


 

CHALLENGE JOURNAL OF STRUCTURAL MECHANICS 1 (4) (2015) ISSN 2149-8024 

 

 

i 

 

EDITOR IN CHIEF 

Prof. Dr. Ümit UZMAN 

Karadeniz Technical University, Turkey 
 
 

ASSOCIATE EDITOR 

Prof. Dr. Yi-Lung MO 

University of Houston, United States 
 
 

EDITORIAL ADVISORY BOARD 

Prof. Dr. A. Ghani RAZAQPUR 

McMaster University, Canada   

Prof. Dr. Halil SEZEN 

The Ohio State University, United States 

Prof. Dr. Paulo B. LOURENÇO 

University of Minho, Portugal   

Prof. Dr. Adem DOĞANGÜN 

Uludağ University, Turkey 

Prof. Dr. Özgür EREN 

Eastern Mediterranean University, Cyprus   

Prof. Dr. Gilbert Rainer GILLICH 

Eftimie Murgu University of Resita, Romania 

Prof. Dr. M. Asghar BHATTI 

University of Iowa, United States   

Prof. Dr. Long-Yuan LI 

University of Plymouth, United Kingdom 

Prof. Dr. Reza KIANOUSH 

Ryerson University, Canada   

Prof. Dr. Željana NIKOLIĆ 

University of Split, Croatia 

Assoc. Prof. Dr. Habib UYSAL 

Atatürk University, Turkey   

Assoc. Prof. Dr. Filiz PİROĞLU 

İstanbul Technical University, Turkey 

Assoc. Prof. Dr. Khaled MARAR 

Eastern Mediterranean University, Cyprus   

Assoc. Prof. Dr. Bing QU 

California Polytechnic State University, United States 

Assoc. Prof. Dr. Hong SHEN 

Shanghai Jiao Tong University, China   

Assoc. Prof. Dr. Naida ADEMOVIĆ 

University of Sarajevo, Bosnia and Herzegovina 

Assoc. Prof. Dr. Nunziante VALOROSO 

Parthenope University of Naples, Italy   

Assoc. Prof. Dr. Anna SAETTA 

IUAV University of Venice, Italy 

Dr. Zühal ÖZDEMİR 

The University of Sheffield, United Kingdom 
  

Dr. Saverio SPADEA 

University of Bath, United Kingdom 

    

http://cjsmec.challengejournal.com/


 CHALLENGE JOURNAL OF STRUCTURAL MECHANICS 1 (4) (2015) ISSN 2149-8024 

 

ii 

Dr. Hakan YALÇINER 

Erzincan University, Turkey   

Dr. Fatih Mehmet ÖZKAL 

Erzincan University, Turkey 

Dr. Chien-Kuo CHIU 

National Taiwan University of Science and 
Technology, Taiwan, Province of China 

  

Dr. Syahril TAUFIK 

Lambung Mangkurat University, Indonesia 

Dr. Teng WU 

University at Buffalo, United States   

Dr. J. Michael GRAYSON 

Florida A&M University, United States 

Dr. Togay ÖZBAKKALOĞLU  

The University of Adelaide, Australia   

Dr. Pierfrancesco CACCIOLA 

University of Brighton, United Kingdom 

Dr. Fabio MAZZA  

University of Calabria, Italy   

Dr. Marco CORRADI 

Northumbria University, United Kingdom 

Dr. Sandro CARBONARI 

Marche Polytechnic University, Italy   

Dr. Alberto Maria AVOSSA 

Second University of Naples, Italy 

Dr. José SANTOS 

University of Madeira, Portugal   

Dr. Susanta GHOSH 

Duke University, United States 

Dr. Taha IBRAHIM 

Benha University, Egypt 
  

Dr. Amin GHANNADIASL 

University of Mohaghegh Ardabili, Iran 
 
 

 
E-mail: cjsmec@challengejournal.com 

 
Web page: cjsmec.challengejournal.com 

  
TULPAR Academic Publishing 

 www.tulparpublishing.com 

mailto:cjsmec@challengejournal.com
cjsmec.challengejournal.com
http://www.tulparpublishing.com/
http://www.tulparpublishing.com


 

CHALLENGE JOURNAL OF STRUCTURAL MECHANICS 1 (4) (2015) ISSN 2149-8024 

 

 

iii 

 

CONTENTS 

A substructure based parallel dynamic solution of large systems on homogeneous PC clusters 

Semih Özmen, Tunç Bahçecioğlu, Özgür Kurç 156 

Dynamic analysis of pre-stressed elastic beams under moving mass using different beam models 

Hüseyin Bilgin 161 

Evaluation of material properties by NDT methods and FEM analysis of a stone masonry arch bridge 

Emre Ercan, Ninel Alver, Ayhan Nuhoğlu 168 

Nonlinear finite element analysis of strength and durability of reinforced concrete  
and composite structures 

A. Ghani Razaqpur, O. Burkan Isgor, Afshin Esfandiari 173 

Resolution of torsional effects in prestressed girders of railway viaducts through use of 
diaphragms or proper section design 

Niyazi Özgür Bezgin 185 

Dynamic vibration analysis of ballastless track: Istanbul Aksaray-Airport LRT System 

Veysel Arlı, Turgut Öztürk, Zübeyde Öztürk 192 

Seismic analysis of offshore wind turbine including fluid-structure-soil interaction 

Kemal Hacıefendioğlu, Fahri Birinci 198 

Effects of shape factor on the behaviour of elastomeric roadway bridge bearings and benefits of 
circular bearing cross section 

Niyazi Özgür Bezgin 202 

 
 
 
 
 

 

http://cjsmec.challengejournal.com/
http://dx.doi.org/10.20528/cjsmec.2015.07.021
http://dx.doi.org/10.20528/cjsmec.2015.07.021
http://dx.doi.org/10.20528/cjsmec.2015.07.020
http://dx.doi.org/10.20528/cjsmec.2015.07.020
http://dx.doi.org/10.20528/cjsmec.2015.08.029
http://dx.doi.org/10.20528/cjsmec.2015.08.029
http://dx.doi.org/10.20528/cjsmec.2015.09.030
http://dx.doi.org/10.20528/cjsmec.2015.09.030
http://dx.doi.org/10.20528/cjsmec.2015.09.031
http://dx.doi.org/10.20528/cjsmec.2015.09.031
http://dx.doi.org/10.20528/cjsmec.2015.07.026
http://dx.doi.org/10.20528/cjsmec.2015.07.026
http://dx.doi.org/10.20528/cjsmec.2015.07.027
http://dx.doi.org/10.20528/cjsmec.2015.07.027
http://dx.doi.org/10.20528/cjsmec.2015.09.032
http://dx.doi.org/10.20528/cjsmec.2015.09.032
http://www.tulparpublishing.com


 

CHALLENGE JOURNAL OF STRUCTURAL MECHANICS 1 (4) (2015) 156–160 
 

 

 

 
* Corresponding author. Tel.: +90-312-2102447 ; E-mail address: kurc@metu.edu.tr (Ö. Kurç) 

ISSN: 2149-8024 / DOI: http://dx.doi.org/10.20528/cjsmec.2015.07.021 

 

A substructure based parallel dynamic solution of large systems on 

homogeneous PC clusters 

Semih Özmen, Tunç Bahçecioğlu, Özgür Kurç * 

Department of Civil Engineering, Middle East Technical University, 06531 Ankara, Turkey 

 

A B S T R A C T 

This study focuses on developing a parallel solution framework for the linear dy-
namic analysis of large structural models on homogeneous PC clusters. The frame-

work consists of two separate stages where the former is preparing data for the par-

allel solution that involves partitioning. The latter is a fully parallel finite element 

analysis that utilizes substructure based solution approach with direct solvers to per-

form implicit integration. The linear dynamic analysis of a large scale model was per-

formed on a homogeneous PC cluster and the number of computers was varied in 
order to demonstrate the performance and the efficiency of the overall solution 

framework. The performance of the implemented framework was also compared 

with the widely acknowledged parallel direct solver, MUMPS. 
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1. Introduction 

Parallel computing techniques have been imple-
mented in many finite element codes in consequence of 
parallel computers becoming more available and afford-
able. Over the last thirty years, extensive research on 
parallel solution algorithms has been performed. For the 
time being, there are numerous parallel solution meth-
ods based on different strategies with iterative or direct 
solvers (Sotelino, 1993) but their performance may be 
limited depending on the type of the analysis, the parallel 
environment, and the structural properties of the system. 

In many structural engineering design offices, the 
most readily available computer system for parallel 
computing is the network of PC’s (PC cluster). Thus, the 
civil engineering industry will benefit significantly from 
a parallel solution framework that utilizes the existing 
computer system at these offices. This way, not only the 
time spent during the analysis will decrease but also the 
existing computer system will be utilized more efficiently 
without the need of purchasing any additional hardware. 

This study focuses on developing an efficient parallel so-
lution framework for the linear dynamic solution of large 
structural models on homogeneous PC clusters. Homogene-
ous PC clusters are composed of identical computers having 
the same computational characteristics. The parallel solution 

is performed by a substructure based solution method (Kurç, 
2008) where the substructures are condensed by a mul-
tifrontal solver and the interface equations are solved with a 
block-cyclic parallel dense solver (Blackford et al., 1997). 

 

2. Method 

2.1. Overview of the framework 

The solution framework is composed of two main steps: 
data preparation and parallel solution. The aim of the data 
preparation step is to equalize the nodes at each substruc-
ture to balance the distribution of data among computers 
for the improvement of the performance of the parallel so-
lution. Two main tasks at this stage is preparing the graph 
representation of the structure and then partitioning it into 
substructures. After the preparation of the substructures, 
the parallel solution is performed by a fully parallel finite 
element program which is capable of performing element 
stiffness, mass and damping matrix computations, assem-
bly, solution, and element force computations in parallel. 
When the program completes the solution, it prepares the 
output for post-processing. All programs were developed 
with C++ programming language and utilized MPICH2, mes-
sage passing library (MPICH2, 2010) for parallelization. 
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2.2. Data preparation 

In order to divide the structure into substructures, 
graph partitioning algorithms are utilized. The objective 
of many existing partitioning algorithms (Hendrickson 
and Kolda, 2000) is to minimize the communication vol-
ume while keeping the number of nodes balanced in 
each substructure. The imbalances in local assembly and 
condensation times (local solution) can significantly de-
crease the efficiency of the parallel solution because the 
interface solution can not initiate until all local solutions 
are finalized. Thus, the time spent during the local solu-
tion step is governed by the substructure with the slow-
est assembly and condensation time. By partitioning the 
substructures with equal nodes in each substructure, it 
was expected that the imbalance among the local solu-
tion times would decrease and as a result the time spent 
during the parallel solution decreased. 

 The data preparation algorithm first partitions the 
structure into ‘p’ substructures where ‘p’ is equal to the 
number of available computers after preparing the nodal 
graph representation of the structural model. Partition-
ing is performed by recursive partitioning algorithm of 
METIS (Karypis and Kumar, 1998), a multilevel graph par-
titioning library. The data is prepared for the parallel so-
lution. The node and element definitions of the substruc-
tures are created using the structural and the selected 
partitioning information. During that process, the inter-
face elements, whose nodes are on two or more substruc-
tures, are assigned to one of their adjacent substructure.  

Then, each computer orders the equations of their 
substructures utilizing MSMD ordering algorithm (Liu, 
1989) to optimize the solution. MSMD algorithm num-
bers the vertices by stages, in other words, the vertices 
belonging to stage i are numbered before the vertices be-
longing stage i+1. Thus, during numbering, the internal 
and interface vertices are assigned to stages 0 and 1, re-
spectively. 

2.3. Parallel solution 

2.3.1. Overview 

 
Implicit Newmark method (Newmark, 1959) is a nu-

merical integration method presented by Newmark for 
the solution of dynamic structural problems. The equa-
tion of motion that represents a dynamic structural sys-
tem can be written as  

[𝑀]{𝑈̈}
𝑛

+ [𝐶]{𝑈̇}
𝑛

+ {𝑅𝑖𝑛𝑡}𝑛 = {𝑅𝑒𝑥𝑡}𝑛 , (1) 

where for linear systems,  

{𝑅𝑖𝑛𝑡}𝑛 = [𝐾]{𝑈}𝑛 . (2) 

Implicit Newmark method is implicit as the solution 
of {𝑈}𝑛+1 depends on variables both at time n+1 and n 
whereas in explicit methods solution of {𝑈}𝑛+1 depends 
on only variables at time t. The general formulation of 
Implicit Newmark method (Wilson, 1962) can be written 
as  

[𝐾]{𝑈}𝑛+1 = {𝑅𝑒𝑥𝑡}𝑛+1 + [𝑀] {
1

𝛽∆𝑡2
{𝑈}𝑛 +

1

𝛽∆𝑡
{𝑈̇}

𝑛
+ (

1

2𝛽
−

1) {𝑈̈}
𝑛

} + [𝐶] {
𝛾

𝛽∆𝑡
{𝑈}𝑛 + (

𝛾

𝛽
− 1) {𝑈̇}

𝑛
+ (

𝛾

2𝛽
− 1) {𝑈̈}

𝑛
} , (3) 

where  

[𝐾] =
1

𝛽∆𝑡2
[𝑀] +  

𝛾

𝛽∆𝑡
[𝐶] + [𝐾] . (4) 

As [𝐾] involves the stiffness matrix it cannot be a di-
agonal matrix. Thus full factorization of [𝐾] is needed to 
solve Eq. (3). For linear systems [𝐾] matrix can be factor-
ized once and then repeatedly solved for each time step. 
It can be shown (Hughes, 1983) that Implicit Newmark 
method is unconditionally stable when  2𝛽 ≥ 𝛾 ≥ 1/2. In 
this study γ=1/2 and β=1/4 values are used.  

2.3.2. Implementation 

 
The parallel solution initiates by creating separate 

data structures at each computer from the input file pre-
pared by the data preparation program. Then, each com-
puter assigns degrees of freedom to its nodes. The nodes 
of each substructure were written into the input file ac-
cording to their optimized order. Hence, during the as-
signment process, each node is visited one by one and 
the nodes’ active degrees of freedom are numbered con-
secutively. After that, stiffness and force vectors are as-
sembled. 

Besides the global stiffness matrix and load vector, 
mass and damping matrices shall be assembled prior to 
the initialization of repetitive solution by the implicit 
Newmark integration algorithm. These matrices are as-
sembled at the element level to minimize the in-core 
memory consumption. Stiffness and mass matrices of 
every finite element of the structural model are com-
puted and assembled to global matrices. Elemental mass 
matrices can be either lumped or consistent according to 
the model needs. The damping matrix is computed as a 
linear combination of the elemental stiffness and ele-
mental mass matrices according to the Rayleigh damp-
ing method (Rayleigh, 1894).  

Due to the nature of linear dynamic solution, the [𝐾] 
matrix is factorized once and then this system is solved 
repeatedly at each time step. Factorization of [𝐾] matrix 
consists of two steps as; condensation and interface sys-
tem factorization. The first step of the factorization is 
static condensation of each substructure which means 
that contributions from internal nodes are reflected to 
the interface nodes. The condensations are performed 
by using a parallel direct solver, MUMPS (Amestoy et al., 
2000) which performs LDLT factorization of positive def-
inite symmetric matrices. Up to this point, neither com-
munication nor synchronization among computers is re-
quired. 

As a second step; the interface stiffness matrix is as-
sembled, where each computer sends and receives some 
portion of the interface stiffness matrix. In order to uti-
lize the parallel dense matrix solver of ScaLAPACK li-
brary (Blackford et al., 1997), the interface matrix is dis-
tributed as 2D rectangular blocks in a cyclic manner. 
First each computer prepares a data distribution scheme 
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and data buffers that involves the parts of the matrix that 
will be sent to a particular computer. Then, the data 
transfer initiates in such a way that none of the comput-
ers stays idle. As the distribution of the interface stiffness 
matrix is finalized, it is factorized by utilizing parallel 
LDLT factorization method. 

Similarly, right hand side of the Eq. (3) is computed in 
substructure level, condensed to interface nodes and 
then it is re-assembled to form interface system load vec-
tor. At each time step interface system load vector is 
computed and then it is solved with the factorized inter-
face system matrix and the displacements at interface 
level are obtained. By recovering the interface displace-
ments back to substructure level, right hand side vector 
can be computed for the next time step. In this manner, 
algorithm continues until the last time step reached. In 
addition to the nodal displacements, at each time step, 
the forces and the stresses for each element in a sub-
structure can be computed. 

 

3. Results and Discussions 

The efficiency of the presented framework was tested 
on the homogeneous PC cluster composed of eight com-
puters with identical hardware. The cluster is composed 
of eight Intel Core2Quad Q9300@2.5 GHz processors 
and 3.23 GB RAMs. Intel Core2Quad family processors 
involve four processors that are working at 2.5 GHz and 
are able to share the memory. However, this feature of 
this cluster is not utilized during these tests. All comput-
ers were running Windows XP and were connected with 
an ordinary 1 GBit network switch. 

2D square mesh is a mathematical model having 
40000 quadrilateral shell elements (Fig. 1) with 40401 
nodes and ~130000 equations. Dynamic loading is ap-
plied to the system at certain time steps and behaviour 
is monitored for 20 seconds with 0.02 seconds intervals. 

  

Fig. 1. 2D square mesh model with a sample partition-
ing among computers. 

Fig. 2 presents the substructure assembly, dynamic 
system matrix factorization and back substitution tim-
ings for the dynamic solution of the test model by utiliz-
ing 1, 2, 4, 6 and 8 computers for FEMLib solver and 
MUMPS solver, respectively.  

For both solution methods, substructure assembly 
timings are decreasing almost in the same order of the 
increase in number of computers utilized. For example, 
while assembly timing for a single computer was 94.6 
seconds, this timing dropped to 46.1 seconds and 24.3 
seconds for the solution with FEMLib by two and four 
computers, respectively. This is certainly expected due 
to the fact that the number of elements for each sub-
structure is decreasing almost in the same order. 

  

Fig. 2. Timings of main stages for FEMLib (a) and 
MUMPS (b) solvers. 

Factorization stage, although it was one of the most 
time consuming stage for a static solution, was not a gov-
erning factor in dynamic solution, because it was com-
puted only once compared to the forward and back sub-
stitutions for a thousand time-steps. Fig. 2, verifies this 
fact and also reveals a mild decrease in factorization 
stage with the increasing number of computers. When 
the timings of FEMLib and MUMPS solvers are com-
pared, obviously the forward and back substitution 
stages were faster in the latter one. For solution by eight 
computers, back substitution for thousand iterations 
was computed by FEMLib in 20.1 seconds. However, the 
same computation was done by MUMPS in 10.8 seconds. 

