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A B S T R A C T 

In this study, an analytical solution is developed for the investigation of free vibra-
tion, static buckling and dynamic instability of castellated beams subjected to trans-

verse periodic loading. Bolotin’s method is used to perform the dynamic instability 

analysis. By assuming the instability modes, the mass, stiffness, and geometric stiff-

ness matrices are derived using the kinetic energy, strain energy and potential of ap-

plied loads. Analytical equations for determining the free vibration frequency, critical 

buckling moment, and excitation frequency of castellated beams are derived. In ad-
dition, the influences of the flange width of the castellated beam and the static part 

of the applied load on the variation of dynamic instability zones are discussed. 
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1. Introduction 

Technological developments in all areas of construc-
tion are encouraging researchers and engineers as well 
as designers in the field to improve the performance of 
structural members of construction. The castellated 
beam is one of the steel members, which uses less ma-
terial but has equal performance as the I-beam of the 
same size. The fabrication process of castellated beams 
leads to an increase of beam’s depth and thus the bend-
ing strength and stiffness about the major axis without 
adding additional materials. This leads to use castel-
lated beams in the long span applications subject to 
light or moderate loading conditions for supporting 
floors and roofs. However, the castellated beams have 
web openings, which may reduce the shear resistance 
of the beam. Additionally, the presence of web openings 
also causes a decrease of the overall sectional torsional 
stiffness, which may decrease the resistance of the 
beam to lateral-torsional buckling. Kerdal (1982) and 
Demirdjian (1999) reported that the torsional stiffness 
of the web is affected by the depth and slenderness of 
the beam. A number of experimental, theoretical and nu-
merical investigations have showed the factors having 
an impact on castellated beam’s vulnerability to lateral 
torsion buckling, which include the distance between the 

lateral restrictions to the compression stresses of the 
flanges; properties of the material; boundary condi-
tions; type of cross section; type and position of the 
loading; quantity and distribution of the residual 
stresses and geometric imperfections. Previous studies 
investigated the lateral-torsional buckling (Kerdal and 
Nethercot, 1982; Mohebkhah, 2004; Korrani et al., 
2010; Sonck et al., 2014; Kim et al., 2016; Kwani and 
Wijaya, 2017) and lateral buckling (Müller et al., 2006; 
Showkati et al., 2012) of castellated beams under trans-
verse loads.  

Literature survey on structural members shows that 
little research has been carried out on the dynamic insta-
bility of castellated beams when the applying load varies 
with time. In many countries, the static load still domi-
nates the current designing of structures for castellated 
beams, in spite of the significance of the dynamic re-
sponse to machinery loading and to extreme environ-
mental loads; for example, wind and earthquakes, that 
have been considered for some time. It is acknowledged 
that applying dynamic load can lead to the vibration of 
structural members, which causes a decrease in the crit-
ical load of buckling of the members. For this reason, we 
should understand the effect of applying the dynamic 
load on the structural behaviour to avoid resonance dis-
asters due to the dynamic instability. 
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Limited research and studies exist on the dynamics, 
especially the dynamic instability of castellated beams 
subjected to transverse loading. Since 1960 research has 
been carried out on the vibration-induced buckling of 
beams. For instance, Morris (1965) investigated the non-
linear vibration problem of a two hinged beam-column 
subjected to a harmonic load of any space distribution. 
Hsu (1966) carried out the investigation of the dynamic 
stability of the elastic body with given initial conditions 
and reported the necessary and sufficient stability crite-
ria in terms of trajectories in the phase space of finite di-
mension. Huang (1980) and Chen et al. (1991) used the 
Bolotin’s method to examine the dynamic instability of 
generally orthotropic beams and thick bi-modulus 
beams subjected to periodic axial loads, respectively. 
The Routh-Hurwitz stability and the averaging method 
have been used by Huang and Hung (1984) to study the 
dynamic instability of a simply supported beam sub-
jected to periodic axial excitation. The coupling of the 
first two modes was considered to investigate the insta-
bility regions and vibration amplitudes. Many research-
ers discussed the influences of both the natural frequen-
cies and static buckling loads on the dynamic instability 
behaviour. Gürgöze (1985) conducted an investigation 
into the instability behaviour of a pre-twisted beam sub-
jected to a pulsating axial load. He used the Mettler 
method and derived the equations describing the instabil-
ity regions that could be applied with different boundary 
conditions. A finite element dynamic instability model of 
Timoshenko beams was introduced by Park (1987), 
which adopted the extended Hamilton's principle to build 
the equation of the beam transverse motion in the plane. 
Another study was carried out by Kar and Sujata (1991), 
who examined the dynamic instability of rotating beams 
with various different boundary conditions subjected to a 
pulsating axial excitation. They also discussed the influ-
ences of the boundary conditions and rotational speed on 
the static buckling loads and the zones of parametric in-
stability. Yeh et al. (2004) used the harmonic balance 
method and the finite element method to investigate the 
dynamic instability problem of a sandwich beam with a 
constrained layer and an electro rheological fluid core 
subjected to an axial dynamic force. Zhu et al. (2017) pre-
sented an analytical solution to examine the free vibra-
tion, static buckling and dynamic instability of laterally-
restrained zed-section purlin beams under uplift wind 
loading. They used the classical principle of minimum po-
tential energy, in which the kinetic energy and strain en-
ergy of the beam and the loss of the potential energy of 
the applied load are evaluated by assuming instability 
modes. The influence of different supporting boundary 
conditions on the dynamic instability behaviour of 
beams has been also studied by Uang and Fan (2001); 
Yoon and Kim (2002). More recently, Zhu et al. (2018) 
presented a study on the dynamic buckling of cold-
formed steel channel section beams under the action of 
uniformly distributed loading. Gao et al. (2019) provided 
a nondeterministic dynamic stability assessment of Eu-
ler–Bernoulli beams using Chebyshev surrogate model. 

