sup-
ported ends. A comparison of present results and previ-
ous results shows that the present results are identical
with previous results by Ike (2023, 2024b) who used
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Generalized Integral Transform Method (GITM), and Ka-
cer et al. (2011). Table 1 further shows that the present

results agree remarkably well with previous results by
Rahbar-Ranji and Shahbaztabar (2017) and Zhou (1993).

Table 8. Dimensionless frequency parameters A,,
for the first four transverse vibratory modes of cantilever EBBoWF.

M A2
Ko= 4p1 % Difference between % Difference between
e Present present results and Present present results and
— Ike (2023) and Ike (2023) Kaceretal. (2011) — Ike (2023) and Ike (2023) Kaceretal. (2011)
Kacer etal. (2011) Kaceretal. (2011)
1 19119 (0%) 19119 19119 4.6965 (0%) 4.6965 4.6965
10 2.1746 (0%) 2.1746 2.1746 47181 (0%) 47181 47181
100 3.2558 (0%) 3.2558 3.2558 49191 (0%) 49191 49191
1000 5.6407 (0%) 5.6407 5.6407 6.2083 (0%) 6.2083 6.2083
A3 n
Ko= 4p1t % Difference between % Difference between
e Present present results and Present present results and
Sl ke (2023) and Ike (2023) Kacer et al. (2011) Sy ke (2023) and Ike (2023) Kacer etal. (2011)
Kacer etal. (2011) Kaceretal. (2011)
1 7.8553 (0%) 7.8553 7.8553 10.9957 (0%) 10.9957 10.9957
10 7.8599 (0%) 7.8599 7.8599 10.9974 (0%) 10.9974 10.9974
100 7.9058 (0%) 7.9058 7.9058 11.0143 (0%) 11.0143 11.0143
1000 8.3264 (0%) 8.3264 8.3264 11.1790 (0%) 11.1790 11.1790

The eigenfrequency A4, results for EBBoWF with
clamped ends are presented in Table 3 for the first four
vibratory modes n = 1, 2, 3, 4 and for foundation param-
eter values K, = 48*1* = 1,10, 100, 1000, 10,000. Table
2 shows that the present results for 1,, are identical with
previous results that used GITM by lke (2023), and re-
markably identical to previous results by Kacer et al.
(2011) and Balkaya et al. (2009). Table 4 also shows the
present results for A2 for EBBoWF with both ends
clamped for p=A =1=E =1 and 44*l* = 1. Table 4 con-
firms that present results for A2 are identical with previ-
ous results that used GITM by Ike (2023) and close to
previous results by Mutman and Coskun (2013), Balkaya
etal. (2009) and Chen (2000).

The dimensionless natural frequencies 4, for EB-
BoWF simply supported at x = 0 and clamped at x =l are
shown in Table 6 for the first four vibratory modes n=1,
2, 3, 4 and for the foundation parameters 45*1* =1, 10,
100, 1000. Table 6 also compares the present results
with previous results by Ike (2023), Coskun (2003) and
Mutman and Coskun (2013). Table 6 illustrates that the
present results by for A, are identical to previous results
by Ike (2023) and close to previous results by Coskun
(2003) and Mutman and Coskun (2013) which consid-
ered only the case for the value of foundation parameter
Ky, = 4B%1* = 1.

The results for the dimensionless natural frequency
parameters for cantilever EBBOWF are presented for the
first four vibratory modes n =1, 2, 3, 4 and for foundation
parameters K, = 44*1* =1,10,100,1000 in Table 8. Ta-
ble 8 also displays the previous results by Ike (2023) that
used GITM and previous results by Kacer et al. (2011).
Table 5 shows that the present results for 4, are identi-

cal with previous results by Ike (2023) and Kacer et al.
(2011). Table 5 shows that the cantilever BC intrinsically
yields the lowest natural frequency. This is because the
clamped free end does not have intermediate or end sup-
ports that constrains transverse deflection, rendering it
inherently more flexible when compared to beams with
other classical BCs.

The natural transverse vibration frequency results
obtained in this work using ETM for all the BCs consid-
ered have greatly illustrated the mathematical simplic-
ity, computational efficiency, ease of implementation
and broader applicability of the ETM as compared to
other previously used methods.