Fig. 3 illustrates the timings of different steps of dy-
namic system matrix factorization and those of dynamic 
system solution with FEMLib solver, respectively, for the 
various numbers of computers. For both, obviously con-
densation is decreasing as the number of computers uti-
lized increase. On the contrary, interface assembly, inter-
face factorization, load assembly and interface solution 
timings are gradually increasing. This behaviour is ex-
pected because the number of interface nodes is increas-
ing with the increase in the number of substructures. 
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Fig. 3. Timings of factorization (a) and forward - back 
substitution (b) for FEMLib. 

Assembly of the interface matrix and load vector in-
crease as the number of computers increase because 
more communication is required among the computers 
to assemble a bigger system. These detailed timings are 
conclude the fact that by increasing the substructure size 
one can gain from condensation timings, but should lose 
from assembly and factorization because of the increas-
ing interface system size. 

Fig. 4 presents the total dynamic solution timings of 
the test model (a) and the speed-up values obtained (b) 
by utilizing 2, 4, 6 and 8 computers for FEMLib solver 
and MUMPS solver, respectively. 

The dynamic solution by utilizing single computer 
completed in 123.1 seconds and 112.8 seconds for FEM-
Lib and MUMPS solvers, respectively. From the previous 
figures it was revealed that this difference is mainly be-
cause the difference during the back substitution stage. 
By utilizing two, four and eight computers in parallel, the 
dynamic solution timings reduced to 71.0 seconds, 43.6 
seconds and 35.9 seconds, respectively. Speed-up value 
which is the fraction of parallel solution timings to single 
computer solution timings are also given in Fig. 4(b). For 
the solution with two, four, six and eight computers, 
speed-up values 1.74, 3.06, 2.90 and 3.48 were obtained. 
Thus, although the speed-up values for two and four 
computers are close to theoretical values of 2.0 and 4.0, 
speed-up values for the six and eight computers are half 
of the theoretical values of 6.0 and 8.0. Because when the 
number of substructures is increased, interface system 
size is increasing. 

 

  

Fig. 4. Total Timings (a) and Speed-ups (b) for FEMLib 
and MUMPS solvers. 

4. Conclusions 

This study presented a parallel solution framework 
for the linear dynamic analysis of large structures on ho-
mogeneous PC clusters. For the example problem con-
sidered, the presented method achieved almost compar-
ative results to widely acknowledged parallel direct 
solver, MUMPS. Furthermore, the total solution time de-
creased as the number of computers increased. Thus, 
this framework is very efficient and can be utilized to 
solve large problems on cheap and ordinary PC clusters 
of homogeneous type. 

 

Acknowledgements 

Funding provided by TÜBİTAK under grant number 
108M586 is gratefully acknowledged. 
 

REFERENCES 
 

Amestoy PR, Du IS, Koster J (2000). MUMPS: A general purpose distrib-
uted memory sparse solver. In Proceedings of PARA2000, 5th Inter-

national Workshop on Applied Parallel Computing, 122-131. 

Blackford LS, Choi J, Cleary A, D'Azeuedo E, Demmel J, Dhillon I, Ham-
marling S, Henry G, Petitet A, Stanley K, Walker D, Whaley RC 

(1997). ScaLAPACK User's Guide, Society for Industrial and Applied 

Mathematics, USA. 
Hendrickson B, Kolda TG (2000). Graph partitioning models for paral-

lel computing. Parallel Computing, 26, 1519-1534. 



160 Özmen et al. / Challenge Journal of Structural Mechanics 1 (4) (2015) 156–160  

 

Hughes TJR (1983). Analysis of transient algorithms with particular 

reference to stability behaviour. Computational Methods for Transi-

ent Analysis, T. Belytschko and T.J.R. Hughes, eds., pp. 67-155. 
Karypis G, Kumar V (1998). METIS: A software package for partitioning 

unstructured graphs, partitioning meshes, and computing fill-re-

ducing orderings of sparse matrices, version 4.0. 
Kurc O (2008). Parallel Computing in Structural Engineering. VDM Ver-

lag, Germany. 

Liu JWH (1989). On the minimum degree ordering with constraints. 
SIAM Journal on Scientific Computing, 10, 1136-1145. 

MPICH2 Library (2010). Message Passing Interface Standard v2.0 re-

trieved from http://www-unix.mcs.anl.gov/mpi. 

Newmark NM (1959). A method of computation for structural dynam-

ics. ASCE Journal of the Engineering Mechanics Division , 85, No. 

EM3. 
Rayleigh JWS (1894). The theory of sound. 2nd ed. (reprinted by Dover 

Publications, New York, 1945), vol. I, pp. 102, vol. II, pp. 312.  

Sotelino ED (2003). Parallel processing techniques in structural engi-
neering applications. ASCE Journal of Structural Engineering, 

29(12), 1698-1706. 

Wilson E (1962). Dynamic response by step-by-step matrix analysis. 
Proceedings, Symposium on the Use of Computers in Civil Engineering, 

Labortotio Nacional de Engenharia Civil, Lisbon, Portugal.

 

http://www-unix.mcs.anl.gov/mpi/


 

CHALLENGE JOURNAL OF STRUCTURAL MECHANICS 1 (4) (2015) 161–167 
 

 

 

 
* Corresponding author. Tel.: +355-4-2232086 ; Fax: +355-4-2222177 ; E-mail address: hbilgin@epoka.edu.al (H. Bilgin) 

ISSN: 2149-8024 / DOI: http://dx.doi.org/10.20528/cjsmec.2015.07.020 

 

Seismic performance evaluation of an existing school building in Turkey 

Hüseyin Bilgin * 

Department of Civil Engineering, Epoka University, 1039 Tirana, Albania 

 

A B S T R A C T 

A great part of existing RC structures built in Turkey is that they have been designed 
without considering seismic-induced actions and seismic criteria for strength and duc-

tility design. In this context, after the recent devastating earthquakes in Turkey, there 

has been a concerted effort to address the seismic vulnerability of existing public build-

ings in Turkey. The need for the evaluation and strengthening of these public buildings 

have come into focus following the enormous loss of lives and property during the past 

earthquakes. This study aims to assess the seismic performance evaluation of a typical 

school building in accordance with the rules of Turkish Earthquake Code-2007. The 

performance analysis is carried out by using nonlinear static analysis. The analytical 

solutions show that the intended performance level has not been satisfied for this build-

ing and decided to retrofit the structural system. The proposed procedure is applied to 
the retrofitted system and the obtained results are tabulated and discussed. 
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1. Introduction 

Earthquakes are of concern to cities in Turkey. Be-
cause many existing structures in this region are inade-
quate based on the current seismic design codes, it is im-
portant to assess these structures and improve the seis-
mic resistance of systems that are found to be vulnera-
ble. In general, buildings designed without seismic con-
siderations have significant deficiencies such as discon-
tinuity of positive moment reinforcement in beams and 
wide spacing stirrups. Besides the design deficiencies 
poor quality material and workmanship are the other 
important factors. 

The projects and the construction of existing public 
buildings that were built before 1998, were constructed 
in accordance with the regulations Turkish Building 
Code-1984, (TBC-1984) and Turkish Earthquake Code, 
(TEC-1975), which were in effect at that time. However, 
the earthquake and the construction regulations under-
went significant changes with the revisions made in 
1998, 2000 and 2007 (TEC-1998, TBC-2000, TEC-2007). 
The strengthening of existing public buildings in con-
junction with new contract specifications, thereby re-
ducing loses of life and property to a minimum in case 
of an earthquake has become one of the most important 

issues on the agenda of Turkish Government. In addition, 
a number of major earthquakes during the last two dec-
ades have underlined the importance of mitigation to re-
duce seismic risk. 

Seismic strengthening of existing structures is one 
method to reduce the risk to vulnerable structures. Re-
cently, a significant amount of research has been de-
voted to the study of various retrofit techniques to en-
hance the seismic performance of RC structures 
(ASCE/SEI 41-06, Eurocode 8, FEMA 356, and FEMA 
440). However, few studies have been conducted to as-
sess the seismic performance of representative concrete 
structures in Turkey using the criteria of Turkish Earth-
quake Code-2007 (TEC-2007). 

The accepted analysis procedures in the analysis in-
clude two types of linear elastic methods: equivalent lat-
eral force analysis and modal response spectrum analy-
sis, and two type of nonlinear methods: pushover analy-
sis, and non-linear time history analysis.  Since force 
based approaches have some shortcomings for seismic 
evaluation, displacement based design procedures are 
used. Linear-elastic methods have some shortcomings, 
since they aimed to provide a conservative estimate of 
building performance during an earthquake. Response 
of buildings to earthquakes is not typically linear; hence 

tel:+355-4-2232086
fax:+355-4-2222177
mailto:hbilgin@epoka.edu.al
http://dx.doi.org/10.20528/cjsmec.2015.07.020
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convenient nonlinear analysis methods should provide a 
good representation of buildings’ response and perfor-
mance. When nonlinear methods are used, since perfor-
mance limits on permissible response are less-conserva-
tive than the linear elastic ones, lower construction costs 
may be fulfilled. Structural performance of the existing 
buildings are determined by applying nonlinear static 
procedures defined in most earthquake design codes; 
ATC-40, FEMA-356, Turkish Earthquake Code-2007 
(TEC-2007). 

 

2. Turkish Earthquake Codes 

The earthquake resistance consideration for building 
design in Turkey has a history of more than fifty years. 
Beginning as legal provision in mid 1940’s after a series 
of destroying earthquakes, Turkey’s earthquake code is 
developed to its present state in 2007 after a number of 
evolutionary revisions respectively in 1959, 1975, 1998. 
The final version of the code includes regulations on re-
pairing and retrofitting existing buildings (Chapter 7). 
Chapter 7 of TEC-2007 has many similarities to the new 
modern codes (ATC-40, FEMA-356, Eurocode 8, etc) con-
sists of linear and nonlinear methods to evaluate the 
seismic performance of existing buildings. 

 

3. Structural Properties of the Analyzed School 
Building 

Schools likewise the other buildings intended for gov-
ernmental services are generally constructed by applying 

template designs developed by the Ministry of Public 
Works. Therefore, a considerable number of buildings 
have the same template designs in different parts of Tur-
key. 

A field survey was carried out in the western part of 
Turkey to select the most common types of school build-
ings. These cities are located in a seismically active part 
of Turkey. According to the survey, a most common type 
of template design (TD-10419) for school buildings was 
selected to represent these public buildings in medium-
sized cities. 

This is a four-story school building with a plan area of 
613 square meters at the base. All floor slabs are rein-
forced concrete with a thickness of 0.2 m. The story 
heights are 3.4 m for each story. There exists no exact 
data about the roofing and the masonry partitions of the 
building. From the architectural drawing plotted at the 
time of construction, reasonable values are assumed for 
both in dead load and other calculations, considering 
probable changes made during the construction. 

The building has a typical structural system, which 
consists of reinforced concrete frames with masonry in-
fill walls of hollow clay brick units. The structural system 
is free of shear walls in longitudinal direction and com-
posed of shear wall-frame system in transverse direc-
tion. There are no structural irregularities such as soft 
story, weak story, heavy overhangs, great eccentricities 
between mass and stiffness centers. One of the possible 
deficiencies for this building designed per TEC-1975 is 
the strong beam-weak column behavior as it is not re-
garded by that code. Fig. 1 and Fig. 2 provide a typical 
floor plan and 3-D view of this case study structure re-
spectively.

 

Fig. 1. Typical structural floor plan view of the TD-10419 building. 
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Fig. 2. Three dimensional view of the TD-10419 building.

 
4. Analytical Modeling of the School Building 

4.1. Analytical modeling 

SAP2000 (CSI, 2003) is employed for the modeling 
and analysis of the structure. The building is modeled as 
3-D frame-shear wall system formed by beams, columns 
and shear walls. The joints connecting the base columns 
and shear walls to the foundation are restrained for all 
degrees of freedom. The calculation of the masses, dead 
and live loads are made according to the Turkish Stand-
ards for Reinforced Concrete (TBC-2000), Turkish 
Standards for Design Loads (TS-498) and TEC-1975. 

For nonlinear analysis, as-built material properties 
determined from field investigation and experiment are 
taken into account. Modeling properties of the investi-
gated building is tabulated in Table 1. 

Table 1. Structural properties of the investigated building. 

 TD10419 

Number of stories 4 

Story height (m) 3.4 

Floor area (m2) 612.5 

Total building weight (t) 3323 

Concrete Class C10, C16 

Steel Grade S220 

Stirrup spacing at the plastic 
hinge locations (mm) 

150 and 250 

X- period (s) 0.54 

Y- period (s) 0.24 

Mass participation ratios in  
x- and y-, respectively 

0.86 - 0.75 

4.2. Determination of nonlinear parameters 

Member size and reinforcements in the template de-
sign are used to model the school building for nonlinear 
analysis. The structural modelling is carried out with the 
beam, column and shear wall elements, considering the 
nonlinear behaviour concentrated in plastic hinges at 
both ends of beams and columns. SAP2000 provides de-
fault or the user-defined hinge properties options to 
model nonlinear behaviour of components. In this study, 
user-defined hinge properties are used. 

The definition of user-defined hinge properties re-
quires moment-curvature relationships for beams and 
columns and axial force moment capacity data for the 
columns are necessary for the SAP2000 input as nonlin-
ear properties of elements (Fig. 3). 

  

Fig. 3. Typical force deformation relationship. 

Mander model (Mander el al., 1988) is used for uncon-
fined and confined concrete while typical steel stress-
strain model with strain hardening for steel is imple-
mented in moment-curvature analyses. The input re-
quired for SAP2000 is moment-rotation relationship in-
stead of moment-curvature. Also, moment rotation data 
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have been reduced to five-point input that brings some 
inevitable simplifications. Plastic hinge length is used to 
obtain ultimate rotation values from the ultimate curva-
tures. Plastic hinge length definition given in Eq. (1) 
which is proposed by Priestley et al. (1996) is used in 
this study.  

𝐿𝑝 = 0.008𝐿 + 0.022𝑓𝑦𝑒𝑑𝑏𝑙 ≥ 0.044𝑓𝑦𝑒𝑑𝑏𝑙 . (1) 

In Eq. (1), Lp is the plastic hinge length, L is the dis-
tance from the critical section of the plastic hinge to the 
point of contraflexure, fye and dbl are the expected yield 
strength and the diameter of longitudinal reinforcement. 

In existing reinforced concrete buildings, especially 
with low concrete strength and insufficient amount of 
transverse steel, shear failures of members should be 
taken into consideration. For this purpose, shear hinges 
are introduced for beams and columns. Shear hinge 
properties are defined such that when the shear force in 
the member reaches its shear strength, member imme-
diately fails. The shear strength of each member (Vr) is 
calculated according to TBC-2000.   

𝑉𝑟 = 0.182𝑏𝑑√𝑓𝑐 + (1 + 0.07
𝑁

𝐴𝑐
) +

𝐴𝑠ℎ𝑓𝑦ℎ𝑑

𝑆
 . (2) 

In Eq. (2), b is section width, d is effective section 
depth, fc is concrete compressive strength, N is compres-
sion force on section, Ac is area of section, Ash, fyh and s are 
area, yield strength and spacing of transverse reinforce-
ment. 

 

5. Performance Evaluation of the School Building by 
Using Pushover Analysis 

In order to apply this method, TEC-2007 requires 
some limitations on the building height ad torsional ir-
regularity and the mass participation ratios for the first 
mode. Pursuant to TEC-2007, mass participation ratios 
must be greater than 70%. For the addressed building, 
this value is 86% in x-direction more than proposed. 

The pushover analysis consists of the application of 
gravity loads and a lateral load pattern. The applied lat-
eral forces are proportional to the product of mass and 
the first mode shape amplitude at each story level and P-
 effects are taken into account.  

In the capacity curve plots, base shear is normalized 
by building seismic weight on the vertical axis, while 
global displacement drift is normalized by building 
height on the horizontal axis. Capacity curves of the 
school building is obtained for different concrete strength 
and transverse reinforcement spacing mentioned in pre-
vious section; two concrete strength and two transverse 
reinforcement spacing values are taken into account. 

Two extreme cases are considered in order to have a 
more accurate understanding in the boundaries of be-
havior for the case study building with the considered 
template design. The first one represents the buildings 
in poor condition having poor concrete quality (10 MPa) 
with non-ductile detailing (250 mm transverse rein-

forcement spacing). The second one refers to the build-
ings in average condition having average concrete qual-
ity (16 MPa) with ductile detailing (150 mm transverse 
reinforcement spacing). Capacity curves corresponding 
to poor and average conditions are illustrated in Fig. 4 
for longitudinal (x) and transverse (y) directions. 

  

Fig. 4. Capacity curves of the building TD-10419 for dif-
ferent concrete strength and transverse reinforcement 

spacing obtained by pushover analysis. 

Evaluation of the capacity curves for the investigated 
building points out that concrete quality and detailing 
has significant role in both displacement and lateral 
strength capacity of buildings. The displacement capac-
ity for the average condition is more than twice of that 
for poor condition. 

5.1. Performance evaluation according to TEC-2007 

Capacity assessment of the investigated school build-
ing is performed using TEC-2007. Three performance 
levels, immediate occupancy (IO), life safety (LS), and 
collapse prevention (CP) are considered as specified in 
this code and several other international guidelines such 
as FEMA-356, ATC-40, and FEMA-440. 

Pushover analysis data and criteria of TEC-2007 are 
used to determine global displacement drift ratio of each 
building corresponding to the performance levels con-
sidered. Table 2 lists global displacement drift ratios of 
the building. Small displacement capacities at LS and CP 
performance levels are remarkable for the building with 
poor concrete quality and less amount of transverse rein-
forcement due to shear failures in columns (C10-S250). 
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The displacement capacity values are solely not 
meaningful themselves. They need to be compared with 
demand values. According to the Turkish Earthquake 
Code, school buildings are expected to satisfy IO and LS 
performance levels under design and extreme earth-
quakes, corresponding to 10% and 2% probability of ex-
ceedance in 50 years, respectively.  Response spectrum 
for the design and extreme earthquakes is plotted in Fig. 
5 for high seismicity region and soil class Z3. Displace-
ment demand estimates and capacities corresponding to 
IO and LS performance levels are compared.  