In this study, an analytical solution is developed to in-
vestigate the free vibration, static buckling and dynamic 
instability of castellated beams subjected to transverse 

periodic loading. Bolotin’s method is used to perform the 
dynamic instability analysis. By assuming the instability 
modes, the mass, stiffness, and geometric stiffness matri-
ces are derived using the kinetic energy, strain energy 
and potential of applied loads. Analytical equations for 
determining the free vibration frequency, critical buck-
ling moment, and excitation frequency of castellated 
beams are derived. In addition, the influences of the 
flange width of the castellated beam and the static part 
of the applied load on the variation of dynamic instability 
zones are discussed. 
 

2. Governing Equations for Dynamic Instability 
Analysis of Castellated Beams 

The analysis model used for this study is illustrated in 
Fig. 1(a). The cross-section of the castellated beam is as-
sumed to be doubly symmetric, with the flange width 
and thickness as bf and tf, the web depth and thickness as 
hw and tw, and the half depth of hexagons as a. The half of 
the distance between the centroids of the two T-sections 
is e. The side length of the hexagonal opening is (2𝑎 √3⁄ ), 
and the hexagonal opening height is 2a, respectively. 

According to Fig. 1(b), the lateral and transverse dis-
placements of the beam are assumed to be v(x) and w(x), 
respectively, and the angle of twist of the cross-section is 
𝜙(𝑥). The strain energy of the beam involves two parts; 
the strain energy generated by the bending and the 
strain energy generated by the twist. 

In order to consider the warping influence, the cross-
section of the castellated beam is decomposed into three 
parts, two of which represent the top and bottom T-sec-
tions, one of which represents the middle-part of the 
web. It is assumed that the displacements at the shear 
canters of the top and bottom tee-sections are small and 
can be expressed as follows (see Fig. 1) (Kim et al., 
2016):  

𝑣1(𝑥) = 𝑣(𝑥) +
ℎ

2
𝜙(𝑥) (1) 

𝑣2(𝑥) = 𝑣(𝑥) −
ℎ

2
𝜙(𝑥) (2) 

𝑤1(𝑥) = 𝑤 +
ℎ

2
(1 − 𝑐𝑜𝑠𝜙) ≈ 𝑤 (3) 

𝑤2(𝑥) = 𝑤 +
ℎ

2
(1 − 𝑐𝑜𝑠𝜙) ≈ 𝑤 (4) 

where 𝑣1  and 𝑣2 are the lateral displacements of the 
shear centers of the top and bottom T-sections, 𝑤1 and 
𝑤2  are the transverse displacements of the shear centers 
of the top and bottom T-sections, h is the distance be-
tween the shear centers of top and bottom T-sections. 
The kinetic energy, T, of the castellated beam due to the 
lateral and transverse displacements, and the rotation of 
the section thus can be expressed as: 

The kinetic energy for the top T- section: 

𝑇𝑡𝑜𝑝 =
𝜌𝐴𝑡𝑒𝑒

2
∫ ( 𝑣1

2̇𝑙

0
 +  𝑤1

2̇ )𝑑𝑥 +
𝜌𝐼𝑝𝑡𝑜𝑝

2
∫  𝜙2̇𝑙

0
𝑑𝑥 (5) 
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Fig. 1. (a) Notations used in castellated beams; (b) Loading and displacements of web and displacement of flanges 
when lateral–torsional buckling occurred; (c) Section properties of middle-part of web in four different regions. 

