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2.3. Cross-sectional dimensions 

Aspect ratios of the web and flanges cannot exceed a 
prescribed limiting value without any conditions con-
cerning slenderness. This limit is presently taken as 8.0.  

Further constraints have also been introduced for the 
cross-sectional dimensions as follows:  

(𝑋𝑖)𝑚𝑖𝑛 ≤ 𝑋𝑖 ≤ (𝑋𝑖)𝑚𝑎𝑥    (𝑖 = 1, 2, … , 𝑛) , (18) 

where n is the number of variables.  

2.4. Ultimate moment 

Ultimate moment design is based on the solution of 
the equations of equilibrium, using the equivalent rec-
tangular stress block shown in Fig. 2. An equivalent rec-
tangular stress block is used with ease and without loss 

of accuracy to calculate the compressive force and hence 
the flexural moment strength of the section.  

Design requirement should meet the following condi-
tion:  

𝜙𝑀𝑛 ≥ 𝑀𝑢 , (19) 

where Mu is the applied factored moment at a section; ϕ 
is the strength reduction factor which is taken to be as 
0.9. 

 

3. Optimization Procedure 

The algorithm described below was developed by 
Çağatay (1996) and is a modification of the one given by 
Walsh (1975). This modified algorithm, which follows, is 
going to be used in this study.

 

 

Fig. 2. Assumed stress distribution in the cross-section of the beam at ultimate limit state.

The algorithm described below was developed by 
Çağatay (1996) and is a modification of the one given by 
Walsh (1975). This modified algorithm, which follows, is 
going to be used in this study. 
1. Start with the solution region defined by Eq. (18), in 
which 𝑋𝑖(𝑖 = 1,2, … , 𝑛), are the design variables, (Xi)min 
and (Xi)max are the minimum and maximum values of the 
corresponding variables, respectively. Take three values 
for each variable in the region, two of them at the ends 
and the third at the midpoint. Make a search for the op-
timum among all possible combinations of computation 
points, which satisfies the constraints. 
2. Reduce the solution region to half the width of the pre-
vious one. Take the range for each variable to be equal to 
half the range of the previous step, with two additional 
computation points on the two sides of the previous op-
timizing computation point while making sure to remain 
within the initial solution range. 
3. Repeat step 2 until the variable set is obtained with the 
desired accuracy. For the accuracy criterion, different 
options can be used; a fixed percentage accuracy for each 
variable or a percentage accuracy in the least squares 

sense, etc. In the present study, fixed percentage accu-
racy criterion has been employed. That is to say, compu-
tation is continued until  

𝜀𝑖 =
(𝑋𝑖)𝐾+1−(𝑋𝑖)𝐾

(𝑋𝑖)𝐾
 , (20) 

𝜀𝑖 ≤ (𝜀𝑖)𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦    (𝑖 = 1, 2, … , 𝑛) , (21) 

where 𝜀𝑖  and (𝜀𝑖)𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦  are the limits of the respective 
variables.  

 

4. Numerical Examples 

4.1. Example 1 

Design a simply supported beam of 16460 mm span 
subjected to an applied load of 23.34 kN/m. Assume the 
unit weight of concrete is 24 kN/m3, allowable stresses 
for compression are at transfer 16.55 MPa, at service 
15.51 MPa, those for tension are at transfer –1.31 MPa, 
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at service -2.93 MPa and loss factor is 0.85, 𝑓𝑐
′=34 MPa, 

fpu=1862 MPa, and 𝑒𝑐𝑜𝑣𝑒𝑟=50 mm. For this problem, also 
assume that, because of clearance requirements, the 
overall depth of the beam, h, cannot exceed 914.4 mm. 

This example was discussed first by Khachaturian and 
Gurfinkel (1969), and later by Taylor and Amirebrahimi 
(1987). The solutions and the comparison of the results 
are presented in Tables 1-2 and Table 3, respectively. 

Table 1. Variables, initial values and results for Example 1. 

Variables 
Minimum 

Values 
(mm) 

Maximum 
Values 
(mm) 

Initial  
Values 
(mm) 

Optimum 
Results 
(mm) 

X1 101.6 750.0 425.8 587.9 

X2 101.6 750.0 425.8 506.8 

X3 101.6 400.0 250.8 101.6 

X4 101.6 400.0 250.8 101.6 

X5 50.0 150.0 100.0 124.6 

X6 400.0 900.0 650.0 681.2 

Table 2. Optimum results, the stresses at transfer and 
service for Example 1. 