  

Fig. 5. Response spectrum for design and extreme 
earthquake events provided in TEC-2007. 

Displacement demand estimates are obtained (Table 
3) as described in TEC-2007. The results obtained show 

that school building does not provide IO in both direc-
tions whereas LS performance level is satisfied in y- di-
rection which means that the structural system should 
be strengthened. 

5.2. Performance evaluation according to TEC-2007 

As it is seen that existing structural system of the 
school building does not satisfy the expected perfor-
mance levels and it is decided to strength the structural 
system. For strengthening, shear walls are added to the 
existing structural system of the building. Six in x- direc-
tion and one in y- shear walls are added to the existing 
structural system (Fig. 6). The material classes for rein-
forced concrete shear walls are considered to be C25 
(fck=25 MPa) and S420 (fyk=420 MPa). 

The 3-D model of the new system is analyzed by 
SAP2000. The first and second mode periods in x- and y- 
directions are found to be 0.28 s and 0.19 s, respectively. 
As it is seen that the while the stiffness increases, funda-
mental vibration period decreases. Similar performance 
evaluation procedure for existing structural system is re-
peated for new system. Pushover curves for the new and 
existing are given in Fig. 7. 

Capacity assessment and seismic displacement de-
mand calculations are repeated for the new structural 
system according to TEC-2007 and the results are tabu-
lated in Table 4. 

Obtained results show that strengthened school 
building satisfies IO performance levels under the design 
earthquake and provides LS performance level under 
maximum earthquake.

 

Fig. 6. Structural floor plan view of strengthened TD-10419 building.
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Table 2. Global displacement drift capacities (%) of the in-
vestigated building obtained from capacity curves for con-

sidered performance levels. 

Material  

Quality 

Δroof/Hbuilding 

x-direction  y-direction 

IO LS  IO LS 

C10-S150 0.16 0.40  0.16 0.47 

C10-S250 0.16 0.19  0.14 0.36 

C16-S150 0.19 0.52  0.23 0.55 

C16-S250 0.17 0.25  0.21 0.51 

Table 3. Global demand drift ratios (%) of the investigated 
building according to TEC-2007. 

Δroof/Hbuilding 

x-direction  y-direction 

IO LS  IO LS 

0.76 1.15  0.28 0.46 

 

 

  

Fig. 7. Capacity curves of the strengthened school build-
ing obtained by pushover analysis.

Table 4. Comparison of global displacement drift capacities and global drift demand ratios of the investigated school 
building for considered performance levels according to TBC-2007(%). 

Material  

Quality 

Δroof/Hbuilding 

x-direction  y-direction 

IO LS  IO LS 

Demand Capacity Demand Capacity  Demand Capacity Demand Capacity 

C10-S250 0.38 0.38 0.60 0.97  0.21 0.24 0.36 0.36 

C16-S150 0.36 0.37 0.59 1.05  0.20 0.27 0.35 0.38 

 
6. Conclusions 

In this study, seismic performance assessment of an 
existing school building with the selected template de-
sign is studied according to TEC-2007. SAP2000 is em-
ployed for modeling and analyzing of the building. Exist-
ing structural system is evaluated by nonlinear methods 
to evaluate the performance levels. Analytical solutions 
have shown that the structural system of the school 
building does not satisfy the intended criteria in TEC-
2007. To strengthen the structural system, shear walls 
are added in x- and y- directions. In order to find the eco-
nomical solution for the new strengthening system, non-
linear analyses are repeated with different number of 
shear wall options. Performance evaluation for each anal-
yses result has been done for the new system and the most 
appropriate strengthened system is proposed. The follow-
ing conclusions can be drawn from numerical results: 

 
 Based upon site investigation and laboratory test re-
sults; two strength values, 10 and 16 MPa, are consid-
ered for concrete and Grade 220 considered for rein-
forcement in this study. 
 Two stirrup spacing values are considered as 150 and 
250 mm to reflect ductile and non-ductile detailing, re-
spectively. 
 Evaluation of the capacity curves for the investigated 
building points out that concrete quality and detailing 
has significant role in displacement and lateral strength 
capacity of buildings in both directions. Although the dif-
ference of poor (C10 and s250) and average (C16 and 
s150) conditions on lateral strength capacity is limited, 
the difference in displacement capacity is noteworthy.  
 Shear failures of columns are common problems in 
case of poor concrete and low amount of transverse re-
inforcement, resulting in brittle failure for existing 
school buildings. 
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 As material quality gets better, performance of build-
ings improves.  The displacement capacities obtained for 
different performance levels evidently indicates that 
concrete quality and transverse reinforcement spacing 
have limited effect on IO level while amount of trans-
verse reinforcement plays an important role in seismic 
performance of buildings for LS level. 
 According to TEC-2007, school buildings are expected 
to satisfy IO and LS performance levels under design and 
extreme earthquakes. The existing school building is far 
from satisfying the expected performance levels; there-
fore it is strengthened by adding shear walls in both di-
rections. After retrofitting desired performance levels 
are provided in both directions. 
 Addition of shear walls increases lateral load capacity 
and decreases displacement demands significantly. Thus, 
existing deficiencies in frame elements are less pro-
nounced and poor construction quality in buildings is 
somehow compensated (Bilgin, 2007). 
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A B S T R A C T 

Masonry is the oldest building technique that still finds wide use in today’s building 
industries. The variety and natural availability of the materials that is needed for ma-

sonry combined with the easiness of the construction, has resulted in usage of ma-

sonry for thousands of years. The lack of research and underdeveloped codes in ma-

sonry results in poor applications of masonry technique which causes invaluable loss 

of lives of people in earthquakes. Today modeling of stone masonry structures is still 

very difficult because of unknown material properties.  This study focuses on estima-
tion of the material properties by destructive testing methods (DT) and non-destruc-

tive testing methods (NDT) and analysis of a historic stone masonry arch bridge. Af-

ter visual investigation, the geometry of the structure is determined and 3D model of 

the structure was generated and meshed for Finite Element Method (FEM). For eval-

uation of material properties, NDT methods such as; impact-echo and ultrasonic pulse 

velocity testing methods were used. Schmidt hammer test was applied for estimation 

of the hardness of the stones. Fallen stone and mortar samples from the bridge were 

taken to the laboratory and destructive tests applied on them to determine the prop-

erties of masonry components. The test results for the materials obtained from the 

DT and NDT methods were compared with each other. Using these results mechani-

cal properties of the masonry were estimated using standards and codes. The gath-

ered material properties were assigned to FE model and the model was analyzed. 
 

 

A R T I C L E   I N F O 

Article history:  

Received 3 June 2015 

Accepted 14 August 2015 
 
Keywords: 

Stone masonry arch 

Non destructive testing 

Finite element method 

Impact-echo 

1. Introduction 

Modeling of masonry structures is still very difficult 
because of unknown material properties. In this study a 
historic stone masonry arch bridge in Urla, Zeytinler vil-
lage was studied. This study focuses on estimation of the 
material properties by destructive testing methods (DT) 
and non-destructive testing methods (NDT) and analysis 
of this bridge. First, visual investigation established and 
the geometry of the structure is determined. For testing 
of material properties for finite element method (FEM) 
model, NDT methods such as; impact-echo and ultra-
sonic pulse velocity testing methods were used. Stack im-
aging of spectral amplitudes based on impact-echo 
(SIBIE) technique was applied to evaluate the inner struc-
ture of the bridge. Schmidt hammer test was applied for 

estimation of the hardness of the stones by an L type 
Schmidt hammer. The uniaxial compressive and indirect 
tension tests were applied to samples taken from the 
bridge to determine the strength and modulus of elastic-
ity of the masonry components. The test results for the 
materials obtained from the DT and NDT methods were 
compared with each other. Using these tests’ results a 
macro model of the masonry was created by homogeni-
zation approach for the FE model. Then, the masonry 
bridge was analyzed under static loads. 

 

2. Mathematical Model 

The structure is 3 spanned stone masonry arch bridge 
and is located in Urla Zeytinler village. It is on the road 
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to Çeşme crossing a river. The bridge is not in use since 
new İzmir–Çeşme (Tepekahve) road opened in 1950’s. 
The bridge has a 42.5 meters length 6.15 meter width 
and has 7 meters long 3 spans (Fig. 1). The spandered 
walls and the arches have 1.00 meter and 0.65 meter 
thickness, respectively. There is rubble stone filling con-
crete between spandrel walls. The stones used in the ma-
sonry are grey and pink andesite. After visual investiga-
tion, 3D model of the structure was generated and 
meshed for Finite Element Method (FEM) (Fig.  2).  

 

 
Fig. 1. Stone masonry arch bridge in Zeytinler. 

 

Fig. 2. 3D FE model of the bridge. 

2.1. Material tests on stone and mortar 

In order to determine the parameters needed for fi-
nite element modeling, material nondestructive and de-
structive tests were applied on constituents of masonry.  

For the destructive tests fallen stones from the struc-
ture were taken. Stone samples which were strong 
enough to cut out core samples of diameter 54 mm were 
selected. Fallen stones were taken to the laboratory and 
cylinder core samples of diameter 54 mm were drilled 
out (Fig. 3). The heads of samples were cut with “cut of 

machine”. Test samples for indirect tension test (Brazil-
ian test) with height of 27-54 mm and samples for uniax-
ial compression test with height of 108-120 mm were 
prepared (TS 699, 1987; Ulusay et al., 2001). The heads 
of the cylinder core samples were grinded in order to 
have appropriate cylinder samples in emery machine 
(TS 699, 1987). After samples had been prepared, uni-ax-
ial compression and indirect tension tests were applied 
as shown in Fig. 3. The loading rate was 0.2 mm/minute 
which satisfies the failure time 1 to 10 minutes (TS 699, 
1987).  The average results are shown in Table 1.  

 

 

 

Fig. 3. Drilling out core samples, uni-axial compression 
and Brazilian test. 

For the nondestructive tests, before taking the sam-
ples to the laboratory, L type Proeq Schmidt Hammer 
was used to find surface hardness values of the stone 
samples. Schmidt Hammer test was also applied to the 
stones of the whole structure (Fig. 3). The compressive 
strength was calculated from the scheme of Ulusay et al. 
(2001). In the laboratory before indirect and uniaxial 
compression tests were applied to the stone samples, ul-
trasonic wave velocity tests had been conducted by CNS 
Farnel Electronic’s Pundit type equipment (Fig. 4). The 
modulus of elasticity values of stone samples were also 
determined by Eq. (1) (ASTM 1997, C597). 
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Table 1. Test results of stone. 

Sample 
Number of 

Samples 

Density 

ρ (g/cm3) 

Rebound 

Value, R 

σc  from R 

(MPa) 

UAC  

fc (MPa) 
E (GPa) 

Tensile Strength 

ft (MPa) 

Ultra Velocity 

(m/sec) 

E from U.V. 

(GPa) 

Stone 20 2,49 51.89 80 50.35 11.40 5,89 4010 34.88 

 

 

 

Fig. 4. In situ Schmidt test and ultrasonic wave velocity 
test on stone samples. 

𝐸 = 𝑉2𝜌(1 +𝑚)
1−2𝑚

1−𝑚
 , (1) 

where V, ρ, and m are ultra sonic pulse velocity, density 
and Poisson’s ratio, respectively. The Poisson’s ratio is 
taken as 0.21 for the Andasite stone. The estimated mod-
ulus of elasticity values from ultra velocity tests are 
higher than the values obtained by destructive tests (Ta-
ble 1). 

The mortar samples were weak and too small for 
drilling so only point load tests could be applied on arbi-
trary shape samples. By use of the point load index, the 
uni-axial compressive strengths of mortars were esti-
mated. The average estimated uni-axial strength of mor-
tars was calculated to be 11.95 MPa from point load 
tests. Tensile strength and modulus of elasticity of mor-
tar was also estimated from literature by the help of 

point load test results. Tensile strength and modulus of 
elasticity σt, 1.11 MPa and E, 180 MPa are taken, respec-
tively. The density of the mortar was calculated ρ = 1.80 
gr/cm3. 

2.2. Impact-echo on the stone masonry arch bridge 

Impact-echo is one of nondestructive testing methods 
for concrete based on multiple reflections of an acousti-
cal wave between the test surface of concrete and an in-
terface between materials with different mechanical im-
pedances. An impact load is applied at the surface of the 
concrete and vibrations caused by this impact are rec-
orded by a receiver. As a result, a waveform is built up in 
the time domain. In the traditional impact-echo analysis, 
this waveform is transformed into the frequency domain 
by applying FFT. Peak frequencies are identified in the fre-
quency spectrum and corresponding depth is calculated 
by the given formula where Cp is longitudinal wave veloc-
ity, f is the measured frequency and d is the corresponding 
depth (Sansalone and Streett, 1997; Sansalone, 1997).  

𝑑 = 𝐶𝑝/2𝑓 . (2) 

However, in most of the practical applications, due to 
the complex information existing in the data, it is difficult 
to interpret the frequency spectrum. Consequently, SIBIE 
(Stack Imaging of spectral amplitudes Based on Impact-
Echo) procedure has been developed to improve impact-
echo method. Impact-echo has been applied for evalua-
tion of masonry structures. In this study, a stone masonry 
bridge was tested by applying impact-echo and SIBIE. 

2.2.1. SIBIE Procedure 

Based on the inverse scattering theory in elastody-
namics (Nakahara and Kitahara, 2002), the SIBIE proce-
dure has been developed at Kumamoto University (Ata 
et al., 2007; Ohtsu and Watanabe, 2002). This is an imag-
ing technique for detected waveforms in the frequency 
domain. In the procedure, first, a cross-section of sample 
is divided into square elements as shown in Fig. 5. Then, 
resonance frequencies due to reflections at each element 
are computed. The travel distance from the input loca-
tion to the output through the element is calculated as 
(Ohtsu and Watanabe, 2002),   

𝑅 = 𝑟1 + 𝑟2 . (3) 

Resonance frequencies due to reflections at each ele-
ment are calculated from,   

𝑓2
′ =

𝐶𝑝

𝑅2
   and   𝑓𝑅 =

𝐶𝑝

𝑅
 . (4) 
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Fig. 5. Spectral imaging model. 

Spectral amplitudes corresponding to these two reso-
nance frequencies in the frequency spectrum are 
summed up at each mesh. Thus, reflection intensity is es-
timated as a stack image at each element. The minimum 
size of the square mesh for the SIBIE analysis should be 
approximately equal to CpΔt/2, where Cp is the velocity 
of P-wave and Δt is the sampling time of a recorded 
wave. 

2.2.2. Results of SIBIE 

The stone masonry bridge tested is shown in the Fig. 
6. The tests were carried out at several locations of the 
bridge. A hammer was used in the tests to generate elas-
tic waves. Since the depth of the section to be tested was 
large, a hammer was used instead of a steel sphere to 
generate high impact energy. An accelerometer was used 
to detect surface displacements caused by reflections of 
the elastic waves. The frequency range of the accelerom-
eter system was from DC to 50 kHz. Fourier spectra of 
accelerations were analyzed by FFT (Fast Fourier Trans-
form). Sampling time was 4 sec and the number of dig-
itized data for each waveform was 2048. The cross-sec-
tion of the bridge part tested was divided into square el-
ements to perform SIBIE analysis. In this study, the size 
of square mesh for SIBIE analysis was set to 10 mm. 

A result of SIBIE analysis of the impact applied above 
the center of the arch is depicted in Fig. 6(a). The SIBIE 
figure corresponds to the cross-section of the element 
that is tested. Here, red color zones indicate the higher 
reflection due to the interface between materials with 
different mechanical impedances. In the figure, impact 
and detection locations are indicated with arrows. The 
distance between impact and detection was selected as 
5 cm. The depth of the section tested was 120 cm. The 
back wall reflection of red color zone is very clearly ob-
served at the bottom of the SIBIE figure. The other red 
color regions are also clearly observed corresponding to 
the material interfaces. These reflections might be due to 
air existence between layers which means bonding be-
tween layers is not well. 

There is another SIBIE result shown in Fig. 6(b). Im-
pact-echo test location is different in this case. As can be 
seen from the figure the back wall reflection is very 
clearly observed. Other reflection is observed between 
two stones at the bottom of the section. The reason of ex-
istence of this reflection can be the existence of air be-
tween two layers. There are no other high reflections ob-
served in the figure. 

 

 

     

Fig. 6. SIBIE result of the bridge section above the center 
of the arch (a) and close to the center of the arch (b). 

According to the test results it can be said that SIBIE 
procedure can be applied to stone masonry structures to 
evaluate the structure non-destructively. The disconti-
nuities in the structure are appeared at the SIBIE results 
as relevant regions (red zones in this case). Here, by eval-
uating the results, the dimensions of the stones, thick-
ness of the mortars and thickness of the spandrel walls 
can be estimated and also it can be said that there are 
some flaws between layers. These flaws decrease the 
strength of the material and thus affect the durability of 
the structure. 

 

3. Finite Element Analyses of the Stone Masonry 
Arch Bridge 

3.1. Determination of material parameters for FE 
model 

The masonry is a composite and this composite mate-
rial consists of two or more different constituent materi-
als.  By the use of homogenization approach, behavior of 
mortar and stone were assumed together so an overall 
behavior of the composite media has been taken into ac-
count. While determining the elastic parameters of ma-
sonry, the homogenization equations which depend on 
the strength parameters of constituents were used.  
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The compressive strength of masonry is determined 
by Eq. (5) (Eurocode 6, 1995).   

𝑓𝑘 = 𝐾𝑓𝑏
0.65𝑓𝑚

0.25 , (5) 

where K is a constant, fb is the compressive strength of 
stone, fm is compressive strength of mortar. K is in the 
range of 0.4 to 0.6 and depends on the morphology of the 
masonry (Eurocode 6, 1995). K was taken 0.5 in this study.  

The modulus of elasticity of masonry was determined 
by the use of Eq. (6) (Lourenço, 2001).   

𝐸 =
𝑡𝑚+𝑡𝑢
𝑡𝑚
𝐸𝑚

+
𝑡𝑢
𝐸𝑢

𝜌 , (6) 

where tm, tu, Em, Eu are the thickness of mortar and height 
of the unit  the coefficient ρ varies with the bond between 
mortar and unit and was taken 0.5 for this study (Lou-
renço, 2001). 