The percentage error between natural vibration fre-
quency results and the results obtained using GITM is nil
for all the BC considered. This is because like the GITM,
the ETM gives exact analytical solutions to the free vibra-
tion problem of EBBoWF considered, within the assump-
tions and theoretical framework of Euler-Bernoulli the-
ory, Winkler foundation model, linear elastic behaviour,
small displacement elasticity theory and classical bound-
ary conditions.

When the Winkler foundation parameter tends to
zero, the values of natural frequencies approach the val-
ues of natural frequencies of corresponding thin beam
(without foundations).

Graphical depictions of the results presented in Ta-
bles 1, 2, 3,4 and 5 are shown in Figs. 7, 8, 9 and 10. Fig. 7
is a composite graph that visually illustrates the variations
of the first natural frequency 41 with the foundation pa-
rameter Ko for the classical boundary conditions consid-
ered in this study. Fig. 7 illustrates that for given founda-
tion parameters Ko, the fundamental natural frequencies
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increase in the order: clamped-free (C-free) BC, simply
supported (SS) BC, simple-clamped (SC) BC and clamped-
clamped (CC) BC. The CC BC gives the highest 41, followed
by SC, then SS and the lowest A1 is obtained for C-free BCs.
Fig. 8 is a composite graph that presents the variation of
the first four natural frequencies with foundation param-
eter Ko for clamped-clamped EBBoWF. Fig. 8 shows that
the natural frequencies increase with increase in founda-
tion parameter and increase in vibratory mode.

Fig. 9 presents a composite bar chart showing the var-
iation of the first natural frequencies 11 of EBBoWF with
boundary conditions for foundation parameters K, = 1,
10, 100, 1000. Fig. 9 shows that the least value of 11 is

Fundamental natural frequency

0 200 400

found for cantilever EBBoWF for any given foundation
parameter. It also shows that the greatest value of 41 is
found for clamped-clamped EBBoWF for any given foun-
dation parameter. Similarly, Fig. 10 presents a composite
bar chart showing the variation of the natural frequen-
cies for the second vibration mode (42) of EBBoWF with
boundary conditions for values of foundation parameter
K, = 1,10, 100, 1000. Fig. 10 shows that for the second
vibration mode, least A2 occurs for cantilever EBBoWF
for any value of foundation parameter Ko. Fig. 10 also
shows that the greatest value of A2 occurs for EBBoWF
with both ends clamped for any given foundation param-
eter.
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Fig. 7. Graph of variation of A1 with Ko for various support conditions of EBBoWF.
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Fig. 8. Variation of first four natural frequencies with Ko.
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Fig. 9. Composite bar chart showing variation of first natural frequencies A1 of EBBoWF with boundary conditions
for foundation parameters; Ko=1, 10, 100, 1000.
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Fig. 10. Variation of natural frequencies for second mode of vibrating EBBoWF with different boundary conditions
forKo=1,10,100, 1000.

4.2.1. Discussion on computational efficiency of the ETM
and convergence of root extraction iteration schemes

Though the ETM does not require domain mesh re-
finements, prior selection of basis (trial) functions for
BCs satisfaction, spatial discretization or perturbation
procedures, numerical methods of root extraction are
still required for the transcendental characteristic equa-
tions which result when BCs are considered. The ETM of-
fers considerable simplification by converting the gov-
erning differential equation into more easily solvable al-
gebraic equations in the frequency domain of Elzaki
space. It also natively incorporates initial conditions, re-
moves the necessity for prior general solutions and cir-
cumvents the intractable matrix exponentiation require-
ments of conventional techniques. The simplification is
achieved through the core advantages of the integral
transform method.

The basic advantage of the ETM and other integral
transform methods is that it converts the governing dif-
ferential equation from a problem of calculus to an alge-
braic problem which incorporates the initial conditions.
Traditional methods of solving differential equations re-
quire the determination of the complete general solution
by the superposition principle as the sum of the homo-
geneous and particular solutions, and subsequent appli-
cations of initial conditions in order to determine the ar-
bitrary integration constants. The ETM on the other
hand directly incorporates the given initial boundary
values into the simplified algebraic equation from the in-
itial steps of the formulation. This significantly improves
comprehension.

The Elzaki transformation of the governing equation
is applied on the entire spatial domain, and hence spatial
discretization is not needed. The enforcements of BCs re-
sulted in characteristic equations which are found as
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transcendental equations because they contain both
trigonometric and hyperbolic functions.