St
a

ge
 

Location 
Stress  
(MPa) 

Allowable 
Stress 
(MPa) 

P 

(kN) 

E 

(mm) 

Cross-sec-
tional area 

(mm2) 

T
ra

n
sf

er
 

Top -1.31 -1.31 

1424.0 409.7 192103.0 

Bottom 16.16 16.55 

Se
rv

ic
e

 

Top 15.51 15.51 

Bottom -2.93 -2.93 

Table 3. Comparison of the results. 

 
P 

(kN) 
E 

(mm) 
A 

(mm2) 

Khachaturian and 
Gurfinkel 

1650 360.6 219999 

Taylor and 
Amirebrahimi 

1673 370.8 205160 

This study 1424 409.7 192103 

 

As seen from Table 3, the program gives the minimum 
cross-sectional area and the minimum prestressing 
force. The cross-sectional area is found 14% less than 
the solution of Khachaturian and Gurfinkel (1969), and 
6% less than the solution given by Taylor and 
Amirebrahimi (1987). The overall depth of the beam is 
found to be 907.4 mm, which had to be less than 914.4 
mm. But, Taylor and Amirebrahimi (1987) obtained this 
value as exceeded the aforementioned constraint. 

In the present study, the prestressing force is found to 
be 15% less than the solution of Khachaturian and 
Gurfinkel (1969), and 17% less than the solution given 
by Taylor and Amirebrahimi (1987). 

4.2. Example 2 

This example has the same span and loading as Example 
1, but the cross-section has a general I shape as seen in Fig. 2. 

To obtain optimum solution, m is chosen in the range 
from 0 to 1.5. The optimum values are obtained when 
m=0.5. The cross-sectional area with eight dimensions is 
found to be 209158 mm2, which is 8% more than the so-
lution of idealized section considered in Example 1. The 
prestressing force is 1530 kN which is also 7% more 
than the value obtained for the idealized cross-section. 

Table 4. Optimum results for Example 2. 

X1 
(mm) 

X2 
(mm) 

X3 
(mm) 

X4 
(mm) 

X5 
(mm) 

X6 
(mm) 

X7 
(mm) 

X8 
(mm) 

P 
(kN) 

e 
(mm) 

Cross-
sectional 

area 
(mm2) 

5
0

6
.8

 

4
0

5
.5

 

1
0

1
.6

 

1
0

1
.6

 

1
4

3
.1

 

6
6

4
.6

 

1
0

3
.3

 

7
5

.9
 

1
5

3
0

 

4
0

1
 

2
0

9
1

5
8

 

 

5. Conclusions 

A computer program that is capable of finding the 
minimum weight of a prestressed concrete beam satisfy-
ing the given constraints including flexural stresses, 
cover requirement, the aspect ratios for top and bottom 
flanges and web part of a beam and ultimate moment, 
based on modified grid search optimization technique, is 
developed and evaluated. The computer program offers 
a rapid, practical, and interactive method for realizing 
optimum design of beams of general I sections. 

The program finds the optimum solution in a few iter-
ations. Thus, a considerable saving is obtained in compu-
tational work. The program has also graphical output, 
which indicates Magnel diagram with feasible region, 
which helps in determining the prestressing force and 
the eccentricity values.  

Two examples, one of which is available in the litera-
ture and the other is modified form of it, have been 
solved for minimum cross-sectional area designs and the 
results were found to be in good agreement. 

The idealized I beam section with six dimensions 
gives about 10% smaller value compared with general I-
shaped beam section with eight dimensions. In the case 
of general I section, taking 0.5 for the slope, m, yields the 
minimum cross-sectional area. 
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A B S T R A C T 

The design vertical loads on box culverts under embankments are commonly calcu-
lated using the soil-structure interaction factors (Fe) recommended by the American 

Society of Highway and Transportation Officials (AASHTO). Non-linear finite element 

analyses were used to update Fe given by AASHTO by considering the effects of back-

fill height, culvert stiffness, backfill material stiffness, backfill compaction, and the 

rigidity of the layer on which the culvert rests. A simplified reliability analysis was 

performed to determine the adequacy of safety level in AASHTO load resistance fac-

tor design (LRFD) code specifications. 
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1. Introduction 

Culverts are underground structures that are utilized 
to convey water, small vehicles, and utilities. Soil-struc-
ture interaction effects increase the complexity of stress 
distribution around culverts. The load that acts on the 
culvert may be influenced by the characteristics of the 
backfill and the in-situ material, the installation method-
ology, and the geometry and structural characteristics of 
the culvert itself. However, due to the large number of 
these structures that are being built for various pur-
poses, a relatively simple design procedure is required 
for analysis and design. 

