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A B S T R A C T 

Nowadays, three-dimensional (3D) solid model of the structures can be prepared by 
using computer aided design programs. There are many numerical methods for 

static, dynamic and temperature analysis of structural systems. The most preferred 

among these methods is the finite element method (FEM). In this method, the struc-

tural model with different geometry and boundary conditions should be solved by 
utilizing partial differential equations. Due to the long solution time while perform-

ing, finite element programs require computers with very good features. Therefore, 

analyses with desired features can be performed by using open source programs to 

shorten the duration of analysis. In this study, specifically, the static analysis of the 

selected reinforced concrete (RC) cantilever beam was carried out by using the open 

source MATLAB partial differential toolbox based on the FEM. Since the program 

used is open source, different concrete classes and finite element models were se-

lected for the cited cantilever beam and static analyses were performed. As a result 

of the MATLAB partial differential toolbox analyses, the displacement, stress and de-

formation of the cantilever beam were obtained in 3D and compared with the ones 

obtained from ANSYS computer program. 
 

 

A R T I C L E   I N F O 

Article history:  

Received 6 May 2023 

Revised 13 July 2023 

Accepted 8 August 2023 
 
Keywords: 

Finite element method 

Static analysis 

Partial Differential Equation Toolbox 

Cantilever beam 
 

1. Introduction 

With the development of computer technology in the 
last fifty years, modeling of structural systems and exam-
ining their behavior under external loads have attracted 
the attention of many researchers. Previously, the ideal 
conditions of the structural systems were determined 
and solutions were obtained with traditional analysis 
methods. Many new numerical methods have been the 
subject of theoretical research due to the fact that tradi-
tional methods solve plane problems, the results are ap-
proximate, the solution times are longer, they can work 
in certain geometries, and the choice of materials is lim-
ited (Argyris and Kelsey 1960). Among these methods, 
the FEM is one of the most preferred method today. FEM 
is a numerical method used to solve engineering and 
mathematical physics problems. By using this numerical 

method, problems in many fields such as structural me-
chanics and dynamics, fluid mechanics and dynamics, 
heat transfer, diffusion and electrostatics are solved. In 
the FEM method, it is desired to divide the engineering 
problem into small parts. Matrix solutions are realized 
by reflecting the contribution of these small parts from 
external effects and boundary conditions to the whole 
system. As a result of the solutions, displacement, stress 
and strain are obtained at a finite number of nodes 
(Kasımzade 2018). 

FEM was first used in 1956 to solve space problems 
(Turner et al. 2012). With the development of computer 
technology, FEM started to take itself to the forefront in 
the 1970s (Bathe and Wilson 1976; Gallagher 1975; 
Oden and Sato 1967; Zienkiewicz 1972). Many research-
ers have prepared computer programs based on this 
method. Today, there are many finite element software 
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prepared by both commercial companies and academi-
cians (Kasımzade 2018). Since the program codes of 
commercial software for academic studies are generally 
not open source, academicians prefer open source soft-
ware. In this study, linear static analysis of a RC cantile-
ver beam was performed using MATLAB Partial Differ-
ential Equation Toolbox based on the FEM (MATLAB 
R2023a 2023). By selecting different strength classes for 
concrete and different types of finite elements, displace-
ment, stress and strain results are presented. 
 
 
2. Material and Method 

2.1. MATLAB Partial Differential Equation Toolbox 

The Partial Differential Equation Toolbox (PDE 
Toolbox) (Fig. 1) provides functions for solving struc-
tural mechanics, heat transfer, and general partial differ-

ential equations (PDEs) using the finite element method 
(MATLAB R2023a 2023) .  

Features of this cited toolbox (MATLAB R2023a 
2023); 
• It can be used to calculate deformations and stresses. 
• For modeling the dynamics and vibration of the struc-

ture, the toolbox has a time-integrating solver di-
rectly. 

• It can analyze the structural properties of a compo-
nent by performing modal analysis to find natural fre-
quencies and mode shapes. 