The shear modulus can be taken as 40% of the modu-
lus of elasticity (Eurocode 6, 1995). The tensile strength 
of masonry can be taken as 10% of compressive strength 
(Koçak, 1999). 

The density of BM and fill were calculated as 2.1 
kg/cm3 and 1.75 kg/cm3, respectively. The Poisson’s ra-
tio was taken as 0.17 for masonry (Koçak, 1999). Elastic 
material parameters of SM and Fill for finite element 
model are shown in Table 2. 

Table 2. Material parameters of masonry for FE model. 

 Stone Masonry Fill 

Compressive Strength (MPa) 11.88 9.49 

Tensile Strength (MPa) 1.18 0.76 

Modulus of Elasticity (MPa) 1164.3 600 

Shear Modulus 465.7 240 

Density (kg/m3) 2100 1950 

Poisson Ratio 0.17 0.05 

 

4. 3D FEM Analysis of the Bridge 

The data gathered from destructive and nondestruc-
tive tests were used for FE analysis of the bridge. Linear 
elastic self weight analysis of the structure was con-
ducted in order to check the safety of the structure under 
its own weight. The stress results of the FEM analysis 
were very small compared to its allowable stress proving 
that the structure is safe. 

5. Conclusions 

In this paper, numerical analysis of a stone masonry 
arch bridge is presented and performed by means of a 
FEM. The material properties of the masonry were esti-
mated by NDT and DT methods. By using SIBIE the inner 
parts of structure were identified and it can be said that 
SIBIE procedure can be applied to stone masonry struc-
tures to evaluate the structure non-destructively. By 
evaluating the results, the dimensions of the stones, 
thickness of the mortars and thickness of the spandrel 
walls can be estimated.  According to the FE analysis 
structure is safe under its self weight. The results of a 
FEM analysis can be useful, in case of restoration of ma-
sonry arches. 
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A B S T R A C T 

The finite element method has emerged as the most powerful and versatile numerical 
method for solving a wide range of physical problems in science and engineering. 

Today a large number of commercial programs exist that can be used to solve diverse 

problems in structural and fluid mechanics, heat transfer and many other phenom-

ena. However, certain critical problems related to durability of concrete structures, 

especially corrosion of reinforcement, cannot be readily solved using the available 

software. This paper presents two finite element formulations, developed by the 

writers, one dealing with the nonlinear analysis of composite concrete-steel bridges, 

and the other with the durability of concrete structures, with emphasis on the corro-

sion of reinforcement. The validity and accuracy of the proposed models are demon-
strated by comparing their results with appropriate experimental data. 
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1. Introduction 

The finite element method (FEM) was developed 
nearly half a century ago (Turner et al., 1956) to solve 
two dimensional stress analysis problems; since then it 
has evolved as the most powerful numerical method for 
the solution of a wide range of problems in many areas 
of science and engineering (Zienkiewicz and Taylor, 
1989). Today it is routinely used by many practicing en-
gineers to solve diverse problems which cannot be oth-
erwise solved due to their complex boundary conditions 
or anisotropic and nonlinear properties. While existing 
commercial software can be used to solve a wide spec-
trum of problems, certain practical problems in civil en-
gineering, such as those dealing with durability of con-
crete structures, cannot be solved readily using current 
commercial software. Among these are the prediction of 
alkali-aggregate reaction, sulphate attack, and corrosion 
of reinforcement. In this paper, a summary of the basic 
FEM formulation for two problems that the writers have 
worked on will be presented. The two problems are 
among topics of current interest in the structural engi-
neering community; namely, durability, serviceability and 
safety of concrete bridges and other exposed structures. 

2. Nonlinear Analysis of Composite Bridges 

Due to the noticeable increase in the permissible live 
load of bridges over the last 50 years, there is need for 
the accurate assessment of their serviceability and 
strength. Composite bridges, comprising steel girders at-
tached to a concrete slab, Fig. 1(a), are common in many 
countries, and their serviceability and strength depend 
on the interaction between the concrete slab and the 
steel girders. Various types of connectors can be used to 
attach the slab to the girders, including welded steel sec-
tions and headed studs, Fig. 1(b), but today the latter 
type of connector is most commonly used. These con-
nectors may achieve different levels of composite action, 
varying from practically no interaction to full composite 
action. The level of interaction may also depend on level 
of applied load on the bridge. Although the FEM analysis 
of such bridges can be performed under the assumption 
of full composite action, the analysis of partial interac-
tion, caused by relative movement at the slab-girder in-
terfaces requires more effort. Continuum contact ele-
ments, available in some FEM commercial programs, can 
be used to model the interaction, but the model parame-
ters need to be carefully selected by transforming the 
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properties of the connector to equivalent properties that 
can characterize the interface. Alternatively, a discrete 
element can be developed whose properties could be di-
rectly obtained from the geometry and material proper-
ties of the actual connector.  Razaqpur and Nofal (1989) 
originally developed such a discrete element, which was 
subsequently improved by Esfandiari (2001) and its ac-
curacy was verified by comparing its results with several 
sets of experimental data. The improved model and its 
verification are described below. 

 

 

Fig. 1. (a) Typical steel-concrete composite bridge, 
(b) Steel girder with stud shear connectors. 

2.1. Shear connector finite element 

Shear connectors, as shown in Fig. 2(a), can be mod-
eled as truss element with five degrees of freedom, 
where the usual sixth degree of freedom is constrained 
by assuming the connector to be axially rigid. This con-
straint is optional, but if not enforced the connector 
would allow for separation normal to the slab-girder in-
terface. The derivation of the stiffness matrix for this el-
ement requires the shear force-slip relationship of the 
connector. One such relationship was proposed by Yam 
and Chapman (1968) based on their test data, viz.  

𝐹 = 𝑎(1 − 𝑒−𝑏𝜆) , (1) 

where F is the shear force acting on either end of the con-
nector in one of the two orthogonal directions (kN) and 
𝜆  (mm) is the corresponding relative displacement or 
slip in the direction of F, Fig. 2(b); a and b are experi-

mental constants, which depend on the connector geom-
etry and strength; and e is base of the natural logarithm. 
For stud connectors, Yam and Chapman suggested a and 
b to be 30 kN and 4.72 mm. Using these values, Eq. (1) is 
plotted in Fig. 3. Note that assuming different values for 
a and b allows one to model connectors with different 
strength and stiffness. 

Using Eq. (1) and assuming that shear connectors only 
allow slip at the interface, the stiffness matrix can be 
written as:  

[𝐾] =

[
 
 
 
 
 𝑘1 0 −𝑘1 0 0
0 0 0 0 0
0 0  𝑘2 0 −𝑘2

−𝑘1 0 0 𝑘1 0
0 0 −𝑘2 0   𝑘2 ]

 
 
 
 

 , (2) 

where k1 and k2 are the shear stiffness coefficients in the 
two orthogonal directions in the plane of the connector 
cross-section, and are given by  

𝑘𝑗 =
𝜕𝑘𝑗

𝜕𝜆𝑗
= 𝑎𝑏𝑒−𝑏𝜆 , (3) 

where Fj is the component of shear force acting on the 
connector cross-section in direct j( j =1,2) and 𝜆𝑗 is its as-
sociated slip (Fig. 2(b)). As stated earlier, the bar is as-
sumed to be axially rigid, which is enforced by imposing 
equal axial displacement at the two ends of the element 
as shown in Fig. 2(a). 

In using the above stiffness matrix, there is another 
problem which must be considered. As illustrated in Fig. 
2(b) the shear forces acting on a shear connector equili-
brate each other (∑𝐹𝑥 = 0, ∑𝐹𝑦 = 0), but they create un-
balanced moments F1L and F2L, where L is the connector 
length, and these moments violate the equilibrium re-
quirement. To overcome this problem, in this study the 
unbalanced moments are reversed and applied as nodal 
forces at the end of each iteration during the solution 
process (Esfandiari, 2001).  These moments are  

(𝑑𝑀1)𝑖 = (𝐾)𝑖−1(𝑑𝜆1)𝑖𝐿 , (4a) 

(𝑑𝑀2)𝑖 = (𝐾)𝑖−1(𝑑𝜆2)𝑖𝐿 , (4b) 

where (𝑑𝑀1)𝑖  and (𝑑𝑀2)𝑖  are unbalanced moments for 
ith iteration, (𝐾1)𝑖−1  and (𝐾2)𝑖−1  are stiffness elements 
of shear connector corresponding to the results of previ-
ous iteration and (𝑑𝜆1)𝑖 , (𝑑𝜆2)𝑖 are incremental slip val-
ues. Note that  

𝜆1 = 𝑢4 − 𝑢1 , (5a)  

𝜆2 = 𝑢3 − 𝑢5 , (5b)  

𝑑𝜆1 = 𝑑𝑢1 − 𝑑𝑢4 , (6a)  

𝑑𝜆2 = 𝑑𝑢3 − 𝑑𝑢5 , (6b) 

where uj and duj are, respectively, the total and incremental 
displacement of the jth degree of freedom.               

(a) 

(b) 
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Fig. 2. Shear connector element; (a) Nodal degrees of freedom, (b) Deformed shape.

 

Fig. 3. Typical load slip curve for shear connector element. 

2.2. Experimental verification of the model 

To verify the above method, the experimental results 
of Yam and Chapman’s continuous beam (1972), tested 
at Imperial College, and Razaqpur and Nofal’s bridge 
model (1988) will be compared with the finite element 
results. This element is implemented in the nonlinear fi-
nite element program NONLACS (Razaqpur and Nofal, 
1990), which can be used to analyze any three dimen-
sional reinforced/prestressed concrete, steel or compo-
site structure that can be idealized as an assemblage of 
thin shell elements. The program uses theory of plastic-
ity in conjunction with Von Mises’ yield criterion for the 
steel elements and the so-called equivalent strain con-
cept and the Kupfer and Gerstle (1973) biaxial failure 
criterion for concrete. Steel reinforcement is modeled as 
either discrete truss bars or as smeared steel layer. The 
program uses the smeared crack approach and includes 
tension stiffening. 

2.2.1. Imperial College continuous beam 

Yam and Chapman reported the experimental data for 
a number of continuous beams. One of those beams, an-
alyzed in this study, had the loading and geometry illus-
trated in Fig. 4 and the material properties shown in 

Table 1. The beam has two spans of 3.355 m each and 
consists of a 152 mm deep I-section attached to a 60 mm 
thick and 920 mm wide concrete slab by means of stud 
shear connectors. The properties in Table 1 were taken 
from Yam and Chapman’s report, but some properties 
that were not given by them had to be assumed. The fi-
nite element mesh was similar to the one used for the 
bridge model of Razaqpur and Nofal that will be de-
scribed in the next section. 

Figs. 5, 6, and 7 compare the experimental and com-
puted deflected shape, slip along concrete-steel inter-
face, and strain along the bottom flange of the girder 
from the left support to the centerline at load P=108.5 
kN. We see good agreement between the two sets of re-
sults, which corroborate the accuracy of the proposed 
model.  

2.2.2. Razaqpur and Nofal bridge model 

This 1/3 scale bridge model was built and tested by 
Razaqpur and Nofal (1988). It was the model of a two-
lane bridge, 6.24 m wide and 18.00 m long. It has three 
W840 x 170 compact steel girders spaced at 1.86 m. The 
concrete slab has a total thickness of 182mm. Figs. 8 and 
9 show the geometry and loading of the bridge model 
and Table 2 shows its material properties. The material 
strength values were obtained by Razaqpur and Nofal 
from ancillary tests performed on concrete cylinders and 
steel coupons. The bridge is simply supported with three 
girders (3 W250x39) on 6 m span. The supports are 
roller at one end and hinged at the other and the slab is 
70 mm thick and 2060 mm wide. 

The actuator loads were applied through 83 mm x 200 
mm steel plates, placed above the central girder flange 
on the concrete slab.  

2.2.3. Finite element idealization 

The finite element idealization of the bridge is shown 
in Fig. 10. The finite element mesh consists of 20 ele-
ments along the span and 24 in the cross section. The top 
and bottom steel reinforcement in the slab was modeled 

(a) (b) 
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as smeared layers, and the slab mid-plane nodes were 
connected to the top flange nodes directly below them by 
the shear connector elements. As shown in Fig. 10, the steel 
girders webs and flanges were idealized by elements with a 

single layer, while the concrete slab was divided into 10 lay-
ers through its thickness. The applied load was divided into 
20 increments and the bridge was analyzed over the entire 
loading range up to failure. 

 

 
Fig. 4. Imperial College continuous beam details; (a) Elevation, (b) Cross section. 

Table 1. Material properties of Imperial College continuous beam. 

Material Constants Concrete Reinforcing Steel Steel Girder  

f y (MPa) - 270 270 Given 

Es (MPa) - 200000 200000 Given 

Es* (MPa) - 5000 5000 Given 

f'c (MPa) 47.6 - - Given 

εmax 0.035 - - Assumed 

εcu 0.002 - - Assumed 

Connector Details 
3′

8
× 2′   Headed studs, two rows at 5.72 inch 

 

Fig. 5. Deflected shape of Imperial College continuous beam at P=108.5 kN. 
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Fig. 6. Concrete-steel interface slip in continuous beam at P=108.5 kN. 

 

Fig. 7. Strain along the bottom flange of the continuous beam at P=108.5 kN. 

 
 

 

Fig. 8. Geometry of bridge model; a) Elevation, b) Cross section.

2.2.4. Comparison of FEM results with experimental data 

For brevity, selective FEM results are compared with 
the corresponding experimental data. Fig. 11(a) shows 
the full load- deflection curve of Girder 3 while Fig. 11(b) 
shows the deflected shape of the same girder under in-
creasing load. The ultimate load predicted by finite ele-
ment was calculated to be 800 kN, which is 4% higher 
than the corresponding experimental load of 766 kN.  

Actually, the test had to be stopped because the actu-
ator stroke was exhausted, albeit at the end of the test, 

large deformations and a visible plastic hinge had formed 
in the central girder. Thus, it is possible that the bridge 
could still carry some extra load before total collapse. 

The variation of the longitudinal strain along the cen-
terline of the top and bottom flanges of Girder G3 is plot-
ted for different load levels in Fig. 12(a) and (b), respec-
tively. Considering the rather large strain values in the 
bottom flange, it is obvious that the bridge has practi-
cally reached its ultimate capacity and is on the verge of 
failure. Similarly good comparison was observed for the 
concrete and steel reinforcement strains.                
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Note: The loads shown indicate the relative magnitude of each load 

Fig. 9. Loading of bridge model. 

Table 2. Material properties of bridge model. 

Material Constants Concrete Reinforcing Steel Steel Girder  

f y (MPa) - 400 300 Given 

Es (MPa) - 200000 200000 Given 

Es* (MPa) - 0 0 Given 

f'c (MPa) 40 - - Given 

εmax (at peak stress) 0.002 - - Assumed 

εcu (at peak failure) 0.0035 - - Assumed 

Connector Details 15 mm × 60 mm   Headed studs, two rows at 150 mm 

 

 
Fig. 10. Finite element idealization of bridge model; a) Elevation, b) Cross section.

 

 

(a) 

(b) 
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Fig. 11. Comparison of FEM and experimental results for girder G3; (a) Load-maximum deflection curve,  

(b) Deflected shape. 

 

 
Fig. 12. Comparison of girder G3 top and bottom flanges longitudinal strain values obtained by FEM analysis with the 

corresponding experimental data; (a) Top flance, (b) Bottom flance. 
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Again, it is clear that program NONLAC and the pro-
posed shear connector model predicts the response of 
these bridges accurately.  

Next, the finite element formulation of chloride diffu-
sion, carbonation and reinforcement corrosion in con-
crete structures is presented. 

3. FEM Modelling of Concrete Durability 

To prevent steel reinforcement corrosion and the en-
suing deterioration of concrete, it is useful to have tools 
that would enable designers to predict the performance 
of structures under prescribed environmental/chemical 
conditions. Here a model is proposed and is imple-
mented in a finite element program. The results of the 
model are validated by comparing them with available 
experimental data. The model includes consideration of 
the various phenomena which influence both the initia-
tion and propagation stages of the corrosion process. 
This includes temperature, moisture, chloride ions, and 
oxygen transport within concrete. The model accounts 
for the effects of changes in exposure conditions on the 
rate of corrosion and the effects of the corrosion reac-
tions on the transport properties of concrete. 

3.1. Steel reinforcement corrosion process 

Within the initially high alkaline environment of con-
crete, reinforcing steel is covered with an insoluble film 
of iron oxides (passive layer) which normally protects 
the steel from further corrosion. The loss of the passive 
layer, termed depassivation, leads to further corrosion. 
The presence of chloride ions, the carbonation of con-
crete, the physical and the chemical properties of con-
crete, the surface characteristics and the chemical com-
position of steel, and sustained mechanical stresses are 
key factors influencing the depassivation and rate of cor-
rosion of steel in concrete (Neville, 1996; Broomfield, 
1997; Uhlig and Revie, 1985). 

It has become common practice to divide the corro-
sion process in concrete into two successive stages. The 
first stage, called the initiation stage, is defined as the pe-
riod during which corrosive agents, such as chloride ions 
or carbon dioxide, enter concrete and move towards the 
reinforcement from the surface of concrete, while the 
steel remains passive. The loss of passivity marks the on-
set of the second, or propagation, stage during which ac-
tive corrosion of steel occurs (Tutti, 1982). Existing mod-
els define the beginning of the propagation stage in 
terms of the free chloride concentration at the surface of 
the steel. Once this concentration exceeds a prescribed 
threshold, corrosion is assumed to commence. Subse-
quent entry of more chlorides is assumed to be inconse-
quential insofar as corrosion rate and amount is con-
cerned. The problem with this approach is neglecting the 
symbiotic relationship between the initiation and prop-
agation stages (Maruya et al., 2003). 

In the present study, which is based on the writer’s 
previous work (Isgor and Razaqpur, 2004, 2005, 2006a 

and 2006b), the initiation and propagation stages are 
unified and are treated with the same level of detail. In 
existing models, the initiation stage parameters, such as 
concrete temperature, moisture content, chloride ions 
and oxygen concentrations normally vary within this 
stage, but not in the propagation stage. On the contrary, 
in the proposed model these parameters are assumed to 
vary in both stages, which allows for the consideration of 
the effects of corrosion reactions on the properties of 
concrete and the chemical composition of the pore solu-
tion around the reinforcement (e.g. changes in electrical 
resistivity, pH, and oxygen concentration). 

