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ABSTRACT ARTICLE INFO

Recently, structural engineers have tended to design stronger and lighter structures
due to economic reasons, technical developments in computer-aided design, and im-
provements in manufacturing. The demand for designing stronger and lighter struc-
tures has led to the compulsory considering structural efficiency and stability loss at
the design level. Lateral-torsional buckling (LTB) is a major stability loss for web-
tapered cantilevers with doubly symmetric [-section, which are aesthetic and struc-
turally efficient. The elastic LTB loads of these cantilevers should be calculated at the
design level since the LTB may happen before bending stress reaches yield. Studies
related to the LTB of cantilevers are rare and require numerical solutions since the
LTB mode shape of cantilevers is complex compared to simply supported beams. The
present study introduces an analytical procedure based on the energy method for
calculating elastic LTB of web-tapered cantilevers with doubly-symmetric I-section
in two different forms. The analytical model considers different transverse load
types, positions of loads, and web tapering degrees. The analytical solutions were
validated with one-dimensional finite element analysis using a beam element. Excel-
lent accordance between results was demonstrated. The general LTB behavior of
web-tapered cantilevers with doubly symmetric I-section was clarified with detailed
comments based on results obtained from the presented analytical model.
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1. Introduction

Steel web-tapered cantilevers with I-section are very
popular structural members by means of aesthetic fea-
tures and light weights. A good optimization could be
achieved by tapering their web along the cantilever
length considering the variation of bending moment. In
other words, web height is maximum at fixed support,
and it decreases towards to free end since the bending
moment is lowered too. However, a web-tapered canti-
lever bending about its major axis may buckle out of a
plane by deflecting laterally and twisting for a level of the
applied transverse load. This stability loss is called lat-
eral-torsional buckling (LTB), and the critical load level
where buckling occurs is elastic LTB load (Yilmaz 2023).
Fig. 1 depicts the LTB of a cantilever. The elastic LTB load

of beams, beam-columns, and cantilevers subjected to
uniform bending can be calculated by solving related dif-
ferential equations; however, analytical solutions may
be very complex or include infinite series when moment
distributions vary along the length of the structural
member and/or structural member has support condi-
tions differ from simple support (Yilmaz and Kirac 2017;
Yilmaz et al. 2017, 2019; Yilmaz 2023). At this point, nu-
merical methods such as finite differences (Ozbasaran
2013; Ozbasaran 2014; Assasi and Roeder 1985) and fi-
nite integral (Anderson and Trahair 1972; Kitipornchai
etal. 1984) were utilized for the calculation of the elastic
LTB load of cantilevers. Based on the finite element solu-
tions performed, Xiao et al. (2023) derived practical
equations to calculate the elastic LTB load of doubly
symmetric cantilevers for essential load cases.
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Nomenclature
Ai, Bi
br Top and bottom flanges’ width

The amplitudes of the buckled mode shape

c Center of gravity
Cw(z) The warping constant
d(z) Heights of cross-section

E Young’s modulus

G Shear modulus

h(z) Heightsof web

ho(z) The distance between flange centers

hi The height of the web at the fixed end

Hp Vertical distance between the shear center and load
application points for the point load