• It can model conductive heat transfer problems to cal-
culate heat distributions, heat flow and heat flow 
rates over surfaces. 

• It can also solve standard problems such as diffusion, 
electrostatics, magnetostatics and special PDEs. 

• Imports 2D and 3D geometries using mesh data. 
• It can automatically create meshes with triangular 

and tetrahedral elements.

 

Fig. 1. The flowchart of PDE Toolbox (MATLAB R2023a 2023).

The PDE toolbox calculates equations in the form 
given below (MATLAB R2023a 2023).  

𝑚
𝜕2𝑢

𝜕𝑡2 + 𝑑
𝜕𝑢

𝜕𝑡
∙ 𝛻 ∙ (𝑐𝛻𝑢) + 𝑎𝑢 = 𝑓 (1) 

𝛻 ∙ (𝑐𝛻𝑢) + 𝑎𝑢 = 𝜆𝑑𝑢 (2) 

𝛻 ∙ (𝑐𝛻𝑢) + 𝑎𝑢 = 𝜆2𝑚𝑢 (3) 

Eq. (3) solves eigenvalue problems. When solving 
PDEs, there are two boundary choices for each edge or 
face. Dirichlet boundary conditions performs the solu-
tion equation at the edge or surface.      

ℎ𝑢 = 𝑟 (4) 

where, h and r are denoting 3D (x, y, z) space functions. 
Generalized Neumann boundary conditions performs 
the solution equation at the edge or surface. 

 

𝑛⃗ ∙ (𝑐𝛻𝑢) + 𝑞𝑢 = 𝑔  (5) 

𝑛⃗  is denoting the unit normal vector. q and g are func-
tions defined in ∂Ω depending on (x, y, z) in 3D space. 

2.2. Linear equations of elasticity 

In linear elasticity, the stiffness matrix of an isotropic 
material depends on two parameters, E, representing 
Young's modulus and ν, Poisson's ratio. Equilibrium 
equation in static condition is given in Eq. (6). 

−𝛻.𝜎 = 𝑓  (6) 
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The relationship between linearized small displacements and strains is given with Eq. (7). 

𝜀 =
1

2
(𝛻𝑢 + 𝛻𝑢𝑇)  (7) 

The angular momentum equilibrium shows that the stress is symmetrical. 
 

𝜎𝑖𝑗 = 𝜎𝑗𝑖   (8) 

According to the linear elasticity theory, the relationship between stress and strain is as follows. 

[
 
 
 
 
 
𝜎11

𝜎22

𝜎33

𝜎23

𝜎13

𝜎12]
 
 
 
 
 

=
𝐸

(1− 𝜈)(1−2𝜈)

[
 
 
 
 
 
1 −  𝜈

 𝜈
 𝜈
0
0
0

𝜈
1 −  𝜈

 𝜈
0
0
0

𝜈
𝜈

1 −  𝜈
0
0
0

0
0
0

1 − 2𝜈
0
0

0
0
0
0

1 − 2𝜈
0

0
0
0
0
0

1 − 2𝜈]
 
 
 
 
 

[
 
 
 
 
 
𝜀11

𝜀22

𝜀33

𝜀23

𝜀13
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  (9)

If written in expanded form, Eq. (10) is obtained in which   shows the symmetricity. 

[
 
 
 
 
 
 
 
 
𝜎11

𝜎12

𝜎13

𝜎21

𝜎22

𝜎23

𝜎31

𝜎32

𝜎33]
 
 
 
 
 
 
 
 

=
𝐸

(1− 𝜈)(1−2𝜈)

[
 
 
 
 
 
 
 
 
1 −  𝜈 0 0 0  𝜈 0 0 0 𝜈

• 1 −  2𝜈 0 0 0 0 0 0 0
• • 1 −  2𝜈 0 0 0 0 0 0
• • • 1 −  2𝜈 0 0 0 0 0
• • • • 1 −  𝜈 0 0 0 𝜈
• • • • • 1 −  2𝜈 0 0 0
• • • • • • 1 −  2𝜈 0 0
• • • • • • • 1 −  2𝜈 0
• • • • • • • • 1 −  𝜈]

 
 
 
 
 
 
 
 

 (10)

2.3. Three-dimensional linear equations of elasticity 

If Eq. (6) is written for MATLAB PDE Toolbox, Eq. (11) is obtained. 