The characteristic eigenfrequency equation for
simply supported EBBoWF was found as Eq. (85). The
characteristic eigenfrequency equation for EBBoWF
with both ends clamped was found as Eq. (103). The
characteristic eigenfrequency equation of EBBoWF
clamped at the right end and simply supported at the left
end was found as Eq. (124).

The characteristic natural frequency equation for can-
tilever EBBoWF was found as Eq. (136). The characteris-
tic natural frequency equations for all the BCs are tran-
scendental equations that are solved for using numerical
methods. Numerical methods seek to approximate the
roots by starting with an interval or initial guess and re-
peatedly performing iterations using already established
numerical root finding iteration schemes.

The commonly used numerical root extraction meth-
ods are (a) Bisection method (Bolzano method), (b) Reg-
ula-Falsi method and (c) Newton-Raphson method.

Software applications have been designed for fast im-
plementation of the root extraction of transcendental
functions. Some of them are Wolfram Alpha and Wolfram
Mathematica, Python, Matlab and Maple. The transcen-
dental equation solvers use Newton-Raphson’s numeri-
cal iteration algorithms, or other established numerical
iteration schemes.

The Newton-Raphson iteration method was used to
manually determine the first natural frequency of EB-
BoWF with both ends clamped. The iterations rapidly
converged at the third iteration and the error was zero
for the root computed to six decimal places. The first five
non-trivial roots were determined using Online Wolfram
Alpha Equation Solver as given by Eq. (109).

Similarly, the Newton-Raphson iteration method was
used to manually compute the first natural frequency of
EBBoWF with simple supportat x = 0 and clamped sup-
port at x = l. the Newton-Raphson'’s iteration calcula-
tions are presented in Table 5 for an initial guess at x, =
3.927. Table 5 shows a rapid convergence after two iter-
ations with an error of zero and eigenvalue of x =
3.92660 to five decimal places. The first four natural fre-
quencies were determined for the SC boundary condi-
tions using Online Wolfram Alpha Equation Solver as Eq.
(126).

The Newton-Raphson iteration solution of the charac-
teristic frequency equation is presented in Table 7 for an
initial guess of x, = 2.0. Table 7 relied on Eq. (137) to
compute successive approximations of the root of the
characteristic frequency equation. Table 7 shows that
the root converged at the third iteration with zero error,
illustrating the rapidly convergent nature of the Newton-
Raphson iteration. The first four non-trivial eigenvalues
were found using Online Wolfram Alpha Equation solver
and other mathematical software tools as Eq. (138). The
dimensionless forms of the natural frequencies for each
considered BC were then obtained from axl by using Eq.
(115) and inputting the various values of the foundation
parameters.

The application of ETM to EBBoWF can be compli-
cated by foundation discontinuities, variable Winkler
foundation moduli and complex inverse transfor-
mations, all of which limit its scope and effectiveness in

the absence of supplementary numerical techniques.
ETM inherently assume smooth continuous functions
across the beam’s longitudinal axis. Some practical beam
foundation problems involve discontinuous loads, varia-
ble beam cross-sections and non-classical BCs. Discon-
tinuous loads, variable cross-sections and non-classical
BCs disrupt the transformation process and introduce
piecewise functions or Dirac delta functions, thereby
complicating the transformation to an algebraic prob-
lem. Also, when the Winkler foundation modulus varies
along the longitudinal (x) axis, thus making K become de-
pendent on x, the governing equation would contain var-
iable parameters. It would be very difficult to apply the
ETM to such variable parameter differential equations
without converting them to complex differential forms,
thus defeating the initial objective of a swift transform
solution.

5. Conclusions

This work has explored the ETM for the exact analyt-
ical solutions of free harmonic transverse vibrations of
EBBoWF for the following BCs: simply supported at both
ends, clamped at both ends, simply supported at left end
and clamped at right end, and clamped at left end and
free at the right. In conclusion:

e The assumption of harmonic response decouples the
PDE to a fourth order ODE in terms of the space vari-
able.

e Application of the ETM to the ODE gives an integral
equation which further simplifies to an algebraic
equation in the Elzaki transform parameter. Solving
and inverting the solution in the transformed space
gives the general solution.

o Applying the BCs for the four considered cases gave
the characteristic frequency equation as a transcen-
dental equation whose roots are extracted using
mathematical software tools such as Wolfram Mathe-
matica, Mathcad or iterative methods such as the
Newton-Raphson iteration.