(𝐼𝑦3 = 𝐼𝑦3
∗ ,  𝐼𝑧3 = 𝐼𝑧3

∗ , 𝐽3 = 𝐽3
∗ in region 2, in region 4, 𝐼𝑦3 = 𝐼𝑧3 = 𝐽3 = 0, section properties vary with x in regions 1 and 3.)

The kinetic energy for the bottom T- section:      

𝑇𝑏𝑜𝑡 =
𝜌𝐴𝑡𝑒𝑒

2
∫ ( 𝑣2

2̇𝑙

0
 +  𝑤2

2̇ )𝑑𝑥 +
𝜌𝐼𝑝𝑏𝑜𝑡

2
∫  𝜙2̇𝑙

0
𝑑𝑥 (6) 

The kinetic energy for the middle part between the 
two T- sections: 

𝑇𝑤𝑒𝑏 =
𝜌2𝑎𝑡𝑤

2
∫ ( 𝑣2̇𝑙

0
+  𝑤2̇ )𝑑𝑥 +

𝜌𝐼𝑝𝑤𝑒𝑏

2
∫  𝜙2̇𝑙

0
𝑑𝑥 (7) 

Hence, the total kinetic energy of the beam is: 

𝑇 =
𝜌

2
[𝐴𝑡𝑒𝑒 [∫ ( 𝑣1

2̇𝑙

0
 +  𝑤1

2̇ )𝑑𝑥 + ∫ ( 𝑣2
2̇𝑙

0
 +  𝑤2

2̇ )𝑑𝑥]  +

        𝑎𝑡𝑤 ∫ ( 𝑣2̇𝑙

0
+  𝑤2̇ )𝑑𝑥 + 𝐼𝑝 ∫  𝜙2̇𝑙

0
𝑑𝑥] (8) 

where 𝜌 is the density, 𝑙 is the beam length, 𝐴𝑡𝑒𝑒=𝑏𝑓𝑡𝑓 +
𝑡𝑤(ℎ𝑤 2⁄ − 𝑎) is the cross-section area of the T-section, 
𝐼𝑝 = 𝐼𝑝𝑏𝑜𝑡 + 𝐼𝑝𝑤𝑒𝑏 + 𝐼𝑝𝑡𝑜𝑝  is the polar moment of inertia. 
Note that the dot above a symbol in above equations rep-
resents the derivative of the symbol with respect to time. 

The strain energy of the castellated beam is also de-
termined based on the three parts due to the transverse 
displacement, lateral displacement and rotation. It thus 
can be written as follows: 

𝑈𝑠 =
1

2
∫ [𝐸𝐼𝑦1 (

𝑑2𝑤1

𝑑𝑥2
)

2

+ 𝐸𝐼𝑧1 (
𝑑2𝑣1

𝑑𝑥2
)

2

+ 𝐺𝐽1 (
𝑑𝜙

𝑑𝑥2
)
2

]
𝑙

0
𝑑𝑥 +

          
1

2
∫ [𝐸𝐼𝑦2 (

𝑑2𝑤2

𝑑𝑥2
)

2

+ 𝐸𝐼𝑧2 (
𝑑2𝑣2

𝑑𝑥2
)

2

+ 𝐺𝐽2 (
𝑑𝜙

𝑑𝑥2
)
2

]
𝑙

0
𝑑𝑥 +

          
1

2
∫ [𝐸𝐼𝑦3 (

𝑑2𝑤3

𝑑𝑥2
)

2

+ 𝐸𝐼𝑧3 (
𝑑2𝑣3

𝑑𝑥2
)

2

+ 𝐺𝐽3 (
𝑑𝜙

𝑑𝑥2
)
2

]
𝑙

0
𝑑𝑥 (9) 

where 𝑈𝑠  is the strain energy, E is the Young's modulus, 
G is the shear modulus. 𝐼𝑦1 = 𝐼𝑦2  and 𝐼𝑧1 = 𝐼𝑧2  are the 
second moments of the T- sectional area about the y and 
z axes. 𝐽1 = 𝐽2 is the torsional constant of the T-section, 
𝐼𝑦3  and 𝐼𝑧3  are the second moments of the cross-sec-
tional area of the mid-part of the web about the y and z 
axes, respectively, and 𝐽3 is the torsional constant of the 
mid-part of the web. 