−𝛻(𝑐 ⊗ 𝛻𝑢) = 𝑓  (11) 

𝜀 =
1

2
(𝛻𝑢 + 𝛻𝑢𝑇)   (12) 

Strain depends on both ∇𝑢 and its transpose. If it is necessary to convert this from strain to ∇𝑢, and the column is 
written in vector form, Eq. (13) can be obtained. 

𝛻𝑢 =

[
 
 
 
 
 
 
 
 
 
𝜕𝑢𝑥/𝜕𝑥
𝜕𝑢𝑥/𝜕𝑦
𝜕𝑢𝑥/𝜕𝑧
𝜕𝑢𝑦/𝜕𝑥

𝜕𝑢𝑦/𝜕𝑦

𝜕𝑢𝑦/𝜕𝑧

𝜕𝑢𝑧/𝜕𝑥
𝜕𝑢𝑧/𝜕𝑦
𝜕𝑢𝑧/𝜕𝑧]

 
 
 
 
 
 
 
 
 

   (13) 

After that, the deformation-displacement relationship can be written in Eqs. (14)-(20):

 

𝜀 =

[
 
 
 
 
 
 
 
 
1 0 0 0  0 0 0 0 0
0 1/2 0 1/2 0 0 0 0 0
0 0 1/2 0 0 0 1/2 0 0
0 1/2 0 1/2 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1/2 0 0 0
0 0 1/2 0 0 0 1/2 0 0
0 0 0 0 0 1/2 0 1/2 0
0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 

𝛻𝑢 ≡ 𝐴𝛻𝑢    (14) 
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𝜎 =
𝐸

(1− 𝜈)(1−2𝜈)

[
 
 
 
 
 
 
 
 
1 −  𝜈 0 0 0  𝜈 0 0 0 𝜈

• 1 −  2𝜈 0 0 0 0 0 0 0
• • 1 −  2𝜈 0 0 0 0 0 0
• • • 1 −  2𝜈 0 0 0 0 0
• • • • 1 −  𝜈 0 0 0 𝜈
• • • • • 1 −  2𝜈 0 0 0
• • • • • • 1 −  2𝜈 0 0
• • • • • • • 1 −  2𝜈 0
• • • • • • • • 1 −  𝜈]

 
 
 
 
 
 
 
 

𝐴𝛻𝑢  (15) 

𝜎 =
𝐸

(1− 𝜈)(1−2𝜈)

[
 
 
 
 
 
 
 
 
1 −  𝜈 0 0 0  𝜈 0 0 0 𝜈

0 1/2 −  𝜈 0 1/2 −  𝜈 0 0 0 0 0
0 0 1/2 −  𝜈 0 0 0 1/2 −  𝜈 0 0
0 1/2 −  𝜈 0 1/2 −  𝜈 0 0 0 0 0
 𝜈 0 0 0 1 −  𝜈 0 0 0 𝜈
0 0 0 0 0 1 −  2𝜈 0 1 −  2𝜈 0
0 0 1/2 −  𝜈 0 0 0 1 −  2𝜈 0 0
0 0 0 0 0 1/2 −  𝜈 0 1 −  2𝜈 0
𝜈 0 0 0 𝜈 0 0 0 1 −  𝜈]

 
 
 
 
 
 
 
 

𝛻𝑢  (16) 

𝜇 =
𝐸

2(1+𝜈)
   (17) 

𝜆 =
𝐸𝜈

(1+𝜈)(1−2𝜈)
   (18) 

2𝜇 + 𝜆 =
𝐸(1−𝜈)

(1+𝜈)(1−2𝜈)
   (19) 

Equalities are obtained. If rearranged accordingly, Eq. (20) can be obtained. 