e The present eigenfrequency solutions for simply sup-
ported EBBoWF are exact within the assumptions and
theoretical framework of Euler-Bernoulli theory,
Winkler foundation model, linear elastic behaviour,
small displacement elasticity theory and classical
boundary conditions (for all five modes and founda-
tion parameters).

o The present eigenfrequency solutions are identical
with previous solutions obtained using Generalized
Integral Transform Method (GITM) and Stodola-
Vianello iteration method (SVIM), and are close to
previous solutions based on DTM and Rayleigh-Ritz
method using Legendre polynomials as basis func-
tions.

e For all the four vibration modes, and foundation pa-
rameters considered, the present eigenfrequency
(natural frequency) solutions for the other classical
BCs are exact within the assumptions and theoretical
framework of Euler-Bernoulli theory, Winkler foun-
dation model, linear elastic behaviour, small displace-
ment elasticity theory and classical boundary condi-
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tions and are identical with previous solutions ob-

tained using GITM and close to previous solutions us-

ing DTM.

e The natural frequencies increase as the foundation
parameters K, = 45*1* increase for all the vibration
modes and for all the classical boundary conditions
considered. This is because the elastic foundation in-
creases the dynamic stiffness of the beam on elastic
foundation system, thus raising the natural frequency.

e The key advantages of ETM include the following:

- Itdoes not require domain discretization.

- The BC that produces the lowest natural frequen-
cies is the cantilever BC. This is because it lacks in-
termediate or boundary support, making it more
flexible than other BCs.

- The BC that produces the highest natural fre-
quency is the clamped-clamped BC. This is because
the clamped-clamped ends restrict transverse de-
flection, making the structure inherently more
rigid.

- The effects of the elastic foundation on the first few
natural frequencies are to increase the natural fre-
quencies of vibration.

e The ETM has potential future extensions to other
more complex applications, such as non-uniform
beam, Timoshenko beam theory, non-linear founda-
tions, damping effects and thick beams.

5.1. Limitations of the ETM

The ETM is a good mathematical tool for solving lin-
ear ordinary and partial differential equations. However,
its main limitations include the difficulties in extending
to nonlinear partial differential equations without hy-
brid modifications, restricted use to complex initial con-
ditions, lack of widespread software support unlike the
established Laplace or Fourier transforms.

5.2. Recommendations for future research

In order to overcome some of the limitations of ETM,
further research could explore the use of recently devel-
oped generalized and modified variants of ETM, such as
Fractional Elzaki transforms and Elzaki decomposition
methods EDMs. Then future research could explore the
applications to studies of nonhomogeneous EBBoWF,
discontinuous EBBoWF, and EBBoWF with nonclassical
BCs.

REFERENCES

Adair D, Ismailov K, Jaeger M (2018). Vibration of a beam on an elastic
foundation using variational iteration method. World Academy of
Science, Engineering and Technology International Journal of Aero-
space and Mechanical Engineering, 12, 914-919.

Agboola 00, Gbadeyan JA (2013). Free vibration analysis of Euler-Ber-
noulli beam using differential transform methods. Academy Journal
of Science and Engineering, 7, 77-88.

Akgbz B, Civalek O (2015). Bending analysis of FG microbeams resting
on Winkler elastic foundation via strain gradient elasticity. Compo-
site Structures, 134, 294-301.

Akgoz B, Mercan K, Demir C, Civalek O (2016). Static analysis of beams
on elastic foundation by the method of discrete singular convolution.
International Journal of Engineering and Applied Sciences, 8(3), 67-73.

Appendix A. Elzaki transform table

T(x™) = nlu™*?

Te™ = =
1-au
Tsin(ax) = aw’
T 1+a2u?
2
au
Tcos(ax) = ——
( ) 1+a2u?
3
au
T sinh(ax) = ——
(ax) 1-a?u?
2
au
T cosh(ax) =
(ax) 1-a?u?
Hence,
_ xn—Z
T lum = ; n=234,..
(n-2)!
T—l( u? ) = q%*
1-au
1w Lsin( ax)
1+a2u?  a
2
-1 u 1
——==-cos(ax
1+a?u? a (ax)
3
-1 u 1 .,
= =sinh(ax
1-a?u? a (ax)
2
— u 1
Tt = =cosh(ax
1-a?u? a (ax)
Acknowledgements

The corresponding author is supported by the TUBITAK BIDEB 2211-
A PhD Scholarship Program.