Hq Vertical distance between the shear center and load

application points for the distributed load
L(2)
J(z) Torsional constant

The moment of inertia belonging to the weak axis

Mx(z) The bending moment about the major axis
P Point load

q Distributed load

S Shear center

tr Top and bottom flanges’ thickness

u Lateral displacement of the shear center

The strain energy stored in the cantilever

Vertical displacement of the shear center

< <

The work done by the external transverse forces

2% Additional work done by the end moment acting on
shear center

11 The total potential energy of the cantilever
10) Torsion rotation of the shear center
L) The free-end rotation

Dy Torsional rotation at the application point of the
point load

The energy method, which is based on the equality be-
tween the additional strain energy stored when LTB oc-
curs and the additional work done by the applied forces,
is a favorable approach to evaluating elastic LTB of steel
structural members. To determine elastic LTB load with
this method, a buckled shape that represents the actual
mode shape and provides kinematic boundary condi-
tions is substituted in the total potential equation be-
longing to the slightly buckled position (Yilmaz 2023;
Trahair 1993). While closed-form equations for beam
and beam-columns could be established using the en-
ergy method with basic mode shapes, it is hard or com-
monly impossible to generate equations for cantilevers
due to their complex mode shape (Yilmaz 2023). The en-
ergy method was used to calculate the elastic LTB of
beams, beam-columns, and castellated beams (Mohri et
al. 2008; Kim et al. 2016; Torkamani and Roberts 2009;
Yilmaz et al. 2017; Ozbasaran 2019; Saoula et al. 2021;
Bresser et al. 2020; Belaid et al. 2018; Pham 2022). Fur-
thermore, the LTB load of the beams with mono-sym-
metric I-sections (Yilmaz and Kirac 2017; Yilmaz et al.
2019; Mohri et al. 2003; Mohri et al. 2013; Aydin et al.
2015; Mohammadi et al. 2016), the beams with various

cross sections such as C, Z and box (Cheng et al. 2013;
Saoula et al. 2016; Zhang and Tong 2016), and cantile-
vers (Wang and Kitipornchai 1986; Ozbasaran et al.
2015; Andrade et al. 2007; Aydin et al. 2013; Zhang and
Tong 2008; Zhang et al. 2016; Yilmaz 2023) were evalu-
ated utilizing the energy method.

Fig. 1. The LTB of a cantilever.

Experimentally and analytical investigation on the
stability of web or flange tapering beams with doubly
symmetric and mono-symmetric I-sections were pre-
sented in studies by Kitipornchai and Trahair (1972) and
Kitipornchai and Trahair (1975). Trahair (2017) devel-
oped a treatment based on the finite element method for
calculating the LTB of tapered beam-columns, which is
subjected to various load types and has different bound-
ary conditions. Benyamina et al. (2013) developed a for-
mula for LTB of web-tapered beams with doubly sym-
metric I[-section. The LTB of beams with arbitrary cross-
sections was studied by Asgarian et al. (2013). The LTB
of the beams, of which flanges and web simultaneously
tapered, was investigated by the study of Kus (2015).
Trinh et al. (2023) introduced an approximate expres-
sion to evaluate the critical moment of simply supported
I-section beams whose height changes. Osmani and Mef-
tah (2018) presented a study focused on the LTB of sym-
metric beam-columns considering shear deformations.
Yuan et al. (2013) studied the LTB of T-section cantile-
vers. The LTB of web-tapered mono-symmetric I-section
cantilevers were examined by Andrade et al. (2007) and
Andrade and Camotim (2005). In these comprehensive
analytical studies, pre-buckling effects have been in-
cluded in the energy method, and numerical LTB exam-
ples for beams and cantilevers subjected to point load
were presented. It should be emphasized that elastic LTB
load must be calculated with the above-mentioned meth-
ods and considered in design since LTB may occur before
the bending stress of the cross-section’s extreme fibre
comes to yield.

The literature review conducted reveals that there is
no comprehensive study related to the LTB of cantilevers
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with doubly-symmetric I-section exposed to different
load cases by considering their positions along the cross-
section. The primary motivation of the present study is
to establish an analytical procedure based on the energy
method, which is easily programmable with mathemati-
cal software, to determine the elastic LTB load of web-
tapered cantilevers with doubly-symmetric I-section for
six load cases and three loading positions which are top
and bottom flange and shear center loadings. The analyt-
ical results were compared to one-dimensional finite el-
ement analysis (1D-FEA) using LTBeamN software. In
light of the results of numerical examples, slenderness
and tapering effects were interpreted, and explanations
were presented. The study will contribute to under-
standing the uncharted LTB behaviour of web-tapered
symmetric [-section cantilevers with detailed interpreta-
tions as well as the analytical procedure that enables the
calculation of critical LTB load for the design of steel
members.

a

2. Analytical Procedure

In the present study, the analytical model has been de-
veloped for web-tapered cantilevers with symmetric I-
section, which have two different tapering forms illus-
trated in Fig. 2. In the first of two tapering forms, depicted
in Fig. 2(a), web tapering has been provided by the oblig-
uity of the bottom flange while the top flange is parallel
to the cantilever's longitudinal z-axis. In the second form,
illustrated in Fig. 2(b), web tapering has been provided
by the obliquity of both the top and bottom flanges. In
the study, cantilevers with the first tapering form will be
named Cantilever Type 1 (C1), and Cantilever Type 2
(€2) will be used for the cantilevers with the second ta-
pering form. Before the LTB occurs, the cantilever bends
about its major axis under the effects of transverse loads,
and then the cantilever buckles by deflecting laterally
and twisting, shown in Fig. 2(c), when the magnitude of
the loads reaches the elastic critical LTB load.