𝜎 =

[
 
 
 
 
 
 
 
 
2𝜇 + 𝜆 0 0 0  𝜆 0 0 0 𝜆

0 𝜇 0 𝜇 0 0 0 0 0
0 0 𝜇 0 0 0 𝜇 0 0
0 𝜇 0 𝜇 0 0 0 0 0
 𝜆 0 0 0 2𝜇 + 𝜆 0 0 0 𝜆
0 0 0 0 0 𝜇 0 𝜇 0
0 0 𝜇 0 0 0 𝜇 0 0
0 0 0 0 0 𝜇 0 𝜇 0
𝜆 0 0 0 𝜆 0 0 0 2𝜇 + 𝜆]

 
 
 
 
 
 
 
 

𝛻𝑢 ≡ 𝑐𝛻𝑢  (20) 

The equation for the von Mises yield criterion is given below (McDowell and Ellis 1993; Jones 2009). 

𝜎𝑣 = √
1

2
[(𝜎𝑥𝑥 − 𝜎𝑦𝑦)

2
+ (𝜎𝑦𝑦 − 𝜎𝑧𝑧)

2
+ (𝜎𝑧𝑧 − 𝜎𝑥𝑥)

2 + 6(𝜎𝑥𝑦
2 + 𝜎𝑦𝑧

2 + 𝜎𝑧𝑥
2 )

2
]  (21) 

𝜀𝑣 =
1

√2(1+𝜐)
√[(𝜀𝑥𝑥 − 𝜀𝑦𝑦)

2
+ (𝜀𝑦𝑦 − 𝜀𝑧𝑧)

2
+ (𝜀𝑧𝑧 − 𝜀𝑥𝑥)

2 +
3

2
(𝛾𝑥𝑦

2 + 𝛾𝑦𝑧
2 + 𝛾𝑧𝑥

2 )
2
]               (22)

2.4. RC cantilever beam 

Cantilever beams are often needed in civil engineer-
ing applications. As an example, a RC cantilever beam 
was chosen as in Fig. 2 (Doğangün 2020). The RC canti-
lever beam in Fig. 2 has a rectangular section with a span 
of L=2.00m, a width of b=0.25m, and a height of h=0.50m. 
The cantilever beam is loaded with a distributed load of 
q=100kN/m. Point A is fixed support, point B has no sup-
port. 

 

Fig. 2. Geometric properties and loading conditions  
of RC cantilever beam.  

 

I-I Cross Section 
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The material properties to be used for the static analysis 
of the cited RC cantilever beam are also given in Table 1. 

In Fig. 3(a), the 3D solid model of the cantilever beam 
was created with the MATLAB PDE toolbox. The material 
properties of the RC cantilever beam are coded accord-

ing to Table 1. Fig. 3(b) shows 3D linear tetrahedral solid 
finite element modeling for cantilever beam constructed 
in ANSYS (2016). The finite element model of the canti-
lever beam provided in Fig. 3(b) has a total of 966 nodes 
and 3852 finite elements.

Table 1. Material properties of RC cantilever beam (UNE EN 1992-1-2:2011/A1:2021 Eurocode 2: n.d.). 

Concrete 
class 

 

Characteristic cylinder 
compressive strength 

(MPa) 

Characteristic cube 
compressive strength 

(MPa) 

Elasticity  
module 
(MPa) 

Poisson  
ratio 

 

Unit volume 
weight 

(kN/m3) 

C25/30 25 30 31476 0.2 25 

C30/37 30 37 32837 0.2 25 

C35/45 35 45 34077 0.2 25 

C40/50 40 50 35220 0.2 25 

C45/55 45 55 36283 0.2 25 

    

Fig. 3. RC cantilever beam: (a) 3D solid model (MATLAB); (b) mesh with linear tetrahedral solid elements (ANSYS).

3. Findings and Discussion 

In this section of the study, displacement, defor-
mation and stress distributions obtained for differ-
ent concrete classes (using MATLAB PDE Toolbox) of 

the cited RC cantilever beam are provided in Figs. 4-
13. 