Funding
The authors received no financial support for the research, author-
ship, and/or publication of this manuscript.

Conflict of Interest
The authors declare no potential conflicts of interest with respect to
the research, authorship, and/or publication of this manuscript.

Data Availability

The datasets generated and/or analyzed during the current study are
not publicly available but are available from the corresponding author
upon reasonable request.

Al Assistance
No Al-based tools were used in the preparation of this manuscript.

Author Contributions

All authors made substantial contributions to the conception and de-
sign of the study, acquisition of data, analysis and interpretation of data;
drafted or critically revised the manuscript for important intellectual
content; and approved the final version to be published.

Akhazhanov SB, Bostanov B, Kaliyev A, Akhazhanov T, Mergenbekova A
(2023a). Simplified method of calculating a beam on a two-parameter
elastic foundation. International Journal of GEOMATE, 25(111), 33-40.

Akhazhanov SB, Vatin NI, Akhmediyev S, Akhazhanov T, Khabidolda O,
Nurgoziyeva A (2023b). Beam on a two-parameter elastic founda-
tion: simplified finite element model. Magazine of Civil Engineering,
121(5), 12107.

Al-Azzawi AA, Daud KA (2020). Free vibration of non-prismatic beam
on variable Winkler elastic foundation. IOP Conference Series: Ma-
terials Science and Engineering, 737,012025.

Aleksandrovskiy M, Zaharova L (2018). Bending of an infinite beam on
a base with two-parameters in the absence of a part of the base. E3S
Web of Conferences, 33, 02074.



Kanig and Ike / Challenge Journal of Structural Mechanics (2026) 12(3) 254-273 272

Arifin S, Dolu A, Rivani A (2020). Elastic foundation analysis on rigid
pavement and piles. MATEC Web of Conferences, 331, 05005.

Balabusi¢ M, Foli¢ B, Cori¢ S (2019). Bending the foundation beam on
elastic base by two reaction coefficient of Winkler’s subgrade. Open
Journal of Civil Engineering, 9(2), 123-134.

Balkaya M, Kaya MO, Saglamer A (2009). Analysis of the vibration of an
elastic beam supported on elastic soil using the differential trans-
form method. Archive of Applied Mechanics, 79(2), 135-146.

Chen CN (2000). Vibration of a prismatic beam on an elastic foundation
by differential quadrature element method. Computers & Structures,
77(1), 1-9.

Civalek O, Demir C (2011). Buckling and bending analyses of cantilever
carbon nanotubes using the Euler-Bernoulli beam theory based on
non-local continuum model. Asian Journal of Civil Engineering,
12(5), 651-661.

Civalek O, Demir C (2022). Bending response of FG composite doubly
curved nanoshells with thickness stretching via higher-order sinus-
oidal shear theory. Mechanics Based Design of Structures and Ma-
chines, 50(7), 2354-2378.

Coskun I (2003). The response of a finite beam on a tensionless Paster-
nak foundation subjected to a harmonic load. European Journal of
Mechanics - A/Solids, 22(1), 151-161.

Doeva O, Masjedi PK, Weaver PM (2022). Exact analytical solution for
static deflection of Timoshenko composite beams on two-parame-
ter elastic foundations. Thin-Walled Structures, 172, 108812.

Elzaki TM (2011). The new integral transform “Elzaki transform”.
Global Journal of Pure and Applied Mathematics, 7(1), 57-64.

Elzaki TM, Elzaki SM (2011). On the Elzaki transform and ordinary dif-
ferential equation with variable coefficients. Advances in Theoreti-
cal and Applied Mathematics, 6(1), 41-46.

Elzaki TM (2012a). Solution of nonlinear differential equations using
mixture of Elzaki transform and differential transform method. In-
ternational Mathematical Forum, 7(13), 631-638.

Elzaki TM (2012b). On the new integral transform “Elzaki transform”
fundamental properties investigations and applications. Global
Journal of Mathematical Sciences: Theory and Practical, 4(1), 1-13.

Elzaki TM (2012c). On some applications of new integral transform El-
zaki transform. Global Journal of Mathematical Sciences: Theory and
Practical, 4(1), 15-23.

Erdogan H, Coskun SB (2020). Semi-analytical and finite element in-
vestigations of the vibration of a stepped beam on an elastic foun-
dation. Sakarya University Journal of Science, 24(6), 1321-1328.