P

Fig. 2. The LTB of web-tapered cantilevers.

In Fig. 2(a), @ and L are the tapering angle and the can-
tilever length, respectively. Fig. 2(c) illustrates the a-a
section of the web-tapered cantilevers. In Fig. 2, while
the S and C denote the shear center and the center of
gravity, respectively, the lateral and vertical displace-
ments and the torsional rotation of the shear center were
given with u, v, and ¢, respectively. Fig. 3 shows the
cross-section dimensions of a web-tapered cantilever
with a doubly symmetric I-section. In Fig. 3, while the top
and bottom flange width is shown with by, the trdenotes
the top and bottom flanges’ thickness. The d and h are
heights of cross-section and web, respectively.

These two dimensions depend on the distance to the
fixed end in the z-axis since h decreases with tapering.

The height (h) can be expressed for the €1 and C2 canti-
levers as given in Egs. (1) and (2), respectively.

h(z) = h; — z * tan(a) (D)
h(z) = h; — 2 * z = tan(a) (2)

where hi refers to the height of the web at the fixed end.
Therefore d becomes:

d(z) =h(z) + 2+ tf 3)

The warping constant Cw(z), torsional constant J(z),
and the moment of inertia belonging to the weak axis
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Iy(z) are the main parameters which effective on the
LTB. For a web-tapered cantilevers in Fig. 2, Cw(2), J(2),
and I;(z) can be expressed as follows:

hO(Z)b tr

Cw(2) = (4)
J(z )_w (5)
1()_% (6)

where the ho(z) is the distance between flange centers
and given as follows:

ho(z) =d(z) — tr = h(z) + t; (7)

by tr

y tr

by

Fig. 3. The cross-section dimensions
of the doubly symmetric I-section.

The strain energy stored in the cantilever due to lat-
eral bending, warping, and torsion, respectively, can be
written as follows (Yilmaz 2023; Yilmaz et al. 2019):

1L dzu(2)]? 1L azp2))?
u=1f EIy(Z)[ ;ZZ] dz +1], ECW(Z)[ dzj] dz +
1 (L dé(2)]?
21y 612 |22 az 8)

where E and G are Young’s modulus and shear modulus,
respectively. The work done by the external transverse
forces can be expressed as in Eq. (9) (Yilmaz 2023; Yil-
maz et al. 2019):

d?u(z)

V=2 M(2) [w(z) =%

]] dz +3 3 PHy}

+3 Iy aHop(z)2dz + M, |52 9)

where Mx(z) implies the bending moment about the ma-
jor axis. The works of point load P and distributed load
g, acting out of the shear center, were taken place as sec-
ond and third terms in Eq. (9). The source of these works
is the variation of distance between the application point
of loads and shear center during rotation of section. Hp
and H, denote the vertical distance between the shear
center and load application points for P and g, respec-
tively. H, and Hq should be taken as positive when the
load application point is below the shear center. The @,
shows torsional rotation at the application point of the
point load.

Furthermore, an external moment acting on the shear
center at the end of the cantilever generates additional
work existing in the last term of Eq. (9). To understand
this additional work Vi, end moment M is replaced with
an equivalent force couple, which are in opposite direc-
tions and acts on flange centers. These forces displace
relatively in longitudinal directions, leading to additional
work when the cross-section rotates. Vu can be calcu-
lated by multiplying the magnitude of forces with their
displacement in the longitudinal direction as follows
(Yilmaz 2023):

=] |ho(L) 22| = Mg, |2 (10)
= 2[5l

In Eq. (10), &L is the free-end rotation. Eventually, the
total potential energy (II=U+V) of the cantilever can be
expressed as in Eq. (11) by considering Vlassov’s model.
In this model, the cross-section is rigid in its plane, and
the shear deformation belonging to the section’s mean
surface can be neglected (Yilmaz 2023).