Hence, the formula of the strain energy of castellated 
beam (top T- sections, bottom T- sections and mid-part 
of the web) can be written as follows:  

𝑈 =
1

2
∫ [2𝐸𝐼𝑦1 (

𝑑2𝑤1

𝑑𝑥2
)

2

+ 2𝐸𝐼𝑧1 (
𝑑2𝑣1

𝑑𝑥2
)

2

+
𝑙

0

       
ℎ2

2
𝐸𝐼𝑧1 (

𝑑2𝜙

𝑑𝑥2
)

2

+ 2𝐺𝐽1 (
𝑑𝜙

𝑑𝑥2
)

2

]𝑑𝑥 +

       
1

2
∫ [𝐸𝐼𝑦3 (

𝑑2𝑤2

𝑑𝑥2
)
2

+ 𝐸𝐼𝑧3 (
𝑑2𝑣2

𝑑𝑥2
)

2

+ 𝐺𝐽3 (
𝑑𝜙

𝑑𝑥2
)

2

]
𝑙

0
𝑑𝑥 (10) 

According to Fig. 1, 𝐼𝑦1  , 𝐼𝑧1  and 𝐽1  are constants, 
whereas 𝐼𝑦3  , 𝐼𝑧3 and 𝐽3 are the function of x and depend-
ent upon the location of the web openings. Note, from the 
comparison between equation of the strain energy of an 
I-beam without web openings and Eq. (10), the following 
relations can be obtained: 

𝐼𝑦 = 2𝐼𝑦1 + 𝐼𝑦3 (11) 

𝐼𝑧 = 2𝐼𝑧1 + 𝐼𝑧3 (12) 

𝐼𝑤 = (
ℎ

2
)

2

𝐼𝑧 ≈
ℎ2

2
𝐼𝑧1 (13) 
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𝐽 = 2𝐽1 + 𝐽3 (14) 

𝐼𝑝 = 𝐼𝑦 + 𝐼𝑧 = 2𝐼𝑦1 + 2𝐼𝑧1 + 𝑘𝐼𝑦3 + 𝑘𝐼𝑧3 (15) 

According to the work (Kim et al., 2016), k refers to 
the fraction of the volume of the solid and holes in the 
mid-part of the web. In castellated beams, because of 
matching of the solid areas and holes in the mid-part of 
the web, the value of k=0.5 is taken. 

Assume that the transverse load is the periodic load 
applying on the top flange of castellated beam when the 
sheeting is fixed with the top flange (e.g. for wind-in-
duced vibration). In this case, the loss of potential en-
ergy 𝑉 of the transverse load 𝑞𝑧 can be expressed as fol-
lows: 

𝑉 = ∫ [𝑀𝑦𝜙(
𝑑2𝑣

𝑑𝑥2
) +

𝑎𝑧𝑞𝑧

2
𝜙2]

𝑙

0
𝑑𝑥 (16) 

where 𝑞𝑧 is the distribution load, 𝑀𝑦 is the pre-buckling 
internal bending moment, and a𝑧 refers to the z-coordi-
nate of the loading point, which is equal to the distance 
between the loading point and the shear centre of the 
beam. In the present case,  𝑎𝑧 = ℎ𝑤 2⁄ + 𝑡𝑓  because the 
uniformly distributed load is applied on the top flange of 
the beam. The second term in Eq. (16) is attributed to the 
effect of loading position, which, in the present case, has 
a positive effect on the stability of the beam and thus will 
increase the critical buckling load. 

According to the Lagrange method, the equations of 
motion describing the lateral-torsional buckling of the 
beam can be expressed as follows: 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞̇
) −

𝜕𝐿

𝜕𝑞
= 0 (17) 

where 𝐿 = 𝑇 − (𝑈 − 𝑉) is the Lagrangian function, and q 
is the general displacement vector. Substituting Eqs. (1-
4), (8), (10), (16) into (17), the governing equation for 
the dynamic instability analysis of a castellated beam is 
obtained as follows (Kratzig and Nawrotzki, 1991; Li, 
1991; Patel et al., 2006). 