Franciosi C, Masi A (1993). Free vibrations of foundation beams on
two-parameter elastic soil. Computers & Structures, 47(3), 419-
426.

Ghannadiasl A, Mofid M (2015). An analytical solution for free vibra-
tion of elastically restrained Timoshenko beam on an arbitrary var-
iable Winkler foundation and under axial load. Latin American Jour-
nal of Solids and Structures, 12(13), 2417-2438.

Ghugal YM (2007). A single variable parabolic shear deformation the-
ory for flexure and flexural vibration of thick isotropic beams. In:
Proceedings of the Third International Conference on Structural En-
gineering, Mechanics and Computation, Cape Town, South Africa, pp.
77-78.

Ike CC (2018a). Fourier sine transform method for the free vibrations
of Euler-Bernoulli beam resting on Winkler foundation. Interna-
tional Journal of Darshan Institute on Engineering Research and
Emerging Technologies, 7(1), 1-6.

Ike CC (2018b). Point collocation method for the analysis of Euler-Ber-
noulli beam on Winkler foundation. International Journal of Dar-
shan Institute on Engineering Research and Emerging Technologies,
7(2),1-7.

Ike CC (2019). Timoshenko beam theory for the flexural analysis of
moderately thick beams - variational formulation and closed form
solutions. Tecnica Italiana - Italian Journal of Engineering Science,
63(1), 34-45.

Ike CC, Nwoji CU, Onah HN, Mama BO, Onyia ME (2019). Modified sin-
gle finite Fourier cosine integral transform method for finding the
critical elastic buckling loads of first order shear deformable beams
with fixed ends. Revue des Composites et des Matériaux Avancés -
Journal of Composite and Advanced Materials, 29(6), 357-362.

Ike CC (2020). Elzaki transform method for solving elasticity problems
in two-dimensional polar coordinates using Airy-stress functions.
Journal of Computational Applied Mechanics, 51(2), 302-310.

Ike CC (2022). Fourier series method for finding displacement and
stress fields in hyperbolic shear deformable thick beams subjected
to distributed transverse loads. Journal of Computational Applied
Mechanics, 54(1), 126-141.

Ike CC (2023). Free vibration of thin beam on Winkler foundations us-
ing generalized integral transform method. Engineering and Tech-
nology Journal, 41(11), 1286-1297.

Ike CC, Elzaki TM (2023). Elzaki transform method for natural fre-
quency analysis of Euler-Bernoulli beams. Engineering and Tech-
nology Journal, 41(11), 1275-1285.

Ike CC (2024a). Variational formulations of vibration equations of si-
nusoidal shear deformable beams and eigenfrequency solutions by
finite sine transform method. Nigerian Journal of Technology, 43(3),
421-427.

Ike CC (2024b). Stodola-Vianello iteration method for solving trans-
verse harmonic natural vibration problems of Euler-Bernoulli
beams on Winkler foundation. Iraqi Journal of Civil Engineering,
18(2), 73-87.

Ike CC (2025a). Static flexure of a first order shear deformable thick
beam resting on a two-parameter elastic foundation - equilibrium
formulation and closed form solutions. NIPES - Journal of Science
and Technology Research, 7(1), 235-254.

Ike CC (2025b). Ritz variational method for the free harmonic vibration
solutions of slender beam on two-parameter elastic foundation. Ni-
gerian Journal of Technology, 44(2), 193-201.

Ike CC (2025c). Stodola-Vianello iteration method for the free flexural
vibration frequencies of Shimpi’s single variable shear deformable
beams. Mathematical Models in Engineering, 11(3), 97-116.

Ike CC (2026). Natural transverse vibration analysis of Euler-Bernoulli
beams resting on Filonenko-Borodich elastic foundations using
generalized integral transform method. Nigerian Journal of Tech-
nology, 45(1), 1-9.

Kacar A, Tan HT, Kaya MO (2011). Free vibration analysis of beams on
variable Winkler elastic foundation by using the differential trans-
form method. Mathematical and Computational Applications, 16(3),
773-783.

Kanig D, Kutlu A (2025). An advanced mixed finite element formulation
for flexural analysis of laminated composite plates incorporating
HSDT and transverse stretching effect. Archive of Applied Mechanics,
95(2), 58.