Currently, the most common procedure to estimate 
design vertical loads on concrete box culverts is to use 
the soil-structure interaction factors recommended by 
the American Society of Highway and Transportation Of-
ficials (AASHTO). Based on the study by Akbaş and 
Yüksel (2007), this study examines the vertical loads on 
reinforced concrete box culverts under embankments 
using non-linear finite element analyses, considering the 
effects of backfill height, culvert stiffness, backfill mate-
rial stiffness, backfill compaction, and the rigidity of the 
layer on which the culvert rests. A simplified reliability 
analysis is then performed to determine the adequacy of 
safety level for culvert design using AASHTO load re-
sistance factor design (LRFD) code specifications. 

2. AASHTO Design Methodology 

According to the installation methodology, culverts 
can be classified as embankment or trench installations, 
with an embankment installation having its top project-
ing above the natural ground surface, and covered with 
an embankment. A trench installation is constructed in a 
narrow ditch such that its top is below the natural 
ground surface and then is covered with an embank-
ment. The behavior of these two installation types are 
quite different. In embankment installations, the relative 
settlement of the soil prism directly above the structure 
is usually less than that of the adjacent soil prisms, the 
layers of soil in the central prism are subjected to an arch 
shape deformation, and the earth pressure on the struc-
ture is increased, which is referred to as negative arching 
(Vaslestad et al., 1993). On the other hand, the relative 
settlement of soil prism directly above the structure is 
more than that of the adjacent soil prisms for the trench 
installations. Therefore, a reverse arch shape deformation 
occurs in the layers of soil in the central prism, and con-
sequently the earth pressure on the structure is reduced.  

Based on their stiffnesses, culverts can further be clas-
sified as rigid or flexible. Reinforced concrete box cul-
verts are typically considered to be rigid culverts, and 
are generally constructed using embankment installa-
tion methodology (Bennett et al., 2005).  

tel:+90-332-2232646
fax:+90-332-2410635
mailto:sbyuksel@selcuk.edu.tr
http://dx.doi.org/10.20528/cjsmec.2015.06.019
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For the design vertical loadings on cast-in-place or 
precast concrete box culverts, the current AASHTO LRFD 
bridge design specifications (AASHTO, 1998) and 
AASHTO standard specifications for highway bridges 
(AASHTO, 2002) use soil-structure interaction factors 
based on the method developed by Spangler (1947) and 
on the studies initiated by Marston in 1919 at Iowa State 
University. 

For embankment installations the soil-structure in-
teraction factor, which is equal to the ratio of the vertical 
load on the culvert to the weight of the soil prism directly 
above it, is determined as:   

𝐹𝑒 = 1 + 0.20
𝐻

𝐵
 , (1) 

in which Fe need not be taken greater than 1.15 for instal-
lations with compacted fill at the sides, and need not be 
taken greater than 1.4 for uncompacted fill at the sides. 
 

3. Finite Element Model and Its Verification 

A non-linear, two-dimensional, plane strain finite ele-
ment analysis of the concrete box culvert-soil system was 
conducted using the commercial finite element program 
PLAXIS. Soil behavior was represented by the Hardening-
Soil model, which is an advanced model for simulating 
both stiff and soft soil behavior (Schanz et al., 1999). The 
elements representing the culvert are based on Mindlin's 
beam theory and they allow for beam deflection due to 
both bending and shearing. Each node has three degrees 
of freedom per node: two translational and one rota-
tional. These elements can become plastic if a prescribed 
maximum bending moment or axial force is reached. 

Due to symmetry, for increased computational per-
formance, only the right-hand side of the soil-structure 
system was modeled. The domain was discretized using 
15-noded triangular soil elements with fourth order in-
terpolation for displacements and 5-noded beam culvert 
elements. A typical geometry and finite element mesh 
used in this study is shown in Fig. 1. There is a line of 
symmetry along the centre of the culvert and this was re-
placed by a rolling, rigid boundary. Rigid boundaries 
were located remote from the culvert, so as not to inter-
fere with failure mechanisms or affect the effective 
stresses in the deforming zone. The boundary conditions 
and fixities are also shown in Fig. 1.  