[𝑴]{𝒒̈} + [𝑲]{𝒒} − 𝜆[𝑲𝒈]{𝒒} = {0} (18) 

where [M] is the mass matrix, [K] is the elastic stiffness 
matrix, [Kg] is the geometric stiffness matrix, {𝐪̈} is the 
generalized acceleration vector, {q} is the general dis-
placement vector, and λ is the loading factor. The mass, 
stiffness, and geometric stiffness matrices are expressed 
as follows: 

[𝑴] =

[
 
 
 
 
 

𝜕2𝑇

𝜕𝑞̇1
2

𝜕2𝑇

𝜕𝑞1̇𝜕𝑞2̇

𝜕2𝑇

𝜕𝑞1̇𝜕𝑞3̇

𝜕2𝑇

𝜕𝑞2̇𝜕𝑞1̇

𝜕2𝑇

𝜕𝑞̇2
2

𝜕2𝑇

𝜕𝑞2̇𝜕𝑞3̇

𝜕2𝑇

𝜕𝑞3̇𝜕𝑞1̇

𝜕2𝑇

𝜕𝑞3̇𝜕𝑞2̇

𝜕2𝑇

𝜕𝑞̇3
2 ]

 
 
 
 
 

 (19) 

[𝑲] =

[
 
 
 
 
 

𝜕2𝑈

𝜕𝑞1
2

𝜕2𝑈

𝜕𝑞1 𝜕𝑞2

𝜕2𝑈

𝜕𝑞1 𝜕𝑞3

𝜕2𝑈

𝜕𝑞2 𝜕𝑞1

𝜕2𝑈

𝜕𝑞2
2

𝜕2𝑈

𝜕𝑞2 𝜕𝑞3

𝜕2𝑈

𝜕𝑞3 𝜕𝑞1

𝜕2𝑈

𝜕𝑞3 𝜕𝑞2

𝜕2𝑈

𝜕𝑞3
2 ]

 
 
 
 
 

 (20) 

[𝑲𝒈] =

[
 
 
 
 
 

𝜕2𝑉

𝜕𝑞1
2

𝜕2𝑉

𝜕𝑞1 𝜕𝑞2

𝜕2𝑉

𝜕𝑞1 𝜕𝑞3

𝜕2𝑉

𝜕𝑞2 𝜕𝑞1

𝜕2𝑉

𝜕𝑞2
2

𝜕2𝑉

𝜕𝑞2 𝜕𝑞3

𝜕2𝑉

𝜕𝑞3 𝜕𝑞1

𝜕2𝑉

𝜕𝑞3 𝜕𝑞2

𝜕2𝑉

𝜕𝑞3
2 ]

 
 
 
 
 

 (21) 

Assume that the externally applied load 𝑞𝑧 is periodic 
loading, in which case the loading factor can be divided 
into two parts as expressed as follows:  

𝜆 = 𝜆𝑠 + 𝜆𝑡  𝑐𝑜𝑠Ω𝑡 (22) 

where 𝜆𝑠 and λt are the amplitudes of the static and dy-
namic parts, respectively, Ω is the excitation frequency 
of the dynamic part of the load, and 𝑡 is the time.   

The dynamic instability regions of the beam described 
by Eq. (18) can be calculated by investigating periodic 
solutions with the periods of T=2π/Ω and 2T=4π/Ω. The 
solution with the period of 2T is of particular im-
portance, representing the primary instability region of 
the structure, which can be expressed using the form of 
trigonometric series given by: 

{𝒒} = ∑ [{𝒂𝒌}𝑠𝑖𝑛
𝑘𝛺𝑡

2
+ {𝒃𝒌}𝑐𝑜𝑠

𝑘𝛺𝑡

2
]𝑘=1,3,…  (23) 

where {𝒂𝒌} and {𝒃𝒌} are the vectors of coefficients of the 
assumed solution. Substituting Eqs. (22) and (23) into 
(18) and letting the coefficients of the series associated 
with sin (Ωt/2) and cos (Ωt/2) be zero, it yields: 

([𝑲] −
2𝜆𝑠−𝜆𝑡

2
[𝑲𝒈] −

𝛺2

4
[𝑴]) {𝒂𝟏} = {𝟎} (24) 

([𝑲] −
2𝜆𝑠+𝜆𝑡

2
[𝑲𝒈] −

𝛺2

4
[𝑴]) {𝒃𝟏} = {𝟎} (25) 

For given values of λ𝑠  and λ𝑡  one can calculate the two 
frequencies of Ω from Eqs. (24) and (25), which repre-
sent the boundary of dynamic instability region of the 
castellated beams under periodic loading. 