3.2. Proposed model 

As discussed previously, the proposed model consists 
of initiation and propagation stages as described below. 

3.2.1. Initiation stage 

The governing equations of the phenomena consid-
ered in the initiation stage of the model are shown in Ta-
ble 3. Fig. 13 illustrates the solution strategy that is used, 
and it allows the distribution of the following environ-
mental / chemical quantities in a member:  temperature, 
moisture, pH (OH- concentration), and oxygen concen-
tration. 

3.2.2. Finite element solution of governing equations 

As indicated in Table 3, the distribution of each pa-
rameter in concrete is governed by a quasi-harmonic 
equation of the form:  

𝑘𝑥
𝜕2𝜙

𝜕𝑥2 + 𝑘𝑦
𝜕2𝜙

𝜕𝑦2 + 𝒬 = 𝑚
𝜕𝜙

𝜕𝑡
 , (7) 

where kx and ky are the appropriate conductivities, Q is 
the sink/source term, and m is a coefficient represent-
ing the pertinent material properties. The quantity φ 
denotes a potential which may be due to chemical con-
centration, thermal, electrical or hydraulic fields. The 
term on the right-hand side of Eq. (7) represents the 
change in potential with time. Following Logan (1992), 
the functional corresponding to Eq. (7) may be written 
as πh:  

𝜋ℎ =
1

2
∭ [𝑘𝑥 (

𝜕𝜑

𝜕𝑥
)

2

+ 𝑘𝑦 (
𝜕𝜑

𝜕𝑦
)
2

− 2 (𝒬 −
𝑉

𝑐𝜌
𝜕𝜑

𝜕𝑡
)𝜑] 𝑑𝑉 − ∭ 𝑞∗𝜑𝑑𝑆

𝑆1
+

1

2
∬ ℎ𝑐(𝜑 − 𝜑∞)2𝑑𝑆

𝑆2
 , (8) 

where hc is the coefficient of convection, ϕ∞ is the value 
of the field variable away from the boundary, V is the vol-
ume of the domain of interest (finite element), S is its 
surface, S1 and S2 are portions of the boundary over 
which flux q*, and convective transfer are specified, re-
spectively. Using customary finite element notation, Eq. 
(2) can be written in matrix form as:
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𝜋ℎ =
1

2
{𝜙}𝑇 ∭ [[𝐵]𝑇[𝐷][𝐵]]𝑑𝑉{𝜑} − {𝜙}𝑇 ∭ [𝑁]𝑇

𝑉𝑉
𝒬𝑑𝑉 + ∭ 𝜌𝑐[𝑁]𝑇{𝜙}𝑇[𝑁]

𝜕{𝜙}

𝜕𝑡
𝑑𝑉 − {𝜙}𝑇 ∬ [𝑁]𝑇𝑞 ∗ 𝑑𝑆 +

𝑆1𝑉

1

2
∬ ℎ𝐶[({𝜙}𝑇[𝑁]𝑇[𝑁]{𝜙} − ({𝜙}𝑇[𝑁]𝑇 + [𝑁]{𝜙})𝜙∞ + 𝜙∞

2)]𝑑𝑆
𝑆2

 , (9) 

where {φ} is the vector representing the nodal values of the field variable, [N] is the shape function matrix,  [D] is the 
material property matrix and [B] is a matrix whose elements are derivatives of the shape functions. 

Table 3. The governing equations of the initiation stage of the model. 

Process Governing Equation Definitions Explanations 

Heat 

Transfer 

𝜙 = 𝑇 

𝑘𝛻2𝑇 + 𝒬𝑇 = 𝜌𝑐
𝜕𝑇

𝜕𝑡
+

ℎ𝑃

𝐴
(𝑇 − 𝑇∞) 

T : temperature 

k : Thermal conductivity 

QT : sink / source term 

ρ : density 

c : specific heat of concrete 

t : time 

h : coeff. of conductive heat transfer 

A(P) : area(perimeter) 

1) Includes convective and radiative boundary 

conditions 

2) Assumed to be unaffected by the moisture 

tranfer 

Moisture 

Transfer 

𝜙 = ℎ 

𝐷ℎ𝛻
2ℎ + 𝒬ℎ =

𝜕𝑤𝑒

𝜕ℎ
 
𝜕ℎ

𝜕𝑡
 

h : relative humidity 

Dh : moisture diffusion coefficient 

Qh : sink / source term 

we : evaporable water content  

t : time 

1) Dh is a function of temperature  

2) Production of water in the carbonation 

reaction provides the source term for the 

moisture transfer analysis 

3) Equilibrium between vapour and liquid phases 

is monitored by using equilibrium isotherms 

Chloride 

Transport 

𝜙 = 𝐶𝑓  

𝐷𝐶𝑙𝛻
2𝐶𝑓 + 𝒬𝐶𝑙 =

𝜕𝐶𝑓

𝜕𝑡
 

Cf : free [Cl-]  

DCl : Chloride diffusion coefficient 

QCl : sink / source term representing 

chloride binding or release 

t : time 

1) A number of Chloride binding isotherms are 

implemented in the model through the sink term 

2) Chloride release under low pH is implemented 

by using the source term 

CO2 

Transport 

𝜙 = 𝐶𝑐  

𝐷𝑐𝛻
2𝐶𝑐 + 𝒬𝑐 =

𝜕𝐶𝑐

𝜕𝑡
 

Cc : CO2 concentration   

Dc : CO2 diffusion coefficient 

Qc : sink / source term representing 

carbonation reactions 

t : time 

1) The source term represents the carbonation 

reactions  

2) The concentration changes of chemical 

compounds and the pH are monitored at each 

time step 

3) Changes in pore structure due to carbonation 

is considered 

O2 

Transport 

𝜙 = 𝐶𝑜 

𝐷𝑜𝛻
2𝐶𝑜 + 𝒬𝑜 =

𝜕𝐶𝑜

𝜕𝑡
 

Co : O2 concentration   

Do : O2 diffusion coefficient 

QO : sink / source term 

t : time 

1) Oxygen diffusion is considered to be a function 

of moisture content, temperature and porosity of 

concrete 

 

 

Fig. 13. Initiation stage of the model.  
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Using the principle of stationary potential, the follow-
ing equations of equilibrium are obtained:  

[𝑘]{𝜙} + [𝑚]{𝜙}̇ = {𝑓} , (10) 

where the superscript dot denotes differentiation with re-
spect to time. Eq. (10) can be written in expanded form as:  

[∭ [[𝐵]𝑇[𝐷][𝐵]]𝑑𝑉
𝑉

+ ∬ ℎ[𝑁]𝑇[𝑁]𝑑𝑆
𝑆2

] {𝜙} +

[∭ 𝑐𝜌[𝑁]𝑇[𝑁]𝑑𝑉
𝑉

] {𝜙}̇ = ∭ [𝑁]𝑇𝑄𝑑𝑉
𝑉

+

∬ [𝑁]𝑇𝑞∗𝑑𝑆
𝑆1

+ ∬ [𝑁]𝑇ℎ𝑐𝜑∞𝑑𝑆
𝑆2

 . (11) 

Using well known finite element techniques, the 
global balance equations are set-up by assembling the el-
ement balance equations, and they are solved using nu-
merical time integration schemes; the details of the solu-
tion procedure and more information on the initiation 
stage can be found in Martín-Pérez (1999) and Dhatt and 
Touzot (1984).  

3.2.3. Propagation stage 

The corrosion rate of steel is a function of the current 
density, which can be determined at any point on the 
steel if the electrochemical potential (abbreviated 
henceforth as “potential”) distribution around that point 
is known. Knowing the potential distribution, the cur-
rent density, i [A/cm2], at any point on the steel surface 
can be calculated using:  

𝑖 = −
1

𝑟
 
𝜕𝜙

𝜕𝑛
 . (12) 

ϕ [volts] is the  potential, r [Ω-cm (ohm-cm)] is the re-
sistivity of the pore solution and n is the direction nor-
mal to the bar surface.  

The rate of rust production at the anodic regions, Jrust 
[kg/m2∙s], is related to the current density by Faraday’s 
law. Consequently, the rate of ferrous oxide, Fe(OH)2, 
production, JFa, at the anodic regions can be written as:  

𝐽𝐹𝑎 =
𝑖𝑎

𝑧𝐹
= 4.656 × 10−7𝑖𝑎  , (13) 

where ia is the anodic current density, F is the Faraday’s 
constant (9.65x104 C/mol), and z is the number of elec-
trons exchanged in the reaction (z=2 for steel corrosion). 
Fe(OH)2, can be further oxidized, and this will result in 
the production of Fe(OH)3. Since one mole of Fe(OH)2, 
which is 89.845 g, produces one mole of Fe(OH)3 
(106.845 g), the rate of rust production, Jrust, at the an-
odic regions can be calculated as:  

𝐽𝑟𝑢𝑠𝑡 =
106.845

89.845
𝐽𝐹𝑎 = 5.556 × 10−7𝑖𝑎 . (14) 

The main difficulty in this process is the calculation of 
current densities on the steel surface. According to Eq. 
(12), the calculation of current densities requires 
knowledge of the electrochemical potential distribution 
in the vicinity of the reinforcement. 

Based on the law of electrical charge conservation and 
isotropic conductivity, the potential distribution can be 
represented by the Laplace’s equation (Munn, 1982):  

𝛻2𝜙 = 0 . (15) 

To determine the potential distribution on the surface 
of the steel, one must solve Eq. (15) subject to prescribed 
boundary conditions. The boundary conditions com-
prise the relationship between potential and current 
density for the anodic and cathodic regions as well as 
prescribed current densities. For the anodic and ca-
thodic regions of the steel surface, the boundary condi-
tion are defined as ϕ= ϕa and ϕ= ϕc, where ϕa and ϕc are 
polarized anodic and cathodic potentials which can be 
expressed as (Stern and Geary, 1957):  

𝜙𝑎 = 𝜙𝐹𝑒 + 𝛽𝑎 𝑙𝑜𝑔
𝑖𝑎

𝑖𝑜𝑎
+ 𝑖𝑎𝑅𝑒 , (16) 

𝜙𝑐 = 𝜙𝑂2
+ 𝛽𝑐 𝑙𝑜𝑔

𝑖𝑐

𝑖𝑜𝑐
−

2.303𝑅𝑇

𝑧𝐹
𝑙𝑜𝑔

𝑖𝐿

𝑖𝐿−𝑖𝑐
+ 𝑖𝑐𝑅𝑒 , (17) 

where 𝜙𝐹𝑒
𝑜  and 𝜙𝑂2

𝑜  are the standard half-cell potentials 
of Fe and O2, respectively, βa is the Tafel slope of the an-
odic reaction, and ioa is the anodic exchange current den-
sity, βc is the Tafel slope of the cathodic reaction, ioc is the 
exchange current density of the cathodic reaction, iL is 
the limiting current density, and Re is the resistance 
(Ohms) of the pore solution around the cathodic sites. 
For more information about the polarization behavior of 
steel, reference can be made to Uhlig and Revie (1985) 
and Stern and Geary (1957). The prescribed current 
boundary conditions on the steel surface are non-linear 
because current densities ia and ic are functions of the 
polarized potential, which is the state variable of Eq. (9). 
In the following sections, we will present our solution 
strategy to solve this problem in order to determine the 
corrosion rate in a given structure.   

Eq. (15) is a special case of Eq. (7), hence the finite el-
ement formulation of Eq. (7) follows the same steps as 
those described for Eq. (7). However, due to the non-lin-
ear boundary conditions given by Eqs. (16) and (17), Eq. 
(15) must be solved by using an iterative technique.  

3.2.4. Numerical example 

To illustrate the accuracy of the proposed procedure, 
Li’s (2001) experimental work is simulated. The experi-
ment consists of a large scale beam, as illustrated in Fig. 
14, exposed to a chloride solution on its top surface. To 
increase the concrete permeability, the beam was pre-
cracked by subjecting it to the loading shown. The expo-
sure conditions in the test and other details of the exper-
imental program can be obtained from Li (2001).   

Using the input data given in Table 4, the corrosion rate 
in the top reinforcement is determined using the pro-
posed model.  The beam was discretized by 3091 four 
node elements. Due to space limitations, other details of 
the simulation are not shown, but Fig. 15(a) compares the 
predicted and measured half-cell potential values. While 
in the experiment, the actual amount of corrosion was not 
measured, in the simulation it was calculated as shown in 
Fig. 15(b). From Fig. 15(a) we can see that the simulation 
results are in good agreement with the experimental data.  
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Fig. 14. Geometry and crack distribution of the modelled beam. 

Table 4. Parameters used in the proposed model. 

Initiation Stage Parameters Value 

Specific heat 1000 J/kg°C 

Coefficient of conduction 2 W/m°C 

Density of concrete 2400 kg/m3 

Adsorption isotherm BET 

Chloride binding isotherm Langmuir 

Chloride release No release 

Chloride threshold value 0.06% of concrete wt.  

Propagation Stage Parameters Value 

Reference concrete resistivity  14000 Ω-cm at 25°C 

Initial oxygen concentration 0.005 kg/m3 solution 

External oxygen concentration 0.0085 kg/m3 solution 

Oxygen diffusion coefficient Calculated 

Fugacity of oxygen 0.2 

Cathodic exchange current density 6.25 x 10-10 A/cm2 

Anodic exchange current density 1.875 x 10-8 A/cm2 

Thickness of the stagnant layer around the steel surface 0.05 cm 

Transference number 1 

Cathodic limiting current density Calculated 

Tafel slope for the cathodic reaction Calculated 

Tafel slope for the anodic reaction Calculated 

 

           
 

Fig. 15. (a) Comparison of the finite element analysis results for half–cell potential with the experimental data for 
the beam at the crack locations, (b) Predicted amount of corrosion along the top reinforcement in Li’s test beam.   

0

100

200

300

400

500

600

700

1 2 3 4 5 6 7 8 9 10

Crack Locations

H
a
lf

-C
e
ll
 P

o
te

n
ti

a
l 
(m

V
)

Cycle 6 - Present Analysis Cycle 14 - Present Analysis

Cycle 24 - Present Analysis Cycle 6 - Experiment

Cycle 14 - Experiment Cycle 24 - Experiment

(a) (b) 



184 Razaqpur et al. / Challenge Journal of Structural Mechanics 1 (4) (2015) 173–184  

 
 

4. Conclusions 

Two finite element modelling methods and their ex-
perimental validation are presented. The first model 
deals with the nonlinear response and ultimate strength 
capacity of composite concrete-steel bridges while the 
second one deals with durability of reinforced concrete 
structures, with particular emphasis on the corrosion of 
reinforcement.  

The objective of the paper is to demonstrate that the 
utilization of suitable theoretical/empirical models, in 
conjunction with the powerful nonlinear finite element 
technique, can provide engineers with useful simulation 
tools, and the ability to predict the response of struc-
tures under variable loading, environmental and mate-
rial degradation conditions. The current results show 
that although the phenomenon of corrosion in concrete 
is complex, nevertheless, the electrochemical principles 
that govern its initiation and propagation can be cap-
tured by means of numerical simulations. 
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A B S T R A C T 

Need for elevated railways may arise when capacity of bus transit and light rail 
transit that share the right of way with roadways becomes insufficient and the cost 

of railways with dedicated right of ways such as underground railways becomes 

costly.   A similar need arose in the city of Makah and in 2010 an 18-km long; elevated 

railway transit service began servicing between the districts of Mina, Arafat and Muz-

dalifah. Today the two-track elevated system serves along the route constructed by 

posttensioned 25-m long U-sections spanning between piers. This paper presents the 
analytical studies and the finite element model of an alternative 30-m long preten-

sioned boxed-section evaluated during the tender stage. Following a comparison 

with the applied choice, benefits of the U-section with respect to the analyzed alter-

native will be discussed. 
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1. Introduction 

Makah is an important religious city with a population 
of 1.6 million residents. The roadway networks between 
the religious sites became insufficient under the in-
creased transportation demand especially during the 
holy month of Hajj and months of Umrah. Population of 
the city increase roughly 2 million during the month of 
Hajj.   The capacity of the roadway between the holy sites 
of Mina and Arafat was insufficient to supply the in-
creased demand during the holy months and therefore 
an increased mass transit capacity through a two-track 
elevated railway was proposed. 

As a part of the Makah Metro, the 18 km long section 
between Mina and Arafat serves along 9-stations. Fig. 1 
shows the plan of the route that opened to service in No-
vember 2010 (Wikipedia, 2015). 

The 12-wagon trains serving along the tracks can 
carry 250 passengers in each wagon and with 24-trips 
per hour; the capacity of the railway is 72,000 passen-
gers per hour (Railway Technology, 2015). 

The route supported by a viaduct today is composed 
mainly of 25-m long prestressed sections. However dur-
ing the tender stage of the project an alternative viaduct  

 
 
composed of 30 m long sections were evaluated to re-
duce the number of spans and the number of supporting 
piers. This study presents a 3D finite element model of 
the proposed section and structural analysis for the ef-
fects of the expected torsion along the section (Bezgin, 
2008). 

 

2. The Proposed Cross-Section of the Track 

Fig. 2 presents the section evaluated in the 2008 ten-
der study. The evaluated section is composed of a pre-
fabricated section with 0.95 m2 cross section area and a 
shaded cast in place slab section with 1 m2 cross section 
area that is composite with the prefabricated section 
(Bezgin, 2008). Figure also shows the vertical location of 
the center of gravity of the composite section. 

The moment of inertia of the prefabricated section 
and the composite section is 0.24 m4 and 0.58 m4 respec-
tively. Mass of the 30 m long prefabricated girder and the 
composite girder with the cast in place deck is 71 Ton 
and 146 Ton respectively.   
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Fig. 1. Elevated railway plan of the proposed route (Wikipedia, 2015). 

 

Fig. 2. Evaluated cross-section.

3. Loads Acting on the Girder 

Fig. 3 shows the general attributes of the designed 
track. The track that is supported by special L-shaped 
beams cast in place with the slab is flanked to the left by 
a cable duct that also serves as a platform. 

 

Fig. 3. General attributes of the track cross-section. 

The design speed of the train is 80 km/h and the de-
sign static axle load is 17 Ton. Dynamic load factor is con-
sidered as 1.3 and the quasi-static estimate of the dy-
namic wheel load is 11 Ton (Lichtberger, 2011). For a 
design radius of 500 m, the centripetal loads are esti-
mated as 5.3 Ton/axle. Additional dead load on the com-
posite girder due to rail-beams, cable ducts and railings 
is 0.6 Ton/m.   Eq. (1) represents the value of the equiv-
alent load couple acting at the ends of the cross-section, 
representing the moment generated as the lateral loads 
applied at the railheads induce a longitudinal bending 
action at the slab surface 25 cm below.  