  

Fig. 1. Typical finite element mesh and boundary conditions. 

In order to assess the validity of the soil-structure sys-
tem modeling techniques and the accuracy of the finite 
element analysis results, a large-scale reinforced con-
crete box culvert tested by Dasgupta and Sengupta 
(1991) was reanalyzed. The details are given in Akbaş 
and Yüksel (2007). Both the comparison of top slab pres-
sures as shown in Table 1, and the maximum deflections 
suggest that the finite element model can successfully 
simulate the behavior of concrete culverts. 

Table 1. Undisturbed sample properties. 

Pressure 

Cell 

Dist. From 

Inner Face 

(mm) 

Measured 

Pressure 

(kPa) 

Calculated 

Pressure  

(kPa) 

A 50 72.0 74.1 

B 325 40.0 45.9 

C 600 25.0 25.0 

 

4. Updated Design Vertical Loads on Concrete Box 
Culverts 

In this section, for various conditions, the verified fi-
nite element model was used to estimate the design ver-
tical loads, which are calculated in terms of the soil-
structure interaction factor, Fe, on concrete box culverts. 
The change in the vertical design load with increasing fill 
height expressed as the dimensionless H/B, is shown in 
Fig. 2, along with the soil-structure interaction factors 
recommended by AASHTO. Note that for each case, the 
soil structure interaction factor was obtained by fitting a 
parabolic regression equation to the shear force distri-
bution of the top slab, and then by differentiating it to 
obtain the equivalent vertical load. The r2 value was ob-
tained to be bigger than 0.97 in all cases.  

The stiffness, i.e., the thickness of the culvert was var-
ied such that the maximum deflections obtained at the 
top slab are about 1/300 of the span. For reinforced con-
crete beam elements, the deflections are generally lim-
ited to values ranging from 1/1000 to 1/300 of the span, 
depending on the type and importance of the structure. 
Since structural integrity is the main issue for culverts, 
for this study, a limiting deflection of 1/300 of the span 
length was targeted in the analyses.  

 

Fig. 2. Effect of soil stiffness and compaction on Fe. 
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The initial analyses were performed with the soil con-
ditions specified in Dasgupta and Sengupta (1991), 
where the internal friction angle (ϕ’) was 30°, and the 
modulus (E) was 9000 kPa. For these conditions, as can 
be seen from Fig. 2, Fe can be specified as a constant 1.25 
for H/B values greater than 2. To determine the effect of 
soil stiffness on the vertical design load, the analyses 
were repeated with a much stiffer soil, with ϕ’=44°, and 
E=36000 kPa, respectively. It can be stated that these 
two soils span the usual range of conditions that can be 
encountered in practice. The results are also shown in 
Fig. 2. It can be seen that the effect of soil stiffness is min-
imal, and can be neglected for all practical purposes. 

The effect of compaction is also investigated. Compac-
tion not only increases the density of the soil but it also 
permanently increases the ratio of the horizontal to ver-
tical pressures. Thus, it produces an effect similar to that 
of overconsolidation. Sherif et al. (1984) presented data 
for the effect of compaction on the properties of Ottawa 
silica sand with ϕ’=32°, and horizontal to vertical stress 
ratio Ko=0.466. The Ko value becomes 0.69 for a compac-
tion effort which increases ϕ’ to 38°. Using the fact that 
the internal friction angle is not an effective parameter 
for Fe, and assuming a similar increase in Ko value for the 
soil specified in Dasgupta and Sengupta (1991), the anal-
yses were repeated for the compacted soil. The results 
are shown in Fig. 2. It can be seen that, although not by 
much, the effect of compaction is to reduce Fe. However, 
since it is difficult to quantify the effect of compaction, it 
is not recommended to use the reduced Fe, except for 
cases where compaction effort is rigorously measured. It 
can also be seen that the Fe values recommended by 
AASHTO for compacted side fills are unconservative 
even for compacted soil. 

Although a rare occasion, a solid rock layer can be en-
countered immediately under the concrete box culvert. 
AASHTO (2002) stipulates that a special soil-structure 
analysis is required for “unyielding” foundations. In this 
section Fe values are estimated for a concrete box culvert 
underlain by a rigid rock layer of modulus equal to that of 
concrete. The results are shown in Fig. 3. It can be seen 
that Fe values are much higher for culverts with unyielding 
or “rigid” bases than those with yielding or “non-rigid” ba-
ses. Also, for culverts with unyielding bases, soil-structure 
interaction factors increase as the backfill heights in-
crease. The results for culverts with unyielding bases are 
comparable to those obtained by Kim and Yoo (2005).  

