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A B S T R A C T 

The common way to amplify strength and stiffness of the tank wall is to use the stiff-
ening rings. These stiffening rings can be classified as the primary and secondary 

stiffening rings (PSRs and SSRs). PSR is placed around the top of the tank shell and it 

assists to avoid ovalization at the top when the open-top tank is exposed to the ex-

ternal pressure. PSR having small dimensions may be used for fixed roof tanks since 

the roof system attached to the top of the cylindrical shell provides a natural restraint 
at this location. On the other hand, one or more SSRs may be required to preclude 

local buckling in both fixed and open-top cylindrical steel tanks (CSTs) which are ex-

posed to external pressure. The requirements of single secondary stiffening ring have 

been investigated in detail in previous studies. However, in same cases, a single SSR 

does not provide sufficient resistance to maintain stability over the entire shell 

height. Thus, buckling capacity of the CSTs with two identical secondary stiffening 

rings have been explored in this present work. Pursuant to this aim, the requirements 

for stiffness of the SSRs which are given in terms of minimum second moment of area 

(SMA) were evaluated by performing Linear Elastic Bifurcation Analysis (LBA) of 

CSTs under uniform external pressure. Analysis results show that minimum SMA ex-

pression proposed by Blackler underestimates critical buckling value for the tanks, 

having especially low height-to-diameter ratios and low radius-to-thickness ratios. 
Furthermore, to trace strength reduction in the tank due to geometrical imperfec-

tions, Geometrically Nonlinear Analysis including Imperfections (GNIA) was per-

formed. Analysis findings affirm that thin-walled structures are very sensitive to ge-

ometrical imperfections. 
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1. Introduction 

Cylindrical shells (CSs) are commonly employed in 
many structural and engineering applications such as 
cooling towers, chimneys, silos, tanks and pipelines. In 
these types of the cylindrical structures, curved thin 
steel plates are commonly used to form shell courses of 
storage tank structures. Using welds or bolts, the courses 
are mounted on each other to form the entire tank shell 
wall (Shokrzadeh and Sohrabi 2016a; 2016b, Hu et al. 
2019; Mehretehran and Meleki 2022). Since these struc-
tures have small wall thickness, they are vulnerable to 

buckling due to external or internal loads, which are two 
main type of loads that they are subjected to. Pressures 
from the stored product and vacuum pressure due to 
process can be classified as internal loads. On the other 
hand, seismic action and wind are considered external 
loads. Seismic effects on the tank structures have been 
extensively studied by many researchers (Haroun and 
Housner 1981; Çelik et al. 2018, 2019; Hamdan 2000; 
Maheri and Abdollahi 2013; Güray and Yazici 2015; 
Spritzer and Guzey 2017a, 2017b; Çelik and Köse 2020; 
Çelik 2022). Effect of external pressure such as wind on 
the cylindrical shell structures was studied by Esslinger  
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Nomenclature 

t thickness of the shell 

H height of the cylindrical shell 

r the radius of the cylindrical shell 

D the diameter of the cylindrical shell 

E modulus of elasticity 

Ix minimum second moment of area expression 

Ix,Blackler minimum second moment of area expression 
proposed by Blackler 

ν Poisson’s ratio 

qcr circumferential classical elastic buckling 
pressure 

qLBA critical buckling pressure obtained from LBA 

qGNIA critical buckling pressure obtained from GNIA 

ur radial displacement 

 
and Geier (1976), Guggenburger (1995), Greiner (2001), 
Sosa and Godoy (2010), Cao et al. (2018), Zeybek et al. 
(2019, 2021), Zeybek (2021), Zdravkov (2022), and Zey-
bek and Topkaya (2022). Either uniform or non-uniform 
external pressure was considered in these studies. Fur-
thermore, the thin walls make the tank more vulnerable 
to instability under external pressure when empty or at 
low levels (Ansourian 1992; Flores and Godoy 1998; 

Maraveas 2015). Improving strength and stiffness of the 
tank can be performed with an increase in the wall thick-
ness of it. However, this solution may not be economical 
in some cases. Another alternative is to use stiffening 
rings. Two main stiffening ring types for CSs are illus-
trated in Figs. 1-3, which are primary stiffening ring (PSR) 
and the secondary stiffening ring (SSR) (Zeybek 2022).  