𝐹 ∗ 4.9 𝑚 = 5400 𝑘𝑔 ∗ 0.25 𝑚 

→ 𝐹 = 276 𝑘𝑔 = 0.3 𝑇𝑜𝑛 , (1) 

Fig. 4 shows the vertical and lateral axle loads applied 
onto the girder. Longitudinal loads due to acceleration 
and deceleration is estimated at 15% of the vertical loads 
(Lichtberger, 2011).              
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Fig. 4. Application of vertical and lateral loads on the cross section (Bezgin, 2008).

4. Finite Element Analysis of the Prestressed Girder 
Under the Action of Estimated Loads 

A long-term prestressing loss under the humidity and 
temperature conditions of Makah was estimated at 35%. 
Fig. 5 shows the perspective view of the design pre-
stressed girder with estimated initial 140 kN initial pre-
stressing force. Using the linear and elastic analysis 

capability of the SAP2000 program, the prestressing forces 
were introduced at the respective nodes into the section 
along the transfer lengths of the prestressing wires as 
shown in Fig. 6. The model was generated by 8-node lin-
ear solid elements. The estimated prestressed force is in-
troduced into the section as shown in Fig. 6 along a trans-
fer length of 130 cm through count-74, 1.6 cm diameter 
wires with 1800 MPa tensile strength (PCI, 1992).

 

Fig. 5. Perspective view of the prestressed section model (Bezgin, 2008). 

 

Fig. 6. Prestressing forces introduced into the section gradually from its ends (Bezgin, 2008; PCI, 1992).

Under the initial prestressing force, a maximum 2.7 
cm camber with a deflection to span ratio L/1100 occurs 
in the girder as shown in Fig. 7. 

Following the placement of the prestressed girder be-
tween the piers, cast in place slab is placed, which is 
modeled as shown in Fig. 8. 

After the prestressing losses and the added weight of 
the cast in place slab, camber is reduced to 0.9 cm with a 
ratio to girder span of L/3300. 

Under the action of the axle loads shown in Fig. 9, the 
net deflection shown in Fig. 10 is 0.75 cm with a ratio to 
girder span of L/4000.          
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Fig. 7. Inverse camber due to prestressing (Bezgin, 2008). 

 

Fig. 8. Cast in place slab and the application of axle loads at the midspan (Bezgin, 2008). 

 

Fig. 9. Remaining inverse camber after the placement of cast in place slab and prestressing losses (Bezgin, 2008). 

 

Fig. 10. Net deflection after the addition of the dynamic live loads due to wheel loads (Bezgin, 2008).

Fig. 11 shows the model under the application of the 
lateral loads that occur at the curvatures along the route 
in addition to the vertical loads shown in Fig. 8. 

The induced torsion distorts the section as shown in 
Figs. 12-14 shows the distribution of torsional tensile 
stresses, maximum values of which can be as high as 5 
MPa that can crack the C40 grade concrete section. The 
vertical displacement of the left and right sides of the 
section at mid-span are 1.3 cm and 0.5 cm respectively. 
However, since the section is likely to have cracked at 
these levels of stresses, the displacements and the accom-
panying torsional rotations are expected to be higher. 

Diaphragms placed perpendicularly to the longitudi-
nal axis of the girder can be used to limit the develop-
ment of torsional distortions and thus the development 
of torsional stresses along the girder. With 30 cm thick 
count-4 diaphragms placed at the girder supports, at L/3 
and 2L/3 of the span length (L) reduced the vertical 

displacement at the left and right sides of the mid-span 
cross section to 0.13 cm and 0.05 cm respectively. Fig. 15 
shows the perspective of the prestressed girder with the 
diaphragms. Fig. 16 shows that the torsional tensile 
stresses observed in Fig. 14 are drastically reduced due 
to the presence of the diaphragms resisting distortion 
due to torsion. 

5. Conclusion 

Following the tender stage, the owner of the project 
elected to apply the 25 m long posttensioned girder so-
lution, the cross-section for which is shown in Fig. 17. 
The section that is fully prefabricated has a cross section 
area of 2.2 m2 and a reduced moment inertia that is 
roughly 70% of the proposed section. Fig. 18 shows the 
double track cross section and Fig. 19 shows a perspec-
tive where the two tracks diverge.          



 Bezgin / Challenge Journal of Structural Mechanics 1 (4) (2015) 185–191 189 

 
  

 

Fig. 11. Application of the lateral and torsional loads in addition to the vertical loads (Bezgin, 2008). 

 

Fig. 12 . Perspective view of torsional distortion along the girder (Bezgin, 2008). 

 

Fig. 13. Tensile stresses due to torsion at the ends of the girder (Bezgin, 2008). 

 

Fig. 14. Tensile stresses due to torsion along the bottom of the girder (Bezgin, 2008). 

 

Fig. 15. Use of diaphragms at the supports, at L/3 and 2L/3 distances along the span (L). 
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Fig. 16. Reduced torsional stresses with the use of diaphragms (Bezgin, 2008). 

 

Fig. 17. Preferred section and its center of gravity (Bezgin, 2008). 

 

Fig. 18. Cross-section of the two-track railway with the preferred cross-section (PCI, 1992).

Although the elected cross section is heavier and has 
a lower bending stiffness with a need for increased num-
ber of spans along the route it has some significant ben-
efits that the evaluated section does not have. Firstly, the 
elected solution encompasses the track structure 
thereby suppressing the emanation of noise due to 
wheel and track interaction.  

Secondly, the elected section lowers the elevation of 
the tracks thereby reducing the height of the elevated 
stations from the ground level. Thirdly, the section is 
fully prefabricated including the rail beams, thereby 
eliminating the site work required for the cast in place 
operations, which would be particularly difficult under 
the high temperatures of the project site. 
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Fig. 19.  A perspective view of the route (PCI, 1992). 

Lastly, the problem of torsion is resolved within the 
geometry of the section.  According to Fig. 17, the center 
of gravity of the section is 35 cm above the top face of the 
bottom part of the girder. The rail beams are also fabri-
cated with the section such that the top elevation of the 
rails is also 35 cm above the top face of the bottom part 
of the girder.  Therefore, the lateral forces applied at the 
railheads pass directly through the center of gravity of 
the section thus preventing torsion. 

In Fig. 3 of the evaluated section, the lateral forces are 
transferred to the top of the slab via the rail beams at a 
location that is 50 cm above the center of gravity of the 
section. The generated torsion is resisted through the di-
aphragms. However, rather than generating and resist-
ing torsion, it is better to use a design that prevents tor-
sion in the first place. 
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A B S T R A C T 

In this study, ballastless superstructure with a steel base-plate of light metro track, 
which lies between Aksaray and the Airport in Istanbul, was analyzed with a numeric 

method using ANSYS 9.0 finite element software. Since the railroad superstructure 

has a symmetric structure with respect to the track axis, a rail system that consists of 

a single rail and a half sleeper was modeled to simplify the computations in this anal-

ysis. In the discrete supported track model, the rail was modeled as an Euler-Ber-
noulli beam and steel base-plate, and it was assumed to be a rigid mass. Dynamic 

computation results and graphs were determined by performing harmonic analysis 

with the aid of ANSYS software. A field vibration survey was conducted to determine 

the natural frequencies of the railroad and the dynamic receptance behavior, and to 

validate the finite element model according to the measurement results. The fre-

quency receptance behavior of the rail and the support was measured by applying a 

hammer impact load on the rail head in the field, and the finite element model of the 

ballastless track with steel base-plate was verified. 
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1. Introduction 

When all systems that contain potential and kinetic 
energy are disturbed with dynamic loads, they start to 
vibrate. Dynamic loads and vibration occur due to irreg-
ularity and roughness during the contact between the 
rail and the wheel on a track superstructure, and the vi-
brations are conveyed both to the vehicle and the super-
structure in all three axial directions. When resonance 
occurs, undesirable degradations and deformations af-
fect vehicle stability, passenger comfort, and road and 
vehicle components; thus, the excitation frequency, or 
the natural frequency, of the system should be altered to 
prevent resonance. Since changing the natural frequency 
of the system as an afterthought is technically and eco-
nomically difficult, it is appropriate to do it during the 
design stage. Therefore, numerical analyses must be per-
formed that use finite element models and determine the 
dynamic effects during the resonance. In addition, field 
vibration surveys should be conducted, and the natural 

frequencies of the track should be measured to support 
and validate the dynamic analysis. 

There are various excitation sources in the vehicles 
that cause oscillations, vibrations and noise on the rail-
road and in the environment. These include geometric 
defects, irregularities on the surface of rails and the 
wheel, fishplate rail joints, switch and crossing, and 
changing track rigidness. If the defect fits the sine curve, 
the excitation frequency of the defect, depending on the 
wave length () and vehicle velocity (V), can be calcu-
lated using Eq. (1).   

𝑓 = 𝑉/𝜆 , (1) 

As seen in the equation above, frequency decreases as 
the wave length increases; geometric track defects with 
large wave lengths cause low frequency vibrations, and 
rail corrugations with short wave length cause high fre-
quency vibrations. The relationship between railroad 
vehicles and the track is a very complicated system that 
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includes many degrees of freedom. Lots of modeling, 
field surveying and laboratory work has examined dy-
namic vehicle-track interaction. Since, the vehicle-track 
system is an ambiguous one that displays variations; 
these studies were simplified by making basic assump-
tions. Thus, while the rail-wheel contact surface may 
change due to rail or wheel profile defects, and granular 
materials, such as ballast and soil, display plastic behav-
ior, most of the research on railroad dynamics assumes 
that materials show linear elastic behavior, and material 
properties are obtained with field and laboratory tests. 

The models should be as simple as possible and relia-
ble enough to serve their purpose. Linear models, which 
produce quick solutions in frequency domain, are usu-
ally used for simplicity. The reliability of the model is de-
pendent on disregarded, but important, effects: false 
loading or defect assumptions, or wrong system param-
eters. Methods should be applied to avoid these errors, 
and the model should be validated with experimental 
studies. In short, there is no model solely sufficient for a 
system, and as a result, various models are used for var-
ious purposes.  

The first step in modeling complex dynamic systems 
is to establish discrete models for components such as 
the wheel, elastic layer or sleeper. These models are 
combined to define sub-systems, and then the entire ve-
hicle-track system is modeled by combining the sub-sys-
tems. When modeling the railroad superstructure, gen-
erally the frequency interval 20-1500 Hz is used for vi-
bration analyses. The primary cause of problems per-
taining to track components and the rolling surfaces of 
wheel and rails is the vertical forces. Vertical forces are 
loads with high frequency, and they appear due to irreg-
ularities with short wave lengths; they become critical at 
frequencies below 1500 Hz.    

The vehicle excitation load is usually modeled in four 
different ways (stationary load model, moving load 
model, moving irregularity model, moving mass model) 
(Diana et al., 1994). The most appropriate model for 
comparing the computed and measured values of excita-
tion forces on the tracks, which are stimulated with a pe-
riodic (e.g., vibrator) or short-termed (impact hammer) 
force applied on a fixed point, is the stationary load 
model. While the railroad superstructure is usually mod-
eled as a two-dimensional infinite beam on an elastic 
foundation that consists of separate rails, the wheel load 
is modeled as a force that moves discretely. This model 
is linear elastic, and the effect of neighboring wheels is 
computed with the superposition method. Supporting 
the rails is basically done with two approaches, which re-
quire either discrete or continuous support.  

A track model with continuous support was first used 
by Timoshenko in 1926, followed by studies by Heteny 
(1946), Sato (1977), Grassie (1980), and Tassily (1988). 
On the other hand, discrete support track model was 
used by Inglis (1938), Grassie et al. (1982), Nielsen 
(1990), Ripke (1991), Knothe and Grassie (1993). The 
most commonly used method is to position the rails on 
parallel spring and damping elements. This spring-
damping element models the elastic rail layer, as the 
supports sit on the elastic foundation, which is another 
spring-damping element system.   

In this study, the dynamic computations of the ballast-
less superstructure of the Istanbul Aksaray-Airport light 
track were carried out with a numerical method and the 
use of ANSYS 9.0 finite element software, and graphical 
results were obtained. In modeling with finite elements 
methods, the wheel was applied both above and between 
two supports. A field vibration survey was conducted to 
determine the natural frequencies of the railroad and the 
dynamic receptance behavior and to verify the finite el-
ement model according to the measurement results. This 
study is different and unique compared to previous stud-
ies in terms of its approach and results. In this study, 
comparisons are made for a railroad using a finite ele-
ments method and field surveying results, along with a 
parametric study. The effect of different track parame-
ters on dynamic behavior was analyzed as well. It is also 
important to investigate the effect of different track pa-
rameters on vibrations to achieve the most appropriate 
design in the vehicle-track-environment system in terms 
of vibration, particularly during the design stage (Dahl-
berg, 2002; Diana et al., 1994; Grassie, 1993, 1996; Popp 
and Schiehlen, 2003). 

 

2. Dynamic Vibration Analyses with Using a 
Numerical Method 

In this section, numerical dynamic vibration analysis 
is applied to selected track models; a ballastless (with 
concrete paving) superstructure with a steel base plate, 
which is used in rail systems in Istanbul downtown, was 
selected for the track model. Hence, the track model with 
discrete support was analyzed using ANSYS finite ele-
ment software. In the track model with discrete support, 
rails are modeled as Euler-Bernoulli beams and steel 
base-plates as rigid masses, as seen in Fig. 1. Harmonic 
analysis was conducted using ANSYS software, and the 
results and graphs of dynamic computations were ob-
tained. A harmonic load would cause harmonic re-
ceptance on the structural system. Harmonic receptance 
analysis enables the continuous dynamic behavior of the 
vehicle to be determined; as a result, the ability of the 
design to successfully withstand resonance, fatigue, and 
other harmless effects of constrained vibration is re-
vealed. Harmonic receptance analysis is a technique that 
is used to determine steady-state receptance against si-
nusoidal (harmonically) changing loads of a linear struc-
ture. The purpose of this analysis is to estimate the re-
ceptance of the structure at various frequencies and plot 
it. Transient vibrations, which emerge at the start of 
stimulation, are not included in the harmonic receptance 
analysis, (Sato et al., 1998; Knothe and Grassie, 1993; 
Grassie and Kalousek, 1993). 

The railroad superstructure is modeled with the ele-
ments contained in the elements library of ANSYS 9.0, 
which is finite elements software. Since railroad struc-
ture has a symmetrical structure compared to the track 
axis, a track system consisting of a single rail and half 
sleeper was modeled for ease during calculations. In the 
finite element track model, which is displayed in Fig. 1, 
rails are established as two-dimensional beam elements 
with finite length, and sleeper masses are connected to 
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the nodes of the beam element. Rails were modeled with 
BEAM3 elastic beam elements with two degrees of free-
dom (vertical displacement and rotation), sleepers were 
modeled with equivalent singular mass elements and 
elastic layers, and the ballast layer was modeled with 
COMBIN14 spring-damping elements. A total of 1863 el-
ements were used for 30 sleeper intervals, and 152 
nodes were formed in the model. Since there are two de-
grees of freedom for each node, this corresponds to 304 
degrees of freedom, and the parameters of the model are 
presented in Table 1 (Arlı, 2009). 

 

Fig. 1. Finite elements track model. 

Table 1. Parameters of the track model used in the study. 

Moment of inertia of the rail I=1819e-8 (m4) 

Cross section of the rail A=6297e-6 (m2) 

Shear factor of the rail K=0.35 

Modulus of Elasticity E=2.1e11 (N/m2) 

Density =7850  (kg/m3) 

Poisson’s ratio =0.3 

Base-plate distance a=0.75 (m) 

Steel base-plate mass m=8 (kg) 

Stiffness coefficient of the elastic layer 
under rail 

kp=970e6 (N/m) 

Damping coefficient of the elastic layer 
under rail 

cp=32e3 (Ns/m) 

Stiffness coefficient of the elastic layer 
under base-plate 

ks=90 e6 (N/m) 

Damping coefficient of the elastic layer 
under base-plate 

cs=4.1e3 (Ns/m) 

 

In the numerical analysis, the effects of various track 
parameters on dynamic behavior are computed for the 
frequency interval 0-1500 Hz, and dynamic receptance 
graphs were obtained. While modeling with the finite el-
ements method, the wheel load was applied both above 
the support and between two supports. When the wheel 
was exactly on the sleeper, the dynamic receptances of 
the rail and sleeper were determined, and it was ob-
served that their receptances were different for this case. 
The dynamic receptance graph of the track was obtained 
for the unit wheel load. In the dynamic receptance graph 
of the harmonic analysis, peak values show a resonance 
event and accordingly show the natural frequencies of 
the track. Track and support natural frequencies were 
calculated out of these graphs (Table 2). 

Table 2. Natural frequencies of ballastless track model. 

Track parameter 
Track natural 

freq. 

Support natural 

freq. 

Ballastless track model 216Hz 756 Hz 

Base-plate mass  (10kg) 213 Hz 756 Hz 

Base-plate distance (0.60m) 246 Hz 1161 Hz 

Elastic layer type under 

baseplate (1403-N) 
282 Hz 762 Hz 

 

Since the harmonic analysis was carried out for every 
500 points within the 0-1500 Hz frequency interval, 
graphic results have a frequency resolution of 3 Hz. The 
number of points could be increased for more precise 
analysis, but the analysis duration would also increase in 
this case.  

According to the dynamic analysis, when the natural 
frequencies of the ballastless track are the same as the 
excitation load, the dynamic effects increase with reso-
nance. Natural frequencies for the ballastless track mod-
els were obtained from frequency-dynamic receptance 
graphs. The first peak value on the dynamic receptance 
graph of a rail and support at the support point shows 
the track natural frequency, while the secondary peak 
values show the rail natural frequency. In the dynamic 
receptance graph of the rail between two supports, two 
peak values are observed, and the first value specifies 
the track natural frequency while the second one speci-
fies the support natural frequency. Some vital results at-
tained according to Table 1 are: 
 The track natural frequency varies depending on base-
plate distance and the elastic layer under the base-plate, 
 The support natural frequency varies depending on 
the support interval and elastic layer type under the rail 
base plate and the base-plate mass has no effect. 