= EL () [29] 4z 4 L Be, ()[4 d
+ @ [ dr + L M) [200) [S] ] a2
+3 T PHy @2 +3 fy aHd(2)2dz + M, [52] (11)

The energy method predicates the equality of the
strain energy stored due to the effect of LTB and the ex-
ternal forces' work. The energy method necessitates a
buckled mode function representing the real buckled
shape and providing boundary conditions that constrain
deflection and/or rotations at supports. At fixed support
of the cantilevers, all deflections and rotations are zero.
Therefore, u, ¢, du/dz, d¢/dz are taken as zero at fixed
support. The u, ¢, du/dz, d¢/dz are unconstrained at the
free end. The cantilever mode shape can be defined as
lateral deflection (u) and rotation angle (@), which be-
longs to the shear center. Bearing in mind above men-
tioned restrain conditions for cantilevers, the buckled
mode function can be implied as in Egs. (12) and (13).
The amplitudes of the buckled mode shape were shown
as Aiand Bi.

u@ =34 (2) (12)

o@ =3B (5" (13)
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When buckled shape functions are substituted in Eq.
(11), the total potential energy becomes as follows:

I = U+V=f(A1,A2,A3 ...,An,Bl,Bz,B3 "'IBTL) (14)

The 2n variables of the total potential energy function
are Aiand Bi. The LTB occurs when the total energy func-
tion reaches a stationary condition, which can be ex-
pressed with the following equations:

on .
Fyvie 0 fori=12..n (15)
an .
38, 0 fori=12..n (16)

Egs. (15) and (16) yield a system of 2n homogeneous
linear equations, which can be expressed as follows:

[K12nx2n {d}2nx1 = {0}2nx1 (17)

where K is a coefficient matrix and {d}=
{A;,A;,A; ..., A,, B, By, B; ...,B,}T . Eq. (17) has been
satisfied when the determinant of the K coefficient ma-
trix equals zero.

det [K]anZn =0 (18)

Eqg. (18) yields a power series of order 2n, whose
smallest feasible root gives the elastic LTB load or mo-
ment. The present analytical treatment can be easily pro-
grammed utilizing mathematical software such as Matlab,
Mathematica, Mathcad, etc. The current analytical treat-
ment can enable for calculation LTB load of both web-ta-
pered cantilevers depicted in Fig. 2 under various load
types considering their positions along the cross-sections.

Load Type 1; P P

>Z
L
;
Load T 3P
oa ypqe iPi+q P1=0.50L
LIJLILLLILLIIITILLT -
L
y
Load Type 5; P+P
P P
‘:Z
L
y

3. Numerical Analysis

In the numerical analysis, based on the analytical
model introduced, the elastic LTB loads of both web-ta-
pered cantilevers C1 and C2 were calculated for six dif-
ferent load cases, presented in Fig. 4, and three loading
positions, which are top flange, bottom flange, and shear
center loadings. The end-moment loading was applied
only on the shear center. The cantilevers' lengths and ta-
pering angles were taken as variables to investigate the
effects of the tapering and the slenderness on the LTB of
C1 and C2 cantilevers. The section properties of cantile-
vers used in numerical analysis are given in Table 1.
Names of cantilevers consist of four characters, the first
two of which shows cantilever types €1 and (€2, and the
rest of two imply specimen number from S1 to S11. The
dedenotes the height of the cross-section at the free end.
All dimensions in Table 1 are in units of mm. The taper-
ing angles are in units of degree. The untapered cross-
section was in dimensions of IPN-200, commonly used in
structural practice. However, fillets were neglected, and
flange thickness was assumed to be constant. The canti-
lever length was appropriate for the slender section as-
sumption, considering crudely L/h>5. Similar cantilever
lengths were used in previous works (Yilmaz 2023; An-
drade and Camotim 2005). Previous studies argued that
the energy method based on beam element assumption
might not precisely reflect the LTB behavior of very com-
pact sections and demonstrated the requirement for 3D
finite element analysis (Yilmaz 2023; Andrade and
Camotim 2005). Tapering angles were chosen to prevent
excessive tapering at the free end according to the initial
by considering manufacturing. Cantilever tapering was
designed so that the cross-section height at the free end
was not less than 50% of the height at the fixed end.