The primary job of PSR (Figs. 1-3) is restraining 
ovalization at the top of CSTs when the external pressure 
exposed to tank. The full tank height is stabilized by PSR 
in open-top tanks (EN 14015 2004). It is placed around 
the top of CSTs (EN 14015 2004; EN 1993-4-2 2007; API 
650 2013). PSR can sometimes be called as the wind 
girder (Zeybek et al. 2021; Zeybek and Topkaya 2022). 
On the other hand, PSR having small dimensions may be 
used for fixed roof tanks since the roof system attached 
to the top of the cylindrical shell provides a natural re-
straint at this location (Zeybek 2022). 

Zeybek et al. (2019, 2021), and Zeybek and Topkaya 
(2022) investigated both the requirements for strength 
and stiffness of the PSRs. Practical expressions for the 
stress resultants and required second moment area of 
the PSR were developed by considering interaction be-
tween CS and PSR. Furthermore, buckling strength 
curves were proposed for the open-top tanks by consid-
ering different imperfection amplitudes.

      

Fig. 1. A cylindrical steel tank with a PSR (https://epcmholdings.com/introduction-to-storage-tanks/). 

      

Fig. 2. A cylindrical steel tank with a PSR and a single SSR (courtesy of Dr. Zdravkov). 
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Fig. 3. A cylindrical steel tank with a PSR and a two SSRs (courtesy of Dr. Zdravkov).

When the PSR does not have enough strength for buck-
ling resistance, it is expected that a global buckling can be 
formed, i.e., the edges of CSTs and the PSR buckle together 
(Schmidt et al. 1998; Sun et al. 2018). Both PSR and SSR are 
designed to not buckle even though the shell wall buckles. 
For both open-top and fixed roof CSTs, one or more SSRs 
may be necessary to prevent local buckling of the CSTs un-
der external pressure. Sun et al. (2018) examined the 
open-topped CTSs with PSR and one SSR exposed to wind 
loads. The possibility of reducing sizes of stiffening rings 
was investigated by making use of numerical studies. 

Zeybek (2022) developed the design expressions for 
anchored open top tanks with a single SSR. Both re-
quired stiffness and strength of the single SSR were ob-
tained from proposed shell-ring stiffness ratio. A new 
criterion for the stability design of the tanks with one 
SSR was developed by considering shell-ring interaction. 

 

2. Linear Elastic Bifurcation Analyses (LBA) to 
Evaluate the Current Approach to SSR Size 

The buckling behavior of unstiffened CSs which were 
exposed to external pressure was examined by many re-
searchers (von Mises 1914; Southwell 1913a, 1913b, 
1915; Flugge 1932; Batdorf 1947; Ebner 1952; Donnell 
1956, 1958). Based on these comprehensive studies, cir-
cumferential classical elastic buckling pressure was pro-
posed as follows:  

𝑞𝑐𝑟 = 0.92𝐸 (
𝑡

𝑟
)
2

(
√𝑟𝑡

𝐻
) (1) 

As mentioned before, the most economical path of in-
creasing the buckling resistance of the CS is to use SSRs 
(Greiner 2001). However, the main challenge for many 
designers is determining the required ring size. Many re-
searches were conducted to obtain proper size of the 
ring. Biezeno and Koch (1939) showed that usage of a 
stiffening ring may increase load carrying capacity of the 
CS and it may assist to prevent out-of roundness of the 
shell under external pressure. Blackler (1986) investi-
gated buckling resistance of the CS structures, which 
were uniformly exposed to external pressure. He pro-
posed a stiffness requirement, which is related to mini-
mum SMA, by considering classical eigenvalue analysis. 

Based on the simple boundary conditions and constant 
shell wall thickness, the minimum SMA expression for 
two identical stiffening rings was obtained as follows: 

𝐼𝑥,Blackler = 0.105𝐻𝑡3 (2) 

Abovementioned expression proposed by Blackler 
(1986) is assessed by considering comprehensive finite 
element analyses in this part of the study. According to 
the studies conducted by Godoy (2016) and Rotter et al. 
(2015), tanks are thinner and squatter structures having 
r/t ranging between 500 and 3000 (500<r/t<3000) and 
H/D<1.0. Thus, the geometrical properties of the tanks 
used in the numerical study are given in Table 1. 