 

3. Simply Supported, Doubly Symmetric Castellated 
Beam subjected to Periodic Loads on Top Flange 

For the calculation due to the dynamic lateral-tor-
sional buckling, the displacement functions w(x), v(x), 
𝜙(𝑥)  and pre-buckling internal bending moment 
𝑀𝑦(𝑥) that satisfy the boundary conditions of a simply 
supported beam can be assumed as follows: 
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𝑣(𝑥) = 𝑞1(𝑡)𝑠𝑖𝑛
𝜋𝑥

𝑙
 (26) 

𝑤(𝑥) = 𝑞2(𝑡)𝑠𝑖𝑛
𝜋𝑥

𝑙
 (27) 

𝜙(𝑥) = 𝑞3(𝑡)𝑠𝑖𝑛
𝜋𝑥

𝑙
 (28) 

𝑀𝑦(𝑥) =
𝑞𝑧𝑥(𝑙−𝑥)

2
 (29) 

where 𝑞𝑖(𝑡) (𝑖 = 1,2,3) are the functions of time t.  
Therefore, the mass, stiffness, and geometric stiffness 

matrices for simply supported beam are obtained from 
Eqs. (19-21) and are expressed as follows: 

 

[𝑴] = [
𝑚11 0 0
0 𝑚22 0
0 0 𝑚33

] (30) 

where:  

𝑚11 = 𝑚22 = 𝜌𝑙(𝑎𝑡𝑤 + 𝐴𝑡𝑒𝑒) (31) 

𝑚33 = 𝜌𝑙 (
𝐴𝑡𝑒𝑒ℎ2

4
+

𝐼𝑝

2
) (32) 

[𝑲] = [
𝜅11 0 0
0 𝜅22 0
0 0 𝜅33

] (33) 

where: 

𝜅11 =
𝐸𝑙(2𝐼𝑧1+𝑘𝐼𝑧3)

2
(

𝜋

𝑙
)

4

 (34) 

𝜅22 =
𝐸𝑙(2𝐼𝑦1+𝑘𝐼𝑦3)

2
(

𝜋

𝑙
)

4

 (35) 

𝜅33 =
𝐸𝐼𝑤𝑙

2
(

𝜋

𝑙
)

4

+
𝐺𝑙(2𝐽1+𝑘𝐽3)

2
(

𝜋

𝑙
)

2

 (36) 

[𝑲𝒈] = [

0 0 𝜅𝑔13

0 0 0
𝜅𝑔31 0 𝜅𝑔33

] (37) 

where: 

𝜅𝑔13 = 𝜅𝑔31 = −
𝑞𝑧𝑙

8
(

𝝅𝟐

𝟑
+ 1) , 𝜅𝑔33 = −

𝑎𝑧𝑞𝑧𝑙

2
 (38) 

3.1. Free vibration analysis 

The free vibration frequency of the lateral-torsional 
vibration of the castellated beam can be determined us-
ing Eq. (39): 

‖[𝑲] − 𝜔2[𝑴]‖ = 0 (39) 

where 𝜔  is the free vibration frequency. Substituting 
Eqs. (30-33) into (39), the following frequency can be 
obtained:  

𝜔1 = (
𝜋

𝑙
)

2

√
𝐸(2𝐼𝑧1+𝑘𝐼𝑧3)

2𝜌(𝑎𝑡𝑤+𝐴𝑡𝑒𝑒)
 (40) 

𝜔2 = (
𝜋

𝑙
)

2
√

𝐸(2𝐼𝑦1+𝑘𝐼𝑦3)

2𝜌(𝑎𝑡𝑤+𝐴𝑡𝑒𝑒)
 (41) 

𝜔3 = (
𝜋

𝑙
)

2 √
2(𝐸𝐼𝑤+

𝐺𝑙2

𝜋2 (2𝐽1+𝑘𝐽3))

𝜌(𝐴𝑡𝑒𝑒ℎ2+2𝐼𝑝)
  (42) 

𝐼𝑧3
∗  can be negligible because in most of castellated 

beams 𝐼𝑧3
∗ << 2𝐼𝑧1, then Eqs. (40-42) can be simplified 

as follows: 

𝜔1 = (
𝜋

𝑙
)

2

√
𝐸(2𝐼𝑧1)

2𝜌(𝑎𝑡𝑤+𝐴𝑡𝑒𝑒)
 (43) 

𝜔2 = (
𝜋

𝑙
)

2
√

𝐸(2𝐼𝑦1)

2𝜌(𝑎𝑡𝑤+𝐴𝑡𝑒𝑒)
 (44) 

𝜔3 = (
𝜋

𝑙
)

2 √
2(𝐸𝐼𝑤+

𝐺𝑙2

𝜋2 (2𝐽1+𝑘𝐽3))

𝜌(𝐴𝑡𝑒𝑒ℎ2+2(𝐼𝑧1+𝐼𝑦1))
  (45) 

The above formulations (43), (44) and (45) give the 
natural frequencies, which are well known and can be 
found from many vibration textbooks. These equations 
represent the translational and rotational vibrations of 
castellated beams. Moreover, it indicates that the lateral 
vibration and torsional vibration modes are influenced 
by the web openings.  