Load Type 2; q

lll:lllliilllillllll

Load Type 4; P2 +q

lll=llll|1lllllll|l

P2=qL

Load Type 6; M
M
N

¥

Fig. 4. The considered load types in the numeric analysis.
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In the numerical analysis, the elastic modulus and
Poisson's ratio were taken as 2-10°> MPa and 0.3, respec-
tively. All elastic buckling loads calculated via the pre-
sented analytical method were compared with the 1D fi-
nite element analysis (1D-FEA) using LTBeamN soft-
ware (Centre Technique Industriel de la Construction
Metallique 2015). LTBeamN software has been com-
monly used to solve elastic LTB problems in the litera-
ture (Yilmaz 2023; Kucukler and Gardner 2019; Yilmaz
et al. 2017, 2019; Yilmaz and Kirac 2017; Kovac 2012).
The software calculates the elastic LTB load analysis uti-

lizing the beam elements that consider warping.
LTBeamN allows users to define almost any common
open section. Users can define sections using a pre-de-
fined catalog or modifying dimensions for various cross-
sections that are commonly used. Furthermore, sections
may be defined by using their section properties that are
effective in buckling. Users may change section height
through its length to allow the analysis of haunched and
tapered sections and assemble members from different
upper and lower sections. The software provides flexi-
bility for defining restraint conditions.

Table 1. The section properties of cantilevers used in the numerical analysis.

Variables Sections a L d d. br tr tw
C181 0 3000 200 200 90 113 75
C1S2 0.955 3000 200 150 90 113 7.5
UETBEA €183 1.909 3000 200 100 90 113 75
angles
€254 0.477 3000 200 150 90 113 7.5
€285 0.955 3000 200 100 90 113 75
C186 1.273 3000 200 133.34 90 113 7.5
C187 1.273 3500 200 122.23 90 113 75
C1s8 1.273 4000 200 111.12 90 113 75
Slenderness
€259 0.637 3000 200 133.34 90 113 75
€2510 0.637 3500 200 122.23 90 113 75
€2511 0.637 4000 200 111.12 90 113 75

Restrain positions can be defined for any position
both along the cross-section and length of the member.
For each restraint, four different degrees of freedom can
be defined. External and internal loading options can be
used for loading structural members. In the external
loading, concentrated and distributed loads can be
added to the demanded positions along the cross-sec-
tions and length of the member. A bending diagram and
axial load should be provided for buckling analysis in the
internal loading. Besides, a self-weight of member may
be added as an option. LTBeamN presents numerical re-
sults and graphical output to determine buckling loads

and modes. Furthermore, the software has yielded com-
patible results with 3D finite element analysis (3D-FEA),
where solid and shell elements are used (Yilmaz 2023;
Yilmaz etal. 2017, 2019; Yilmaz and Kirac 2017). The nu-
merical analysis results were presented in Tables 2-7 for
six load cases respectively. These tables include elastic
LTB loads of all cantilevers presented in Table 1 for top
and bottom flange loadings and also shear center load-
ings. In the tables, AN and LT denote the elastic LTB
loads obtained using the present analytical model and
LTBeamN software. R implies the ratio of the analytical
model results to the LTBeamN results.

Table 2. Load case 1, Pcr (KN).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1S1 22.53 21.85 1.03 32.20 31.67 1.02 38.36 37.89 1.01
C1S2 24.41 23.69 1.03 31.53 31.03 1.02 36.31 35.82 1.01
C1S3 26.34 25.84 1.02 30.87 30.49 1.01 34.19 33.81 1.01
C254 24.41 23.69 1.03 31.53 31.03 1.02 36.31 35.82 1.01
C2S5 26.34 25.84 1.02 30.87 30.50 1.01 34.19 33.81 1.01
C1S6 25.06 24.39 1.03 31.31 30.84 1.02 35.61 35.14 1.01
C1S7 18.54 18.11 1.02 21.79 21.44 1.02 24.16 23.81 1.01
C1S8 14.19 13.88 1.02 16.00 15.73 1.02 17.39 17.12 1.02
€259 25.06 24.39 1.03 31.31 30.84 1.02 35.61 35.15 1.01
C2510 18.55 18.11 1.02 21.79 21.44 1.02 24.15 23.81 1.01
C25811 14.19 13.88 1.02 16.00 15.73 1.02 17.39 17.12 1.02
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Table 3. Load case 2, gqcr (kN/m).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1S1 24.78 2411 1.03 39.86 39.23 1.02 53.75 53.12 1.01
C1S2 26.41 25.02 1.06 39.11 38.50 1.02 51.01 50.64 1.01
C1S3 28.20 26.17 1.08 38.36 37.87 1.01 48.16 48.26 1.00
C254 26.41 25.01 1.06 39.11 38.50 1.02 51.02 50.69 1.01
C2S5 28.21 26.16 1.08 38.36 37.88 1.01 48.16 48.36 1.00
C1S6 26.99 25.38 1.06 38.86 38.28 1.02 50.08 49.83 1.00
C1S7 17.08 16.11 1.06 22.86 22.49 1.02 28.34 28.21 1.00
C1S8 11.46 10.83 1.06 14.52 14.27 1.02 17.45 17.36 1.00
€259 26.99 25.36 1.06 38.85 38.29 1.01 50.07 49.91 1.00
C2S10 17.09 16.10 1.06 22.86 22.50 1.02 28.34 28.24 1.00
C2S811 11.46 10.82 1.06 14.52 14.27 1.02 17.44 17.38 1.00