For this purpose, H/D ratio, r/t ratio and the dimen-
sion of the SSRs were selected for prime parameters. 
H/D ratios of 1.0, 0.75, 0.50, and 0.25 and r/t ratios of 
500, 1000, 1500, 2000, 2500 and 3000 were utilized. In 
the numerical study, a total of 720 analyzes were per-
formed by taking into account the different SSR ring 
sizes. Finite element software of ANSYS v12.1 (2010) 
was utilized to assess the effectiveness of current design 
approach. As demonstrated in Fig. 4, four-node shell ele-
ments (shell63) and two-node beam elements (beam4) 
were utilized to mesh tank shell and two identical SSRs, 
respectively. All freedoms were restrained at the base of 
the CS to represent the bottom edge of the CSTs. On the 
other hand, radial and tangential translational restraints 
(Ur = Uθ = 0) were performed to the top of the CST to 
mimic the effects of the steel roof or PSR (Zhao and Lin 
2014). E of 200 GPa and ν of 0.3 were utilized. Two iden-
tical SSRs were placed at the H/3 and 2H/3 of the CSTs 
in all numerical models as depicted in Fig. 4. A uniform 
external pressure was applied around the circumference 
of the cylindrical shell in the models. 

The critical buckling pressure (qLBA) was determined 
by performing LBA. The requirement of SMA recom-
mended by Blackler (1986) was assessed by taking into 
account of the entire dataset. Non-dimensional findings 
are depicted in Figs. 5-8. In this figure, the SMA of the an-
nular plate rings (Ix) is normalized by the SMA recom-
mended by Blackler (1986) (Ix,Blackler). qLBA is normalized 
by the circumferential classical buckling pressure (qcr) 
given in Eq. (1). It should be noted that normalized val-
ues (Ix/Ix,Blackler) are plotted on the logarithmic scale.  
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Table 1. Geometrical properties of the cylindrical steel tanks. 

r t r/t H H/D 

6000 12 500 12000 1 

6000 6 1000 12000 1 

12000 8 1500 24000 1 

12000 6 2000 24000 1 

12000 4.8 2500 24000 1 

15000 5 3000 30000 1 

8000 16 500 12000 0.75 

8000 8 1000 12000 0.75 

12000 8 1500 18000 0.75 

12000 6 2000 18000 0.75 

12000 4.8 2500 18000 0.75 

15000 5 3000 22500 0.75 

6000 12 500 6000 0.5 

6000 6 1000 6000 0.5 

12000 8 1500 12000 0.5 

12000 6 2000 12000 0.5 

12000 4.8 2500 12000 0.5 

15000 5 3000 15000 0.5 

12000 24 500 6000 0.25 

12000 12 1000 6000 0.25 

12000 8 1500 6000 0.25 

12000 6 2000 6000 0.25 

12000 4.8 2500 6000 0.25 

15000 5 3000 6000 0.25 

 

Fig. 4. Finite element modelling of a representative tank with two SSRs.

As shown in Fig. 5, proposal of Blackler (1986) pro-
vides sufficient stiffness for the secondary stiffening 
rings in the cylindrical shells having radius-to-thickness 
(r/t) ratio ranging between 500-3000. Two bounds (un-
stiffened and fully stiffened) are also shown in the same 
figures. In unstiffened case, there is no secondary stiffen-
ing ring in the cylindrical shells; however, relatively stiff 
two SSRs are installed in the fully stiffened case. For the 
unstiffened case, the normalized buckling pressures 
(qLBA/qcr) converge to the value of 1.25. On the other 
hand, normalized buckling pressures are 3.37, 3.28, 3.24, 
3.23, 3.20, 3.19 for r/t of 500, 1000, 1500, 2000, 2500 

and 3000 respectively, taking into account fully stiffened 
case considered. 