In the dynamic receptance graphs of the ballastless 
track model, it is observed that the ballastless track 
model has a peak value, and the receptance curves of the 
rail and base-plate are the same. The dynamic re-
ceptance behavior of the rail and base-plate is not the 
same for the elastic layer under the base-plate, which is 
more rigid but has a higher damping coefficient (1403-N 
type, stiffness coefficient k=171x106 N/m and damping 
coefficient c=17,1x103 Ns/m), and the receptance of the 
base-plate is less than the rail. In other words, the rail 
and base-plate do not move together under the wheel 
load, and the rail has greater vertical displacement than 
the base-plate. Because the damping coefficient of the 
elastic layer is greater, the dynamic receptance of rail 
and base-plate is less than the ballastless track model 
(Figs. 2-9). 

In Figs. 2 and 3, dynamic receptance graphs of the bal-
lastless track model at the support point and between 
two supports are displayed, respectively. These graphs 
show that the dynamic receptance of the rail between 
two supports is greater than the dynamic receptance of 
the rail in the ballastless track model; in other words, 
more rail displacement occurs. The effect of each param-
eter (the base-plate mass, base-plate distance and elastic 
layer type) on dynamic behavior was investigated. The 
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most significant parameter is the elastic layer under the 
base-plate, and dynamic receptance is substantially re-
duced as the damping coefficient of the elastic layer in-
creased. In addition, the dynamic receptance, or rail 

displacement, is also reduced when the support distance 
is changed from 0.75 m to 0.6 m. Increasing the base-
plate mass slightly (10 kg instead of 8 kg) does not im-
mediately affect the dynamic receptance, (Figs. 4-9).

 

Fig. 2. Dynamic receptance-frequency graph of the rail 
and the base-plate at the support point. 

 

Fig. 3. Dynamic receptance-frequency graph of the rail 
between two supports.  

 

Fig. 4. Dynamic receptance-frequency graph of the rail 
and the base-plate (m=10 kg) at the support point. 

 

 

Fig. 5. Dynamic receptance-frequency graph of the rail 
between two supports base-plate (m=10 kg). 

 

Fig. 6. Dynamic receptance-frequency graph of the rail 
and the base-plate at support point, 1403-N type. 

 

Fig. 7. Dynamic receptance-frequency graph of the rail 
between two supports elastic layer 1403-N type. 
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Fig. 8. Dynamic receptance-frequency graph of the rail 
and the base-plate at support point (a=0.60 m). 

 

Fig. 9. Dynamic receptance-frequency graph of the rail 
between two supports, base-plate distance (a=0.60 m). 

3. Vibration Measurements in the Track 

Vibration measurements were performed to deter-
mine the natural frequency and dynamic receptance be-
havior of the railroad and validate the finite element 
model based on the survey results. The frequency re-
ceptance behavior of the rail and the support (steel base-
plate) was measured by applying a hammer impact load 
on the rail head in the track. Since the dynamic proper-
ties of elastic layers in the ballastless track model are un-
known, several assumptions were made. 

The hammer impact test aims to vibrate the track 
structure or the specimen. The impact load applied to-
wards a specific direction and at a specific location over-
balances the structure briefly. The duration and size of 
the load defines the distribution of impact energy at all 
frequency intervals; the contact surface between the 
hammer and the structure has an effect on this distribu-
tion. The hammer impact triggers the data recording, 
which continues until the vibration stops and balance is 
achieved again; vibrations are recorded with one or 
more accelerometers. Normally, all the load and accel-
eration data are transformed into frequency impact 

functions, namely, receptance functions with FFT (Fast 
Fourier Transform) analysis. While finding the re-
ceptance function of the railroad, it is assumed that it is 
independent from the vehicle load. In other words, it is 
assumed that the stiffness and damping properties of the 
track are independent from the vehicle load.  

Coherence is used to estimate the repeatability and 
reliability of acceleration and load measurements. If this 
value is close to 1, strong coherence exists; if it is be-
tween 0 and 0.8, the coherence is not strong, and it is not 
appropriate to use the results. While resonance frequen-
cies produce correlation values very close to 1, correla-
tion values of anti-resonance frequencies are generally 
close to zero. The small hammer test generates insuffi-
cient correlation below 40 Hz, while the big hammer test 
generates insufficient correlation above 1400 Hz. For 
measurements, a Brüel&Kjaer PULSE multi-channel 
measuring system, Dytran-5803A sledge hammer and 
power sensor, and a Brüel&Kjaer Type 4396 accelerom-
eter were used. Vibration signals were recorded and an-
alyzed with the aid of a computer. 

The measurements were recorded in the vertical di-
rection with an accelerometer, which was magnetically 
attached under the rails and above the base-plate and 
sleeper, on the track specified at (km 10+190).  A coher-
ence graph was examined for each hammer hit (0-1600 
Hz freq.), and the vibration receptance behavior was rec-
orded when there was a proper coherence value. If the 
proper value was not attained, then impact trials were 
repeated. The measurements on 21.07.2007 were con-
ducted between 0100 and 0500, which are non-operating 
hours, to avoid excitation vibrations due to the train. The 
frequency response and coherence graphs of the rail and 
the support (steel base-plate) on tracks with and with-
out ballast were obtained. Usually, measurement results 
between 0 and 20 Hz are not accepted since they have 
low coherence values. Moreover, it is perceived that 
since coherence values for several frequency intervals 
are less than 0.8, they would not be accepted. The natural 
frequency of the track was obtained as 210 Hz from the 
graphs; the natural frequency of the support was not es-
timated. A single peak value is observed from the dy-
namic receptance graph based on measurement results, 
and this value indicates the track natural frequency. It is 
difficult to identify the natural frequency of the rail be-
cause there is no significant peak (Arlı 2009). 

 

4. Conclusions 

The ballastless superstructure with a steel base-plate 
of the light metro track, which lies between Aksaray and 
the Airport in Istanbul, was analyzed with a numeric 
method using ANSYS 9.0 finite element software in this 
study. Harmonic analysis was carried out with ANSYS 
software, and dynamic computation results and graphs 
were obtained, yielding the following findings: 
 In the numerical analysis, the effect of various track 
parameters on dynamic behavior was estimated for the 
0-1500 Hz frequency interval. The natural frequency of 
the ballastless track varies depending on base-plate dis-
tance and the type of elastic layer under the base-plate. 
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The support natural frequency changes depending on 
rail type, support distance, and type of elastic layer un-
der the rail/base-plate; base-plate mass has no effect. 
 When modeling with the finite elements method, the 
wheel load was applied both above the support and be-
tween two supports. The first peak value on the dynamic 
receptance graph of the rail and at the support point 
shows the track natural frequency, while the secondary 
peak values show the rail natural frequency. In the dy-
namic receptance graph of the rail between two sup-
ports, two peak values are observed, and the first value 
specifies the track natural frequency, while the second 
one specifies the support natural frequency. 
 A field vibration survey was conducted to determine 
the natural frequencies of the railroad and the dynamic 
receptance behavior, and to verify the finite element 
model according to the measurement results. The fre-
quency receptance behavior of the rail and the support 
(steel base-plate) was measured by applying a hammer 
impact load on the rail head in the track. A single peak 
value is observed on the dynamic receptance graph 
based on measurement results, and this value indicates 
the track natural frequency. But it is difficult to identify 
the natural frequency of the rail. 

The finite elements model of the ballastless track with 
a steel base-plate was validated. Survey results for the 
ballastless track were remarkably consistent with the fi-
nite elements model, and the natural frequency and dy-
namic receptance values for both of them were found to 
be very close to each other. This is because there are not 
any granular materials that have unknown dynamic 
properties, like the ballast and soil in this superstruc-
ture; only elastic layers under rails and steel base-plate 
are present. Based on the above findings, it is possible to 
establish dynamic properties fully consistent with meas-
urements, particularly for ballastless track models. Con-
sequently, there is a good chance of precisely determin-
ing the dynamic behavior of the track for vehicle and 
track parameters. 

This study is the first in Turkey that combines rail-
road dynamic analysis and modeling and surveying, and 
it can be considered as a significant development for ur-
ban railroad systems and high speed railroad projects, 

which have grown in the last several years. It is crucial 
to analyze the effect of various track parameters (rail 
type, elastic layer, support distance, etc.) on the dynamic 
behavior of the railroad, as the ballastless superstruc-
ture is preferred for urban rail systems (subway and 
tramway systems). It is possible to explicate with finite 
element models validated by field surveys. Deciding on 
the most fitting design in terms of vibration and deter-
mining the natural frequencies of the track during the 
planning stage is necessary to reduce the negative envi-
ronmental effects of urban rail systems, which are lo-
cated very close to areas sensitive to vibration and noise, 
such as historical structures, residences, hospitals, and 
schools. Furthermore, future studies should focus on de-
termining the excitation frequencies caused by trains 
and natural frequencies of nearby buildings. 
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A B S T R A C T 

This paper presents the seismic response analysis of offshore wind turbines sub-
jected to multi-support seismic excitation by using a three dimensional numerical 

finite element model considering viscous boundaries. The sea water-offshore wind 

turbine-soil interaction system is modeled by the Lagrangian (displacement-based) 

fluid and solid-quadrilateral-isoparametric finite elements. The research conducts a 

parametric study to estimate the effects of different foundation soil types on the seis-

mic behavior of the offshore wind turbine coupled interaction system. The results 
obtained for different cases are compared with each other. 
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1. Introduction 

In recent years, because of spending too much energy 
in the world, it needs additional energy. Therefore, the 
wind turbine industry has developed rapidly for sustain-
able energy production. In most regions of the world, 
wind turbines are built on the active earthquake zone. 
Therefore, in order to adequately design, operate, and 
maintain wind turbines, in particular, for sites with high 
peak ground acceleration, it seems necessary to take into 
account earthquakes.  

Seismic analysis of wind turbine subjected to earth-
quake ground motion has been studied and published by 
only a limited number of researchers. Bazeos et al. 
(2002) presented the load bearing capacity and the seis-
mic behavior of a prototype steel tower for a 450 kW 
wind turbine with a horizontal power transmission axle. 
The structure was analyzed for static and seismic loads 
representing the effects of gravity, the operational and 
survival aerodynamic conditions, and possible site-de-
pendent seismic motions by using the finite element 
method.  

Witcher (2005) used an alternative approach to un-
dertake the calculation of seismic response of wind tur-
bine during earthquake ground motion by using the com-
puter software. The software can be used to compute the 

combined wind and earthquake loading of a wind tur-
bine given a definition of the external conditions for an 
appropriate series of load cases. Maißer and Zhao (2006) 
investigated the dynamic responses of wind turbine tow-
ers to seismic excitations in time domain, considering 
soil structure interaction. The soil structure interaction 
was represented by a frequency-independent discrete 
parameter model approximately. The governing motion 
equations were derived by the application of Lagrange 
formalism including Lagrange multipliers. 

The current research investigates the effects of differ-
ent soil properties on the stochastic response of offshore 
wind turbine for random seismic excitation. All the nu-
merical analyses are performed using computer pro-
gram ANSYS (2003). 

 

2. Lagrange Approach for Fluid Systems 

The formulation of the fluid system is presented ac-
cording to the Lagrangian approach (Wilson and Khal-
vati, 1983). In this approach, fluid is assumed to be line-
arly elastic and irrotational. Also, the fluid is assumed to 
be non-flowing and inviscid (that is, viscosity causes no 
dissipative effects). For this fluid, the relation between 
pressure and volumetric strain is given by 
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where P, C11 and εv are the pressures which are equal to 
mean stresses, the bulk modulus and volumetric strains 
of fluid, respectively. In Eq. (1), Px, Py, Pz are the rotational 
stresses; C22, C33, C44 are the constraint parameters and 
wx, wy and wz are the rotations about the Cartesian axis x, 
y and z, respectively.  

In this study, the equations of motion of the fluid sys-
tem are obtained using energy principles. Using the fi-
nite element approximation, the total strain energy of 
the fluid system may be written as,  

𝜋 =
1

2
𝑢𝑓

𝑇𝐾𝑓𝑢𝑓 , (2) 

where Kf  and uf  are the stiffness matrix and the nodal 
displacement vector of fluid system, respectively. Kf is 
derived by summing stiffness matrices of the fluid ele-
ments as follows:  

𝐾𝑓 = ∑ 𝐾𝑓
𝑒    ,   𝐾𝑓

𝑒 = ∫ 𝐵𝑓
𝑒𝑇

𝑣
𝐶𝑓𝐵𝑓

𝑒𝑑𝑉𝑒 , (3) 

where Cf  is elasticity matrix consisting of diagonal terms 
in Eq. (1).  𝐵𝑓

𝑒 is strain-displacement matrix of the fluid 
element.  

An important behavior of fluid systems is the ability 
to displace without a change in volume. The increase in 
the potential energy of the system due to the free surface 
motion can be written as,   

𝜋𝑠 =
1

2
𝑢𝑠𝑓

𝑇 𝑆𝑓𝑢𝑠𝑓 , (4) 

where usf and Sf are vertical nodal displacement vector 
and stiffness matrix of the free surface of the fluid sys-
tem, respectively.   

𝑆𝑓 = ∑ 𝑆𝑓
𝑒   ,   𝑆𝑓

𝑒 = 𝜌𝑓𝑔 ∫ ℎ𝑠

𝑇

𝐴
ℎ𝑠 𝑑𝐴𝑒  , (5) 

where ℎ𝑠 is a vector consisting of interpolation functions 
of the free surface fluid element, 𝜌𝑓 and g are mass den-
sity of the fluid and acceleration due to gravity, respec-
tively.  

Finally, the kinetic energy of the fluid system must be 
considered to complete the energy contributions. This 
energy is given by,   

𝑇 =
1

2
𝑢̇𝑓

𝑇𝑀𝑓𝑢̇𝑓 , (6) 

where 𝑀𝑓 and 𝑢̇𝑓 are the mass matrix and the nodal ve-
locity vector of the fluid system, respectively (Clough 
and Penzien, 1993). 𝑀𝑓 is also obtained by summing the 
mass matrices of the fluid elements in the following:   

𝑀𝑓 = ∑ 𝑀𝑓
𝑒   ,   𝑀𝑓

𝑒 = 𝜌𝑓 ∫ 𝐻
𝑇

𝑉
𝐻̅𝑑𝑉𝑒  , (7) 

where 𝐻 is a matrix consisting of interpolation functions 
of the fluid element. 

If Eqs. (2), (4) and (6) are substituted into Lagrange’s 
equations, the equation of motion of the fluid system can 
be obtained as follows,   

𝑀𝑓𝑢̈𝑓 + 𝐾𝑓
∗𝑢𝑓 = 𝑅𝑓 , (8) 

where 𝐾𝑓
∗ , 𝑢̈𝑓, and 𝑅𝑓 are system stiffness matrix includ-

ing the free surface stiffness, nodal acceleration vector 
and nodal force vector, respectively (Bathe, 1996). 

 

3. Stochastic Formulation 

Since the formulation of the stochastic dynamic anal-
ysis of structural systems has been well known for many 
years, only the final equations will be given in this study. 
Detailed formulations for stochastic dynamic analysis 
are given in references (Lin, 1967; Yang, 1986; Manolis 
and Koliopoulas, 2001). One of the most important fac-
tors in stochastic analysis is the power spectral density 
function. If the power spectral density function of input 
process is known, the power spectral density function of 
output process can be determined easily. Filtered white 
noise model is generally used as power spectral density 
function for the modeling of ground motion simulation. 
Cross power spectral density function can be deter-
mined by using the equation of motion of the system un-
der the ground motion as;   

𝑆𝑖𝑗(𝜔) = 𝑆𝑢̈𝑔
(𝜔) ∑ ∑ 𝜓𝑖𝑟𝜓𝑗𝑠

𝑁
𝑠=1 𝐻𝑖𝑟(𝜔)𝐻𝑗𝑠

∗ (𝜔)𝑁
𝑟=1  , (9) 

where Süg(ω) represents the power spectral density 
function of ground motion, ω represents the frequency, 
H(ω) represents the frequency response function, N is 
the number of modes which are considered to contribute 
to the response, 𝜓𝑖𝑟 is the contribution of the rth mode 
to uj(t) displacement and * denotes the complex conju-
gate. For i=j, Eq. (9) gives the power spectral density 
function of the ith displacement. 

 

4. Ground Motion Model 

Ground motions are known to highly nonstationary in 
nature (both in amplitude and frequency content) and 
this has a huge impact on the stochastic response. Since 
the primary objective of this study is to perform a para-
metrical study with the ice cover effects on the response 
of offshore wind turbine subjected to stochastic seismic 
excitation, the non-stationary ground motion is not con-
sidered.  

The power spectral density function of ground accel-
eration for stationary ground motion is assumed to be of 
the form of filtered white noise ground motion model 
originally proposed by Kanai (1957)–Tajimi (1960) and 
modified by Clough and Penzien (1993),   

𝑆𝑢̈𝑔
(𝜔) = 𝑆0 (

𝜔𝑔
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2𝜔2
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where, ωg and ξg are the resonant frequency and 
damping ratio of the first filter; ωf  and ξf  are those of the 
second filter; and S0 is the spectrum of the white-noise 
bedrock acceleration. 

Power spectral density function of the Kocaeli 
earthquake for firm soil type is shown in Fig. 1. The 
calculated intensity parameter value for firm soil type is, 
S0(firm)=0.00103 m2/s3. Filter parameter values ( ωg, ξg, 
ωf, ξf ) proposed by Der Kiureghian and Nevenhofer 
(1991) are utilized as ωg=15.0 rad/s, ξg=0.6, ωf=1.5 
rad/s, and ξf=0.6. 

  

Fig. 1. Power spectral density function for the Kocaeli 
earthquake. 

5. Application 

The offshore wind turbine, water in the sea and soil 
was assumed to behave linear elastic, isotropic and ho-
mogeneous. Therefore, a non-linear phenomenon such 
as water cavitation was not included in the study. To 
evaluate the stochastic response of the coupled system, 
the material properties of the wind turbine body, sea wa-
ter and soil media used in the analyses are given in Table 
1. In addition, the average thicknesses of the wind tur-
bine are shown in Fig. 2. The mass of the nacelle was 
taken into account as 130,000 kg. 

Table 1. Material properties of considered coupled system. 