When results presented in Tables 2-7 are examined, it
has been found that the present analytical approach ex-
cellent matches with the 1D-FEA solutions performed
with LTBeamN. Results demonstrated that the present
analytical approach has been successful in capturing
the effects of tapering level and slenderness on the LTB
of web-tapered cantilevers. The average difference be-
tween analytical and numerical results is only 2%, and
the maximum difference very rarely reaches 8% for
compact sections where the energy method exhibits
slightly worst performance on evaluation of the LTB
since it bases on a beam element assumption. As slen-
derness increases, the beam element assumption be-
comes more valid; consequently, the energy method
yields better accordant buckling loads with the FEA re-
sults. Similar tendencies were observed in previous
studies (Yilmaz 2023; Yilmaz et al. 2019; Yilmaz and Ki-
rac 2017).

It should be noted here that for short cantilevers, a
more exact evaluation of the LTB may be achieved with
3D-FEA with shell element instead of the energy method
based on 1D frame element assumption since the re-
markable web and/or flange distortion or a localized
web buckling phenomenon taking place near the appli-
cation point of load is not captured with the 1D frame el-
ement assumption (Yilmaz 2023; Andrade et al. 2007;
Ozbasaran et al. 2015).

It should be remembered that, as mentioned above,
choosing a proper buckling mode shape reflecting the ac-
tual buckling mode is critical to the performance of the
energy method. In the analytical calculations, sixth-order
functions were used in Egs. (12) and (13); in other words,
n=>5 was taken. With the increase of n, the difference be-
tween analytical and numerical results may be lowered.
However, it must not be remembered that higher-order
functions considerably increase computational time.

Table 4. Load case 3, ger+0.5gcL (KN/m).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1s1 9.53 9.26 1.03 14.18 13.95 1.02 17.90 17.68 1.01
C1S2 10.25 9.86 1.04 13.90 13.68 1.02 16.93 16.78 1.01
C1S3 11.01 10.57 1.04 13.61 13.45 1.01 15.93 15.91 1.00
C254 10.25 9.86 1.04 13.90 13.68 1.02 16.93 16.79 1.01
C2S5 11.01 10.57 1.04 13.61 13.45 1.01 15.93 15.93 1.00
C1S6 10.50 10.09 1.04 13.80 13.60 1.01 16.60 16.49 1.01
C1S7 6.65 6.41 1.04 8.19 8.06 1.02 9.54 9.47 1.01
C1S8 4.45 4.30 1.04 5.24 Buills 1.02 5.95 5.90 1.01
€259 10.50 10.09 1.04 13.80 13.60 1.01 16.60 16.49 1.01
C2510 6.65 6.40 1.04 8.19 8.06 1.02 9.54 9.48 1.01
C2511 4.45 4.29 1.04 5.24 Buills 1.02 5.95 591 1.01
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Table 5. Load case 4, ger+qcrL (KN/m).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1s1 5.85 5.68 1.03 8.56 8.42 1.02 10.58 10.45 1.01
C1S2 6.31 6.09 1.04 8.38 8.25 1.02 10.00 9.90 1.01
C1S3 6.78 6.57 1.03 8.21 8.11 1.01 9.41 9.37 1.00
C254 6.30 6.09 1.04 8.38 8.25 1.02 10.01 9.91 1.01
C2S5 6.78 6.57 1.03 8.21 8.11 1.01 9.41 9.38 1.00
C1S6 6.46 6.24 1.04 8.33 8.20 1.02 9.81 9.72 1.01
C1S7 4.09 3.97 1.03 4.95 4.87 1.02 5.66 5.61 1.01
C1S8 2.74 2.66 1.03 3.17 3.12 1.02 3.55 3.51 1.01
€259 6.46 6.24 1.04 8.33 8.20 1.01 9.81 9.73 1.01
C2510 4.09 3.97 1.03 4.95 4.87 1.02 5.66 5.61 1.01
C25811 2.74 2.66 1.03 3.17 3.12 1.02 3.55 3.51 1.01