In addition, for different concrete classes, the sepa-
rate analysis results given in Figs. 4-13 are provided col-
lectively in Figs. 14-21.

 

Fig. 4. Displacement and deformation results of C25/30 RC cantilever beam. 

(a) (b) 
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Fig. 5. Stress results of C25/30 RC cantilever beam. 

 

Fig. 6. Displacement and deformation results of C30/37 RC cantilever beam. 
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Fig. 7. Stress results of C30/37 RC cantilever beam. 

 

Fig. 8. Displacement and deformation results of C35/45 RC cantilever beam. 
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Fig. 9. Stress results of C35/45 RC cantilever beam. 

 

Fig. 10. Displacement and deformation results of C40/50 RC cantilever beam. 
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Fig. 11. Stress results of C40/50 RC cantilever beam. 

 

Fig. 12. Displacement and deformation results of C45/55 RC cantilever beam. 
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Fig. 13. Stress results of C45/55 RC cantilever beam.

 

Fig. 14. The relationship of displacement (in the direc-
tion of z) with the concrete class. 

By examining Figs. 4, 6, 8, 10, 12 and 14 together, it 
can be clearly seen that the displacement in the z-axis di-
rection (the distributed loading direction) decreases 
with the increase of the compressive strength of the con-
crete. 

 

Fig. 15. The relationship of deformation (elongation in 
the direction of y) with the concrete class. 

By examining Figs. 4, 6, 8, 10, 12 and 15 together, it 
can be clearly identified that the deformation (elonga-
tion) in the y-axis direction decreases with the increase 
in the compressive strength of the concrete. 
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Fig. 16. The relationship of deformation (shortening in 
the direction of y) with the concrete class. 

By examining Figs. 4, 6, 8, 10, 12 and 16 together, it 
can be deducted that the deformation (shortening) in the 
y-axis direction decreases with the increase in the com-
pressive strength of the concrete. 

 

Fig. 17. Normal stress (tensile in bending) relationship 
with concrete classes. 

Examining Figs. 5, 7, 9, 11, 13 and 17 together re-
vealed that the normal stress (tensile in bending) in the 
y-axis direction remains constant with the increase in 
the compressive strength of the concrete. 

 

Fig. 18. Normal stress (compression in bending)  
relationship with concrete classes. 

Examining Figs. 5, 7, 9, 11, 13 and 18 together, re-
vealed that the normal stress (compression in bending) 
in the y-axis direction remains constant with the in-
crease in the compressive strength of the concrete. 

 

Fig. 19. Shear stress (positive) relationship  
with concrete classes. 

By examining Fig. 5, 7, 9, 11, 13 and 19 together, re-
vealed that the shear stress (positive) in the xy-axis di-
rection remains constant with the increase in the com-
pressive strength of the concrete. 

 

Fig. 20. Shear stress (negative) relationship  
with concrete classes. 

By examining Fig. 5, 7, 9, 11, 13 and 20 together, it can 
be deducted that the shear stress (negative) in the xy-
axis direction remains constant with the increase in the 
compressive strength of the concrete. 

 

Fig. 21. von Mises stress relationship  
with concrete classes. 

By examining Figs. 5, 7, 9, 11, 13 and 21 together, von 
Mises stresses seem to remain constant with the in-
crease of the compressive strength of the concrete. 

von Mises stress 
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A comparison of MATLAB PDE Toolbox results and 
ANSYS results are provided in Tables 2-6. By examining 
the results for all concrete classes, it is seen that the dis-
placement, deformation and stress values obtained from 
both methods are very close to each other. 

Table 2. Comparison of MATLAB PDE Toolbox and  
ANSYS results (for C25/30 concrete class). 

 MATLAB ANSYS 

Largest displacement (uz) 2.56 mm 2.56 mm 

Largest deformation (εyy) 0.00054 0.00055 

Largest normal stress (yy) 18.46 MPa 18.57 MPa 

Largest shear stress (yz) 2.97 MPa 2.92 MPa 

Largest von Mises stress 16.27 MPa 16.14 MPa 

Largest von Mises strain 0.00052 0.00052 

Table 3. Comparison of MATLAB PDE Toolbox and  
ANSYS results (for C30/37 concrete class). 