Material 
Elasticity  
Modulus 
(kN/m2) 

Poisson’s 
Ratio 

Mass per  
unit Vol. 
(kg/m3) 

Turbine 2.06x107 0.30 7800 

Soil type (S1)  2.00x106 0.30 2000 

Soil type (S2)  3.00x105 0.35 1900 

Soil type (S3)  5.00x104 0.40 1800 

Sea water 2.07x106 - 1000 

 

In this research, the stochastic responses of the fluid-
structure-soil interaction system of the offshore wind 
turbine are estimated by using a three dimensional finite 
element model based on Lagrangian approach (Fig. 3). In 
the Lagrangian approach, displacements are selected as 
the variables in both fluid and structure domains 
(Calayır et al., 1996; Olson et al., 1983). The formulation 
of the fluid system is presented according to the Lagran-
gian approach (Wilson and Khalvati, 1983). In this ap-
proach, fluid is assumed to be linearly elastic, inviscid 

and irrotational. The soil media is represented by solid 
elements; the wind tower and sea water are represented 
by shell and fluid elements in the finite element model, 
respectively. While SHELL63 element is used to model 
the wind turbine, soil media is modeled using SOLID45 
elements; FLUID80 element is used to model the sea wa-
ter media. At the sea water-wind turbine and sea water-
soil, the length of the coupling element is chosen as 0.001 
m. The main objective of the couplings is to hold equal 
the displacements between two reciprocal nodes. In this 
study, viscous boundary method developed by Lysmer 
and Kuhlemeyer (1969) is considered in three dimen-
sions. These viscous boundaries can be used with the fi-
nite element mesh as shown in Fig. 3. 

  

Fig. 2. Main dimensions of the offshore wind turbine. 

  

Fig. 3. Finite element model of the sea water-wind tur-
bine-soil interaction system for different soil conditions. 
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6. Results 

The effects of the foundation soil properties on the 
stochastic response of the offshore wind turbine are il-
lustrated in Figs. 4-5 by using three soil types (Table 1). 
In this section, all the support site conditions have firm 
soil (FF). For this purpose, the displacement power spec-
tral density (PSD) values for these soil types, at point A, 
depending on the frequency ranging from 0.0 to 1.4 Hz, 
is shown in Fig. 4. It is concluded from the figure that the 
displacement values increase as the soil gets softer. The 
same comments can be made for the one standard devi-
ation (1σ) of the Von Misses stress responses (N/m2) due 
to the different soil types on the offshore wind turbine as 
illustrated in Fig. 5. The maximum stresses for S1 and S3 
soil types occur in the same regions on the offshore wind 
turbine. Whereas the maximum stress values due to S2 
soil type occur in the different region on the offshore 
wind turbine. 

  

Fig. 4. The displacement power spectral density values 
at point A for the different soil types. 

  

Fig. 5. 1σ Von Misses stress contours for (a) S1, (b) S2 
and S3 soil types. 

7. Conclusions 

This study investigates the stochastic response of an off-
shore wind turbine under the random seismic excitation. 
The parametric analyses were carried out by considering 
the structure-sea water-soil interaction. The results for 
the coupled interaction finite element system have been 
modeled by using the computer software called ANSYS.  

The stochastic response of the offshore wind turbine 
including the structure-sea water-soil interaction during 
random seismic excitation is considerably affected by 
the different foundation soil properties. The results 
show that the values of the stochastic response of the 
coupled system increases as soil gets softer. 
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A B S T R A C T 

Elastomeric bearings can support steel and concrete bridge girders. Layered bear-
ings with steel plates are typical and they provide the lateral flexibility to accommo-

date longitudinal girder movement and the necessary vertical stiffness to vertical 

support reactions.  Elastomeric bearings also replace existing roadway bridge girder 

supports. Mechanical behaviour of elastomeric bearings strongly relates to the in-

compressible character of the elastomer material. Incompressible character of elas-

tomers, allows elastomer-bearing design through confining unbound surfaces and 
limiting surface deformations.  A particular character of elastomeric bearings known 

as the shape factor (S) represents the difference in stiffness of two elastomeric bear-

ings that have same cross sectional areas but different cross sectional shapes. 

Through an advanced finite element-modeling program, this study evaluates and 

compares the behaviours of rectangular and circular steel layered elastomeric bridge 

bearings under the application of vertical and lateral loads. 
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1. Introduction 

Elastomeric bridge bearings are in use since 1960’s. 
Square, rectangular or circular bearings come in differ-
ent cross-sectional areas, thicknesses and with different 
number of layers of steel or composite plates.   

They accommodate the required longitudinal motion 
for bridge girders due to temperature dependent elon-
gations and contractions. They also accommodate the 
necessary rotation at the supports due to bending and 
maintain the required bearing stress on the element sup-
porting the girder.  Therefore, correct positioning of the 
bearings with respect to the longitudinal axis of the 
girder is an important application issue. Curved girders 
and skewed bridge girders necessitate extra care in rec-
tangular bearing positioning on the supporting pier for 
correctly aligning the principal bending axis of the bear-
ings with the expected rotation and the expected longi-
tudinal movement at the girder support. Unlike circular 
bearings that have the same rotational inertia around 
any central axis, the rotational inertia of square and 

rectangular bearing varies, being at their limits around 
their principal axis. 

 A conducted survey in 2001 among the trans-
portation departments of the states in the USA, collected 
information about the use of elastomeric bridge bearing 
types and the experienced difficulties in the field with re-
spect to the use of square and rectangular bearings. One 
of the stated problems was lateral movement of square 
and rectangular bearings in unexpected directions other 
than their principal axis. Another stated problem was de-
layering of the composite square and rectangular bear-
ing. The final stated problem was crushing of elastomeric 
material due to bearing rotation around axis other than 
their principal axis. Table 1 shows responses from states 
that use circular elastomeric bearings. Fig. 1 shows an 
application case of circular elastomeric bearing. 

Due to alignment difficulties of square and rectangular 
bearings on the piers in the field, use of circular bearings is 
increasing. This study analytically evaluates and compares 
the behaviours of bearings under vertical and lateral loads 
in terms of displacement and stress distributions.   

tel:+90-212-4737070
mailto:ozgur.bezgin@istanbul.edu.tr
http://dx.doi.org/10.20528/cjsmec.2015.09.032
http://cjsmec.challengejournal.com/
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Table 1. States declaring circular elastomeric bridge bearing use in 2001 (Najm et al., 2002). 

State 
Diameter 

(cm) 

Thickness 

(cm) 

Type of  

elastomer 
Type of bridge 

Connecticut 60 5 – 7.5 Neoprene 
Medium and high skew;  

30 – 45 m span 

Idaho 30 – 60 Not stated Neoprene High skew 

Maine 30 – 60 2.5 – 10 Neoprene 
High skew or curved,  

spans smaller than 30 m 

Massachusetts 30 – 60 7.5 – 7.5 Polychloroprene 
High skew or curved,  

spans smaller than 30 m 

New Hampshire 30 – 90 5 – 10 Natural rubber 
High skew or curved,  

spans smaller than 30 m 

New York 30 – 60 Not stated 
Neoprene and 

natural rubber 
High skew or curved 

Texas 30 – 60 2.5 – 7.5 
Neoprene and 

polychloroprene 

High skew or curved,  

bridges shorter than 45 m 

 

 

Fig. 1. Use of circular elastomeric bridge bearing (Najm et al., 2002).

2. Elastomers 

Elastomers are polymeric materials composed of car-
bon and hydrogen atoms and filler elements. Through a 
process known as vulcanization, bonds form between 
the polymeric chains through sulfur atoms thereby pre-
venting relative slip between the polymeric chains and 
providing elasticity to the elastomeric element under 
loads. 

Deformation characteristics of the polymeric material 
are dependent on ambient temperature. Ductility and the 
elasticity of the material diminish with reduced tempera-
tures and the material becomes brittle. In order to cate-
gorize the polymeric material as an elastomer, the poly-
meric chains must preserve their ductility and elasticity. 

Elastomers differ from other solid elements with their 
incompressible quality. In other words, the incompress-
ible material cannot collapse onto itself under compres-
sion and always maintains its volumetric stability and 
density. Under the application of load, the elastomer 
body deforms through its unbound surfaces. Through its 

incompressible character, it is possible to change the 
stiffness of an elastomeric element by bounding and lim-
iting its deformation through its free surfaces.  On the 
other hand, elastomeric elements with the same cross 
sectional area but different cross sectional shapes have 
different unbound deformable surface areas. Because of 
this difference, a unique property known as the shape 
factor (S) develops, which affects the deformation value 
of the elastomeric bearing element under loads. 

 

3. Shape Factor 

Shape factor is the ratio of element cross section to 
the freely deformable surface area of the element. Fig. 2 
shows a square elastomer with thickness (t) and side 
distance (a) under the application of a force (P). The 
cross section area effective in resisting this force is a2 
and the free surface area deforming because of this force 
is 4∙a∙t.The shape factor of this section is therefore S = 
a2/4at = a/4t. 
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Fig. 2. A square elastomer bearing under load P. 

Performing the same deduction for a circular elasto-
meric bearing with a diameter (D) and a thickness (t), 
one determines the shape factor as:  S = (∙D2/4) / (∙D∙t) 
= D/4t. 

Effect of the geometric shape on the shape factor be-
comes apparent when the perimeters of a square and cir-
cular elastomeric bearing with the same cross section 
area (A) are compared. From Eqs. (1) and (2), the perim-
eter of a circle is 88.6% of the perimeter of a square with 
the same area. This finding agrees with the geometric 
definition of a circle, which states that a circle is the 
curve of a given length that encloses the greatest area 
(Falconer, 2013). 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 = 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑠𝑞𝑢𝑎𝑟𝑒 → 

𝑎2 = 𝜋𝐷2

4⁄   →   𝑎 = 𝐷√𝜋
2

⁄  , (1) 

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒
𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑎 𝑠𝑞𝑢𝑎𝑟𝑒⁄ = 

𝜋𝐷
4𝑎⁄ = 𝜋𝐷

2𝐷√𝜋
⁄ = 0.886 . (2) 

This geometric difference provides the shape factor of 
an elastomeric element. Eq. (3) qualitatively states the 
shape factor. 

𝑆ℎ𝑎𝑝𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 = 𝐿𝑜𝑎𝑑𝑒𝑑 𝑎𝑟𝑒𝑎
𝐷𝑒𝑓𝑜𝑟𝑚𝑎𝑏𝑙𝑒 𝑎𝑟𝑒𝑎⁄ = 

𝐿𝑜𝑎𝑑𝑒𝑑 𝑎𝑟𝑒𝑎
𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 × 𝑇ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠⁄  . (3) 

The thickness (t) term represents the smallest 
thickness representing the free deformable surface of 
the elastomeric bearing element. The thickness values of 
the unlayered and layered elastomeric bearing 
presented in Fig. 3 are different. Because of this 
difference, the  shape factors of the two bearings are also 
different. Primary benefit of layering is to confine the 
freely deformable surfaces and limit the deformations to 
increase the stiffness. Theoretically, the stiffness of a 
fully confined elastomeric element would be infinite 
since the material is incompressible.

 

Fig. 3. Unlayered and layered elastomeric bearings with plates (Bezgin, 2002).

Eqs. (4), (5) and (6) develop and compare the shape 
factors of a square and circular bearing with the same 
cross sectional area.  The perimeter of a circle relates to 
that of a square with the finding in Eq. (2).  

𝑆𝑠𝑞𝑢𝑎𝑟𝑒 =
𝐴𝑟𝑒𝑎 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒 × 𝑇ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠
 , (4) 

𝑆𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 =
𝐴𝑟𝑒𝑎 𝑜𝑓 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟

0.886 × 𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒 × 𝑇ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠
 , (5) 

𝑆𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟
𝑆𝑠𝑞𝑢𝑎𝑟𝑒

⁄ = 1
0.886⁄ = 1.13 . (6) 

The difference in the perimeters reflects on to the 
area of freely deformable surfaces and thus the shape 
factors of the two geometries. 

The modulus of elasticity (E) of elastomers relates to 
the shear modulus (G), hardness (k) and the shape factor 
(S) as shown in Eq. (7) that has also been used by 
AASHTO (Bezgin, 2002; Fediuc et al., 2013).  

𝐸 = 3 ∙ 𝐺 ∙ (1 + 2 ∙ 𝑘 ∙ 𝑆2) . (7) 

Other such equations presented in literature (Bau-
man, 2008; Fediuc et al., 2013) show the direct relation-
ship between elasticity modulus (E) and the shape factor 
(S). Thus, the shape factor is an influential parameter on 
the stiffness of an elastomeric bearing. 

 

4. Layered Elastomers 

In order to increase the stiffness of elastomeric bridge 
bearings and maintain the lateral flexibility, steel or 
composite plates strengthen bearings.  Fig. 4 shows the 
variation of shear modulus of Shore-A 55 hardness neo-
prene elastomer with temperature used within the finite 
element models presented in this section.   The finite el-
ement models developed for the steel-layered neoprene 
bearings have plates with 240 MPa yield strength. The 
analysis conditions are set at -10oC and the correspond-
ing shear modulus of the elastomer at 1150 kPa.    

a 
t 

P 
 

P 
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Fig. 4. Variation of shear modulus with temperature (Bezgin, 2002).

Thicknesses of the 3-layered, 5-layered and 7-layered 
square and circular bearings shown in Fig. 5 are 4.5 cm, 
7.6 cm and 10.7 cm respectively. The length and the 
width of the square bearing is 40.6 cm and the diameter 
of the circular bearing is 45.8 cm. The bearings are ana-
lyzed under the action of 1150 kN vertical force through 

a rigid plate, generating 7 MPa compressive stress in the 
bearings.  

The elastomeric layer thicknesses are 13.5 mm.  Table 
2 and Fig. 6 present the shortening values of the ana-
lyzed bearings. Eqs. (8) and (9) show the shape factors 
of the square and circular bearings.

 

Fig. 5. Layered elastomeric bearings with 3, 5 and 7 layers (Bezgin, 2002).

𝑆𝑠𝑞𝑢𝑎𝑟𝑒 = 40.62

4 ∙ 40.6 ∙ 1.35⁄ = 7.5 , (8) 

𝑆𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 = 𝜋 ∙ 45.82 4⁄
𝜋 ∙ 45.8 ∙ 1.35

⁄ = 8.5 . (9) 

Due to higher shape factor of the circular bearing, the 
contraction values are approximately 10% lower than 
the values obtained for the square bearing. 

 

5. Elastomer Behaviour under Lateral Loads 

Bridge girders longitudinally move to accommodate 
the elongations and contractions due to temperature 

differences. The bearings are also bent by the rotations 
at the ends of the girders they support. Determination of 
the direction and the axis of these movements and 
proper alignment of the bearings with respect to the 
expected movements is an important on-site  matter due 
to its effects on the internal stress values and internal 
stress distributions within the elastomer. The primary 
rotational axis of a circular section is any axis that passes 
through its geometric center. However, rotational inertia 
values of square and rectangular shapes depend on the 
particular axis that pass through the geometric centers 
of the square and rectangular shapes. Therefore, if the 
square and rectangular shapes are so placed that they 
are bent under the deflecting girder they support around 
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an axis that is not primary, unexpected stress values and 
distributions may arise. On the other hand, if the 
expected lateral movement is not aligned perpendicular 
to the primary rotational axis, the resulting stress 
distribution pattern can also have discontinuities of 
concentrations. 

Table 2. Shortening values determined under the appli-
cation of 7 MPa compressive stress (Bezgin, 2002). 

  Shortening (mm) 

Number of 

layers 

Bearing thickness 

(cm) 
Square Circular 

3 4.6 0.34 0.31 

5 7.6 0.65 0.59 

7 10.7 0.86 0.80 

 

 

Fig. 6. Contraction values of square and circular bear-
ings (Bezgin, 2002). 

Figs. 7 and 8  show laterally deformed bearings under 
the action of 1150 kN vertical and 230 kN lateral forces 
going through the center of the bearings. The bearings 
are 7.6 cm thick and composed of 5-steel layers. All the 
bearings have an area of 1648 cm2. The size of the square 
bearing is 40.6 cm by 40.6 cm and the circular bearing 
diameter is 45.8 cm. The lateral load is applied 
diagonally to the square bearing.  

 

Fig. 7. Square bearing under diagonally applied lateral 
load (Bezgin, 2002). 

 

Fig. 8. Circular bearing under lateral load (Bezgin, 2002). 

The lateral displacement of the bearings is 6.7 cm. Fig. 
9 shows the vertical stress distribution in the elastomer 
layers of the bearings where the stress discontinuities and 
concentrations in the square bearing become apparent.  

 

 

Fig. 9. Distribution of vertical stresses in bearings un-
der lateral loads (Bezgin, 2002). 

6. Conclusions 

Cross sectional geometry affects the structural behav-
iour of elastomeric bearings. The shape factor repre-
sents this effect and it relates to the incompressibility of 
the elastomer and therefore relates to the influence of 
the freely deformable surface area on the bearing behav-
iour. The stiffness of elastomeric bearings can change by 
modifying the freely deformable surface area. This ana-
lytical study showed that circular bearings provide 10% 
higher stiffness than square bearings with the same area. 
The study also showed that distribution of interlayer 
vertical stresses under lateral loads is uniform in circular 
bearings compared to square bearings. 

0,00

0,10

0,20

0,30

0,40

0,50

0,60

0,70

0,80

0,90

1,00

4,60 7,60 10,70

C
o

n
tr

a
c
ti

o
n

 u
n

d
e
r 

c
o

m
p

re
s
s
io

n
 

(m
m

)

Bearing thickness (cm)

Square Circle



 Bezgin / Challenge Journal of Structural Mechanics 1 (4) (2015) 202–207 207 

 

REFERENCES 
 

Bauman JT (2008). Fatigue, Stress and Strain of Rubber Components – 

Guide for Design Engineer. Hanser, Munich. 

Bezgin NÖ (2002). Geometric Effects on the Behavior of Elastomeric 
Bridge Bearings. M.Sc. thesis, Rutgers, The State University of New 

Jersey, UK. 

Falconer K (2013). Fractals: A Very Short Introduction. Oxford Univer-
sity Press, Oxford. 

Fediuc OD, Budescu M, Fediuc V, Venghiac VM (2013). Compression 

modulus of elastomers. Buletinul Institutului Politehnic din Iaşi, LIX 
(LXIII), f.2. 

Najm H, Nassif H, Bezgin NÖ (2002). Circular Elastomeric Bearings. 

Technical Report, FHWA-NJ-2002-005. 