Another critical finding revealing the general LTB be-
havior of web-tapered cantilevers, obtained from the nu-
merical study, is that increases in tapering level, or other
words, the tapering angles, have led to a decrease in elas-
tic LTB loads for all load cases applied to the shear center
and bottom flange. However, when transverse loads are
acted on top flanges of web-tapered cantilevers, the LTB
loads have increased with the increase of tapering. This
unexpected result, less material providing more
strength, can be explained by two opposite effects due to
the increase in tapering. The first of these effects is the
decrease in stiffness due to the rise in tapering. This ef-
fect causes a reduction in buckling load, as expected. The

second effect stems from the decline in the distance be-
tween the application point of the transverse load and
the shear center when tapering increases. In contrast to
the first effect, this effect leads to a rise in buckling load.
Consequently, since the second effect is more dominant,
the elastic LTB load has increased when the load is ap-
plied to the top flange with the increase in tapering. It
can be explicitly observed that these two effects tend to
decrease buckling load with the increase of tapering
when transverse loads are applied to the bottom flange.
Therefore, for bottom flange loading, the increase in ta-
pering cause a decrease in the LTB loads.

Table 6. Load case 5, Pe+Pcr (KN).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1S1 19.25 18.68 1.03 29.00 28.51 1.02 37.38 36.90 1.01
C1S2 20.72 20.13 1.03 28.44 27.96 1.02 35.36 34.87 1.01
C1S3 22.23 21.81 1.02 27.87 27.51 1.01 33.26 32.86 1.01
C254 20.72 20.13 1.03 28.44 27.96 1.02 35.37 34.87 1.01
C2S5 22.23 21.81 1.02 27.87 27.51 1.01 33.26 32.87 1.01
C1S6 21.22 20.68 1.03 28.25 27.81 1.02 34.67 34.20 1.01
C1S7 15.67 15.08 1.04 19.56 19.29 1.01 23.19 23.11 1.00
C1S8 11.99 11.71 1.02 14.30 14.04 1.02 16.49 16.22 1.02
€259 21.22 20.68 1.03 28.25 27.81 1.02 34.67 34.20 1.01
C2510 15.67 15.30 1.02 19.56 19.23 1.02 23.19 22.84 1.02
C2511 11.99 11.72 1.02 14.30 14.04 1.02 16.49 16.23 1.02

4., Conclusions

The present study has established an analytical treat-
ment to evaluate the lateral-torsional buckling behavior
of web-tapered doubly symmetric I-section cantilevers.
In the scope of the study, two different forms of cantile-
vers, of which web tapering is created by the obliquity of
only the bottom flanges and both top and bottom flanges.

The analytical model considers the variation of mo-
ment distribution, the position of transverse load along
the cross-section, and the tapering level. Thus, cantile-
vers were investigated under six load cases and three
loading positions in numerical analysis. The LTB loads
obtained by the analytical method were compared to 1D
finite element analysis.

It has been found that there is only, on average, a 1%
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difference between numerical and analytical LTB loads.
An increase in tapering caused a decrease in the LTB
loads when the transverse load was applied to the bot-
tom flange and shear center; however, the opposite ten-
dency occurred for top flange loadings. The increase in
tapering has brought along two opposite effects, which
are effective on the LTB of web-tapered cantilevers sub-
jected to top flange loading. The first is a decrease in stift-
ness, which cause a reduction in buckling loads, and the
second is a decrease in the distance between the appli-
cation point of loads and the shear center, leading to an
increase in buckling load. For top flange loading, since
the second effect is more dominant, the LTB loads have
increased when tapering increased.

Table 7. Load case 6, Mc- (KN'm).

Shear center
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