 MATLAB ANSYS 

Largest displacement (uz) 2.44 mm 2.46 mm 

Largest deformation (εyy) 0.000521 0.00054 

Largest normal stress (yy) 18.46 MPa 18.57 MPa 

Largest shear stress (yz) 2.97 MPa 2.92 MPa 

Largest von Mises stress 16.27 MPa 16.15 MPa 

Largest von Mises strain 0.000495 0.00049 

Table 4. Comparison of MATLAB PDE Toolbox and  
ANSYS results (for C35/45 concrete class). 

 MATLAB ANSYS 

Largest displacement (uz) 2.35 mm 2.37 mm 

Largest deformation (εyy) 0.000502 0.00052 

Largest normal stress (yy) 18.46 MPa 18.57 MPa 

Largest shear stress (yz) 2.97 MPa 2.92 MPa 

Largest von Mises stress 16.27 MPa 16.15 MPa 

Largest von Mises strain 0.00047 0.00047 

Table 5. Comparison of MATLAB PDE Toolbox and  
ANSYS results (for C40/50 concrete class). 

 MATLAB ANSYS 

Largest displacement (uz) 2.27 mm 2.29 mm 

Largest deformation (εyy) 0.000485 0.00050 

Largest normal stress (yy) 18.46 MPa 18.57 MPa 

Largest shear stress (yz) 2.97 MPa 2.92 MPa 

Largest von Mises stress 16.27 MPa 16.15 MPa 

Largest von Mises strain 0.00046 0.00046 

Table 6. Comparison of MATLAB PDE Toolbox and  
ANSYS results (for C45/55 concrete class). 

 MATLAB ANSYS 

Largest displacement (uz) 2.21 mm 2.22 mm 

Largest deformation (εyy) 0.0004716 0.00048 

Largest normal stress (yy) 18.46 MPa 18.57 MPa 

Largest shear stress (yz) 2.97 MPa 2.92 MPa 

Largest von Mises stress 16.27 MPa 16.15 MPa 

Largest von Mises strain 0.000448 0.00045 

 

In 15.4.9.a matter of Turkish Building Earthquake 
Code 2018 (Turkish Building Earthquake Code-2018 
n.d.), it is specified that “Maximum compressive strain 
(deformation) of concrete can be taken as 0.0035 and 
maximum strain (deformation) of reinforcing steel can 
be taken as 0.01”. By examining Tables 2-6, it can be seen 
that the deformations are below the limit values of the 
cited code. In addition, von Mises stresses are below the 
boundary stress values of the concrete (UNE EN 1992-1-
2:2011/A1:2021 Eurocode 2: n.d.). 
 

4. Conclusions 

In this study, 3D static analyzes of a RC cantilever 
beam were carried out according to different concrete 
classes. Modeling and analysis of the cited beam were 
carried out using open source codes with the MATLAB 
PDE toolbox based on the FEM, and the results were 
compared with the ANSYS computer program. As a re-
sult of the structural analysis, displacements, defor-
mations and stresses were obtained. It has been ob-
served that the displacements, deformations and 
stresses do not exceed the standard limit values. By com-
paring the vertical displacement in the z-axis direction 
between the lowest concrete class (C25/30) and the 
highest concrete class (C45/50), a decrease of 18.18% 
has been found. Likewise, when a comparison is made 
for deformation (elongation) and deformation (shorten-
ing) in the y-axis direction, there is a 15.27% reduction. 
Moreover, when a comparison is made for normal stress 
(tensile and compressive in bending), shear stress and 
von Mises stresses, it can be identified that the values 
remain constant. In addition, same structural analyzes 
were carried out in the ANSYS program to verify the 
analysis results of MATLAB PDE toolbox. As a result of 
the validation analysis, very close values were obtained. 
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