3.2. Buckling analysis 

The critical load of the lateral-torsional buckling of 
the castellated beam subjected to a static load can be cal-
culated using Eq. (46): 

‖[𝑲] − 𝜆𝑐𝑟[𝑲𝒈]‖ = 0 (46) 

where λ𝑐𝑟 is the loading factor and 𝑞𝑐𝑟 = λ𝑐𝑟𝑞𝑧 is the 
critical load for static buckling. 

Substituting Eqs. (33) and (37) into (46), the follow-
ing critical load is obtained:  

𝜆𝑐𝑟 = −
𝐾11𝐾𝑔33±√𝐾11

2𝐾𝑔33
2+4𝐾𝑔13

2𝐾11𝐾33

2𝐾𝑔13
2  (47) 

(
𝑞𝑧𝑙2

8
)
𝑐𝑟

=  

((
ℎ𝑤
2

+𝑡𝑓)+√(
ℎ𝑤
2

+𝑡𝑓)
2
+

1

4
(𝐼𝑤+

𝐺(2𝐽1+𝑘𝐽3)

𝐸
 (

𝑙

𝜋
)
2
)(

𝜋2

3
+1)

2

×
1

(2𝐼𝑧1+𝐼𝑧3)
)

(
1

3
+

1

𝜋2)
2 ×

                     
2𝐸(2𝐼𝑧1+𝐼𝑧3)

𝑙2
 (48) 
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(
𝑞𝑧𝑙2

8
)
𝑐𝑟

=

((
ℎ𝑤
2

+𝑡𝑓)+√(
ℎ𝑤
2

+𝑡𝑓)
2
+

1

4
(𝐼𝑤+

𝐺(2𝐽1+𝑘𝐽3)

𝐸
 (

𝑙

𝜋
)
2
)(

𝜋2

3
+1)

2

×
1

(2𝐼𝑧1)
)

(
1

3
+

1

𝜋2)
2  ×

                        
2𝐸(2𝐼𝑧1)

𝑙2
 (49) 

It can be noticed that Eq. (49) is similar to the formu-
lation of the critical load given in the work (Kim et al., 
2016) for simply supported castellated beams when the 
load is applied at the top flange. 

3.3. Dynamic instability 

 
The dynamic instability region of the castellated beam 

can be calculated using Eq. (50): 

‖[𝑲] −
2𝜆𝑠±𝜆𝑡

2
[𝑲𝒈] −

𝛺2

4
[𝑴]‖ = 0 (50) 

Substituting Eqs. (30-37) into (50), it yields: 
 

𝛺2

4
=

(𝐾33
∗ 𝑚11+𝐾11𝑚33)±√(𝐾11𝑚33−𝐾33

∗ 𝑚11)
2
+4(

2𝜆𝑠±𝜆𝑡
2

)
2
𝐾𝑔13

2𝑚33𝑚11

2𝑚33𝑚11

 (51) 

where  

𝐾33
∗ = 𝐾33 −

2𝜆𝑠±𝜆𝑡

2
𝐾𝑔33 (52) 

It can be seen that, there are four different equations 
given by Eq. (51), which represent four different Ω val-
ues, where the value of Ω2 is associated with vibration 
modes, which were illustrated in the free vibration anal-
ysis shown in Section 3.1. 

 

4. Comparison of the Dynamic Instability of Simply 
Supported Beams due to Transverse Periodic 
Loading 

Table 1 gives the dimensions and material properties 
of four castellated beams of different flange widths 
(bf=100 mm, bf =150 mm, bf =200 mm, and bf =250 mm). 
The analytical solutions used to determine the natural 
frequencies are obtained directly from Eqs. (43-45); 
while the critical loads are obtained by Eq (49). 

Figs. 2-4 present the variation of the frequencies of 
lateral vibration, vertical vibration and rotational vibra-
tion of the beams of different flange widths versus the 
beam length. The three figures correspond to the 1st, 2nd 
and 3rd vibration modes. 

From these figures it can be observed that, for each 
vibration mode, the frequency curves have a similar var-
iation pattern. In addition, the beam length and the 
flange width influence the frequencies. Increasing the 
beam length causes a reduction in the frequencies. In 
contrast, the larger flange width gives the greater fre-
quencies. Furthermore, it can be seen from the figures 
that the frequency of the lateral vibration is slightly 
higher than the frequency of the rotational vibration of 
the beam but a little higher than the frequency of the ver-
tical vibration of the castellated beam.