In the same manner, Fig. 6 shows that Blackler‘s 
(1986) recommendation is almost sufficient for the all 
cases in the H/D of 0.75. For the unstiffened case, the 
normalized buckling pressures (qLBA/qcr) converge to the 
value of 1.25. On the other hand, normalized buckling 
pressures are 3.45, 3.35, 3.29, 3.27, 3.25, 3.24 for r/t of 
500, 1000, 1500, 2000, 2500 and 3000 respectively, tak-
ing into account fully stiffened case considered. 

Fig. 7 shows that Blackler‘s (1986) recommendation 
provides sufficient stiffness for the r/t of 2000, 2500 and 

Ur =Uθ = 0

Secondary

stiffening ring

Secondary

stiffening ring

Ux = Ur =Uθ = Rotx = Rotr =Rotθ = 0
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3000 in the H/D of 0.5. However, proposal of Blackler 
(1986) slightly underestimates required ring sizes for 
the r/t of 500, 1000 and 1500. For the unstiffened case, 
the normalized buckling pressures (qLBA/qcr) converge to 

the value of 1.25. On the other hand, normalized buckling 
pressures are 3.66, 3.5, 3.4, 3.35, 3.33, 3.31 for r/t of 500, 
1000, 1500, 2000, 2500 and 3000 respectively, taking 
into account fully stiffened case considered. 

 

Fig. 5. Evaluation of SMA requirement proposed by Blackler for H/D=1.0.

As shown in Fig. 8, proposal of Blackler (1986) does 
not provide sufficient stiffness for all cases in the H/D of 
0.25. For the unstiffened case, the normalized buckling 
pressures (qLBA/qcr) converge to approximately the value 
of 1.25. On the other hand, normalized buckling pres-
sures are 4.56, 3.96, 3.76, 3.67, 3.6, 3.56 for r/t of 500, 

1000, 1500, 2000, 2500 and 3000 respectively, taking 
into account fully stiffened case considered. 

As already mentioned, two bounds representing un-
restrained shell (no SSRs) and fully restrained with two 
identical stiff SSRs are also reported in Figs. 5-8. The data 
points fall in between these two bounds. Furthermore, 
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the proposed SMA by Blackler (1986) underestimates 
the critical size of the SSRs, especially for low height-to-
diameter ratios and low radius-to-thickness ratios. For 
instance; ring size should be at least 1.88 times to pro-
posal of Blackler to reach the critical size of the ring for 
H/D=0.5 with r/t=500 case. On the other hand, for 
H/D=0.25 with r/t =500 case, ring size should be at least 
3.0 times to proposal of Blackler to reach the critical size 
of the ring. 

A typical CST was chosen to investigate modes of 

buckling of the tank which is uniformly exposed to ex-
ternal pressure by considering different normalized 
SMA values (Ix/Ix,Blackler). For this purpose, a CS having 
diameter of 6000mm, height of 6000mm, and uniform 
wall thickness of 12mm was selected (H/D=0.5, 
r/t=500). 

The buckled shapes of CSTs which is uniformly ex-
posed to external pressure are presented for the 
Ix/Ix,Blackler=0.01, Ix/Ix,Blackler=0.2, Ix/Ix,Blackler=1.0, Ix/Ix,Black-

ler=1.88 in Fig. 9.

 

Fig. 6. Evaluation of SMA requirement proposed by Blackler for H/D=0.75.  
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Fig. 7. Evaluation of SMA requirement proposed by Blackler for H/D=0.5.

 
Fig. 8. (continued) 
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Fig. 8. Evaluation of SMA requirement proposed by Blackler for H/D=0.25.

      
            (a) Ix/Ix,Blackler = 0.01    (b) Ix/Ix,Blackler = 0.20 

      
             (c) Ix/Ix,Blackler = 1.00    (d) Ix/Ix,Blackler = 1.88 

Fig. 9. Buckling mode shapes considering different SMA ratios (Ix/Ix,Blackler). 
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As shown in Fig. 9, the SSRs participate in the buckling 
of CS when Ix/Ix,Blackler=0.01, Ix/Ix,Blackler=0.2. Furthermore, 
for the proposed SMA by Blackler (1986) case (Ix/Ix,Black-

ler=1.0), SSRs are still involved in the buckling mode and 
critical buckle height is long. To obtain sufficient stiff-
ness, the critical ring size should be at least 1.88 times 
proposal of Blackler (1986) for the case considering 
H/D=0.5 with r/t=500.  