Kanig D (2026a). Flexural analysis of functionally graded sandwich
plates with a novel mixed finite element formulation using quasi-
3D higher order shear deformation theory. Mechanics of Advanced
Materials and Structures, 33(1), 2486738.

Kanig D (2026b). Transverse stretching effects in buckling of laminated
composites: a mixed finite element study. Mechanics Based Design
of Structures and Machines, 54(1), 2601222.

Kanig D, Bab Y, Kutlu A (2026). Mixed FEM for functionally graded and
laminated HSDT composites resting on elastic foundation. The Jour-
nal of Strain Analysis for Engineering Design, in press.

Kanig D, Kutlu A (2026). Mixed finite element formulation for lami-
nated composite beams incorporating transverse stretching effect.
Proceedings of the Institution of Mechanical Engineers, Part L: Jour-
nal of Materials: Design and Applications, in press.

Kanwal G, Ahmed N, Nawaz R (2024). A comparative analysis of the
vibrational behavior of various beam models with different founda-
tion designs. Heliyon, 10, e26491.

Krishna Murty AV (1984). Towards a consistent beam theory. AIAA
Journal, 22(6), 811-816.

Motaghian SE, Mofid M, Akin JE (2018). A new Fourier series solution
for free vibration of non-uniform beams resting on variable elastic
foundation. Scientia Iranica, Transactions A: Civil Engineering, 25(6),
2967-2979.

Mutman U, Coskun SB (2013). Free vibration analysis of non-uniform
Euler beams on elastic foundation via homotopy perturbation
method. World Academy of Science, Engineering and Technology In-
ternational Journal of Mechanical, Aerospace, Industrial and Mecha-
tronics Engineering, 7, 1353-1358.



Kanig and Ike / Challenge Journal of Structural Mechanics (2026) 12(3) 254-273 273

Nezami AA (2026). Computationally efficient higher-order shear and
normal deformation theory for laminated composite plates. Me-
chanics of Advanced Materials and Structures, 33(1), 2693219.

Olotu OT, Agboola 00, Gbadeyan JA (2021). Free vibration analysis of
non-uniform Rayleigh beams on variable Winkler foundation using
differential transform method. Ilorin Journal of Science, 8(1), 1-20.

Onah HN, Nwoji CU, Onyia ME, Mama BO, Ike CC (2020). Exact solutions
for the elastic buckling problem of moderately thick beams. Revue
des Composites et des Matériaux Avancés - Journal of Composite and
Advanced Materials, 30(2), 83-93.

Rahbar-Ranji A, Shahbaztabar A (2017). Free vibration analysis of beams
on a Pasternak foundation using Legendre polynomials and Rayleigh-
Ritz method. Proceedings of Odessa Polytechnic University, 3, 20-31.

Rao GV, Raju KK (2002). Elegant and accurate closed form solutions to
predict vibration and buckling behaviour of slender beams on Pas-
ternak foundation. Indian Journal of Engineering and Materials Sci-
ences, 9(2),98-102.

Sadeghian M, Ekhteraei Toussi H (2011). Frequency analysis for a Ti-
moshenko beam located on an elastic foundation. International
Journal of Engineering, Transactions A: Basics, 24(1), 87-105.

Sayyad AS, Ghugal YM (2016). Single variable refined beam theories for
the bending, buckling and free vibration of homogeneous beams.
Applied and Computational Mechanics, 10, 123-138.

Soltani M, Asgarian B (2019). New hybrid approach for free vibration
and stability analyses of axially functionally graded Euler-Bernoulli
beams with variable cross-section resting on uniform Winkler-Pas-
ternak foundation. Latin American Journal of Solids and Structures,
16(3), e167.

Uzun B, Civalek 0, Yayli MO (2023). Vibration of FG nano-sized beams
embedded in Winkler elastic foundation and with various bound-
ary conditions. Mechanics Based Design of Structures and Machines,
51(1), 481-500.

Yayli MO, Aras M, Aksoy S (2014). An efficient analytical method for
vibration analysis of a beam on elastic foundation with elastically
restrained ends. Shock and Vibration, 2014, 159213.

Yelce TU, Balc1 E, Bezgin NO (2023). A discussion on the beam on elas-
tic foundation theory. Challenge Journal of Structural Mechanics,
9(1), 34-47.

Zhou D (1993). A general solution to vibrations of beams on variable
Winkler elastic foundation. Computers & Structures, 47(1), 83-90.