Table 1. Table. 

bf 
mm 

tf 
mm 

hw 
mm 

tw 
mm 

a 
mm 

E 
GPa 

ρ 
kg/m3 

σy 

MPa 
G 

GPa 
v 

100 10 300 8 100 210 7800 275 78 0.3 

150 10 300 8 100 210 7800 275 78 0.3 

200 10 300 8 100 210 7800 275 78 0.3 

250 10 300 8 100 210 7800 275 78 0.3 

    Note*: Dynamic instability analysis uses four different beam lengths. They are 4.156 m; 6.235 m; 9.006 m and 14.549 m 

Fig. 5 plots the critical load curves of the beams of dif-
ferent flange widths subjected to the transverse static 
load applying on the top flange, where the critical mo-
ment has been normalized using the yield moment,  

𝑀𝑦 =
2𝜎𝑦𝐼𝑟𝑒𝑑𝑢𝑐𝑒𝑑

ℎ𝑤+2𝑡𝑓
 ,  

where 

𝐼𝑟𝑒𝑑𝑢𝑐𝑒𝑑 =
𝑏𝑓(ℎ𝑤+2𝑡𝑓)

3

12
−

(2𝑎)3𝑡𝑤

12
−

(ℎ𝑤)3(𝑏𝑓−𝑡𝑤)

12
  .  

It can be noticed, as expected, that for each beam the 
increase of beam length causes the reduction of the crit-
ical moment. 

Figs. 6-9 show the dynamic instability zones of the 
castellated beams with four different flange widths, sub-
jected to transverse periodic load applied at the top 

flange of the beam, in which the geometric stiffness ma-
trix is assessed using the static critical load, that is 

𝑞𝑦 = 𝑞𝑐𝑟 ,  

where  

𝑞𝑦 = 16
𝜎𝑦𝐼𝑟𝑒𝑑𝑢𝑐𝑒𝑑

𝑙2(ℎ𝑤+2𝑡𝑓)
  .  

The four figures correspond to four different beam 
lengths as indicated in Table 1. It can be observed from 
these figures that, the dynamic instability regions of the 
four beams all exhibit a “v” shape despite of having 
different flange widths. With the increase of beam 
length, the dynamic instability zone not only moves to-
wards to higher frequency side but its width is also ex-
panded. In contrast, where the beam length is the same, 
the width of the dynamic instability zone decreases with 
the increase of the flange width.    
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Fig. 2. Comparison of frequencies for simply supported castellated beams with different flange widths (1st mode). 

 
Fig. 3. Comparison of frequencies for simply supported castellated beams with different flange widths (2nd mode). 

 
Fig. 4. Comparison of frequencies for simply supported castellated beams with different flange widths (3rd mode). 
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Fig. 5. Comparison of critical buckling moments of simply supported castellated beams with different flange widths. 

 
Fig. 6. Comparison of dynamic instability regions of simply supported castellated beams  

(beam length 4.156 meter) (𝑞𝑦 = 𝑞𝑐𝑟 and  𝜆𝑠  = 0). 

 
Fig. 7. Comparison of dynamic instability regions of simply supported castellated beams  

(beam length 6.235 meter) (𝑞𝑦 = 𝑞𝑐𝑟 and  𝜆𝑠  = 0). 
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Fig. 8. Comparison of dynamic instability regions of simply supported castellated beams  

(beam length 9.006 meter) (𝑞𝑦 = 𝑞𝑐𝑟 and  𝜆𝑠  = 0). 

 

Fig. 9. Comparison of dynamic instability regions of simply supported castellated beams  
(beam length 14.549 meter) (𝑞𝑦 = 𝑞𝑐𝑟 and  𝜆𝑠  = 0).

5. Conclusions 

This study has provided an analytical study on the dy-
namic instability of castellated beams subjected to trans-
verse periodic loading at top flange. The dynamic insta-
bility analysis employed in the present study uses Bo-
lotin’s method, while the mass, stiffness, and geometric 
stiffness matrices are derived using the kinetic energy, 
strain energy and the potential of applied loads. From the 
obtained results the following conclusions can be drawn: 
 The free vibration, static buckling and dynamic insta-

bility analyses of castellated beams subjected to 
transverse periodic loading at the top flange are influ-
enced by the coupling between the translational and 
rotational modes. 

 Increasing the flange width of beam leads to the increase 
of both the frequency and critical buckling moment. 
However, increasing beam length reduces this effect. 

 The dynamic instability zone of the castellated beam 
will move towards to high-frequency side and the cor-
responding width of the dynamic instability zone de-
creases when its flanges become wide. 

 The effect of lateral torsional buckling on the dynamic 
instability zone becomes more significant in the short 
beam than in the long beam; and also in the wide 
flange beam than in the narrow flange beam. 
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