 

3. Imperfection Sensitivity of CSTs with two SSRs – 
Geometrically Nonlinear Analysis Including 
Imperfections (GNIA) 

CSTs generally exhibit severe imperfection sensitivity 
since they have small wall thickness. Thus, changes in 
the geometry of CSTs during loading and small devia-
tions in geometry should be taken into account in the 
design stage. Sonat et al. (2015) reported that geomet-
rical imperfections decrease the elastic buckling capac-
ity considerably under linear bifurcation value. There 
are many reasons of imperfections (deviations from 
ideal circular shape) such as constructional defects ow-
ing to welded seams between two shell strakes, out-of 

straightness or ovalization of the CS surface due to fabri-
cation, handling and transporting stages (de Paor et al. 
2012; Yan et al. 2021; Godoy 2016). Generally, there are 
two types of imperfections used in the shell analysis, i.e 
depressions due to welds and eigen-mode affine imper-
fection shapes. The most detrimental shape of imperfec-
tion (also called eigen-mode affine imperfection shapes) 
was considered in this phase of the study. This pattern 
is based on the lowest eigenvalue and, the results are 
conservatively estimated in terms of strength (Godoy 
2016; Sun et al. 2018). Greiner and Derler (1995) re-
ported that short or broad CS structures (low H/D ratio) 
are the most sensitive to eigen-mode affine imperfec-
tions when compared to slender shell structures. Thus, 
GNIA was carried out on a specific case (H/D=0.25 with 
r/t=500) to investigate the influence of geometrical im-
perfections on CSTs subjected to external pressure, 0.1t, 
0.25t, 0.5t and 1.0t are chosen as imperfection ampli-
tudes in the numerical model. The radial displacement 
values (ur) at mid-height along the stagnation meridian 
were recorded and normalized by the tank shell thick-
ness (t). Ratio of the buckling pressure loads (qGNIA/qLBA) 
are plotted against normalized values (ur/t) as shown in 
Fig. 10.

 
Fig. 10. Relationship between normalized buckling load values and radial displacement for H/D=0.25 with r/t=500 case.

As shown in Fig. 10, as the imperfection amplitude is 
rised, the buckling strengths determined from GNIA 
(qGNIA) deviates from qLBA. According to the analysis re-
sults, the qcr,GNIA/qcr,LBA ratios extend to 0.87, 0.75, 0.63 
and 0.46 for imperfection amplitudes of 0.1t, 0.25t , 0.5t, 
0.75t and 1.0t, respectively. 

 

4. Conclusions 

This paper has examined buckling capacity of CSTs 
with two identical SSRs under external pressure. Pursu-
ant to this aim, a numerical study was carried out on 
CSTs with different shell geometries and SSR dimensions 
by making use of LBA. The analysis results demonstrated 

that SMA requirement proposed by Blackler (1986) gen-
erally provides sufficient strength when the tank struc-
tures have high H/D ratios and r/t ratios. Yet, for low H/D 
ratios and low r/t ratios, proposal of Blackler underesti-
mates critical buckling pressure of tanks with two iden-
tical SSRs. In other words, Blackler‘s (1986) recommen-
dation generally provides sufficient stiffness for all cases 
of H/D ratio of 0.75 and 1.0. Proposal of Blackler (1986) 
slightly underestimates required ring sizes for the r/t of 
500, 1000 and 1500 when H/D is equal to 0.5 and for all 
cases when H/D is equal to 0.25. What is more, GNIA was 
also executed to examine the influence of geometrical 
imperfections on buckling strength of the tanks. The first 
eigenmode (eigenmode-affine pattern) was utilized for 
imperfection patterns such as 0.1t, 0.25t, 0.5t, 0.75t and 
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1.0t. According to the analysis results, the buckling pres-
sure values obtained from GNIA diverge considerably 
from LBA results, with a rising difference as the ampli-
tude of imperfection is increased. This means that high 
imperfection amplitudes lead to a great amount of 
strength reduction. This affirms that load bearing capac-
ity of the thin-walled CSTs are very sensitive to geomet-
rical imperfections. 
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