 

Fig. 3. Effect of rigid base on Fe. 

Accordingly, Fe given by AASHTO were slightly modi-
fied as follows for culverts on a yielding base:  

𝐹𝑒 = 1 + 0.20
𝐻

𝐵
 , (2) 

in which Fe need not be taken greater than 1.18 for in-
stallations with compacted fill at the sides, and need not 
be taken greater than 1.25 for uncompacted fill at the 
sides. Also soil-structure interaction factors for culverts 
on unyielding bases are introduced:   

𝐹𝑒 = 1.242 + (
𝐻

𝐵
)

0.047

 . (3) 

5. Inherent Reliability in the AASHTO LRFD Code 

The safety levels in concrete box culverts designed by 
AASHTO LRFD code are estimated by a simplified relia-
bility analysis. Assuming that all random variables are 
log-normally distributed, the reliability index (β) can be 
calculated as:   

𝛽 =
𝑙𝑛 𝑅−𝑙𝑛 𝑄

𝐶𝑂𝑉𝑅
2+𝐶𝑂𝑉𝑅𝑄

2   , (4) 

in which R=resistance; Q=load; COV=coefficient of varia-
tion; and an overbar indicates a mean value. The re-
sistance is assumed to follow the same statistics as the 
moment of a reinforced concrete T-beam with a bias of 
1.14, and a COV of 13% (Nowak, 1995). The load is com-
posed of two components: the soil unit weight (γ), and 
Fe. The COV value for soil unit weight is given to be be-
tween 3% and 20% with a mean value of 9% by Phoon 
and Kulhawy (1999). γ can be assumed to have a bias of 
1.00 (Duncan, 2000). Assuming that the results obtained 
by FEM are perfectly accurate, the bias for Fe can be cal-
culated as the ratio of equations 2 or 3 to the value ob-
tained by AASHTO procedure. 

In LRFD, a load factor of 1.3 is used for the dead load, 
and a resistance reduction factor of 0.9 is used for flex-
ure. These should also be incorporated into the calcula-
tion of β. Note that a target reliability index of 3.5 was 
chosen for the development of the AASHTO LRFD code 
(Nowak, 1995). 

The obtained reliability indices (β) as a function of 
H/B are shown in Fig. 4 for culverts on yielding and un-
yielding bases designed against vertical loads using 
AASHTO procedure. For culverts on yielding bases, in-
herent design reliability is higher than the target relia-
bility except for very low values of H/B. The lowest β ob-
tained for these culverts are about 3.1. For culverts on 
unyielding bases inherent design reliability is lower than 
the target reliability for most values of H/B, with a mini-
mum value of about 2.9. 

Although for some values of H/B, AASHTO procedure 
results in lower reliability index values than the speci-
fied target reliability index of 3.5, the safety level can be 
considered to be adequate. A lower reliability index can 
be justified for culverts (Bennett et al., 2005). For most 
cases, failure of a culvert does not directly result in a life-
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safety problem although it might create serious eco-
nomic consequences. Even for more important struc-
tures such as certain bridge beams in service, Nowak 
(1995) reported reliability indices as low as 2.0. There-
fore the estimated β values above, with a minimum value 
of about 2.9 may be high enough.  

 

Fig. 4. Reliability indices for culverts designed by 
AASHTO procedure. 

Note that, in addition, if the load factor is increased 5%, 
following the AASHTO LRFD bridge design specification 
(AASHTO, 1998), where it is required that the buried struc-
tures be considered as nonredundant under earth fill, the 
minimum value of estimated β increases to 3.2. These facts 
combined with the general successful behavior of culverts 
in practice indicate that the current methodology results in 
designs with high enough safety levels. 

 

6. Conclusions 

Non-linear finite element analyses were used to up-
date the soil-structure interaction factors (Fe) for cul-
verts on yielding and unyielding bases. The effects of 
backfill height, culvert stiffness, backfill material stiff-
ness, and backfill compaction were considered. The re-

sults were then used to estimate the safety levels in con-
crete box culverts designed by the AASHTO LRFD code 
by a simplified reliability analysis. Although the obtained 
reliability index values for some cases are less than the 
target reliability index value of 3.5, it can be stated that, 
in general, the safety levels inherent in the culverts de-
signed by the AASHTO code are adequate. 
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