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Research Article 

Determination of the exact mode frequencies of multi-storey 

structures by state-space method and a comparison with mode 

superposition method 

Ahmad Yamin Rasa a,* , Mehmet Hamit Özyazıcıoğlu a  

a Department of Civil Engineering, Atatürk University, 25240 Erzurum, Turkey 

 

A B S T R A C T 

In this paper, a comparative research obtaining the time-consuming exact solution 

and approximate solution of linearly damped linear frame buildings has been carried 

out. State-space method and mode superposition method are respectively utilized to 
analyze the exact and approximate vibration solution of frame buildings. In mode su-

perposition method, the proportional damping matrix of frame buildings has been 

constructed in two different schemes, such as modal combination of mass with stiff-

ness matrices (Rayleigh) and disregarding the off-diagonal elements of non-classical 

damping (DOEA) matrix. Meanwhile, the damping matrix in state-space method is 

non-proportional and constructs in exact circumstance. By imposing different initial 

conditions on the system, it has been proved that the transient vibration is mostly 

greater than the steady-state vibration. These observations have individually been 

investigated to render the approximate response as close as possible to the exact re-

sponse. The findings of current research indicate that the most suitable parameter 

which brings closer the approximate response to the exact response is DOEA ap-

proach. In addition, a MATLAB code, which solves the equation of exact and approx-
imate method, is generated in this research. 
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1. Introduction 

In structural dynamics, mode superposition method 
is a general approach, which can analyze transient and 
steady-state response of structures under different dy-
namic loads. Modal frequencies and modal vectors of 
structure are generally calculated in un-damped situa-
tion. Based on the idea of Borino and Muscolin (1986), 
exact frequencies (damped frequencies) of structures 
will not differ much from un-damped frequencies. This 
idea is clearly explained with examples in this article. In 
this method, damping matrix could be generated either 
by linear combination of mass and stiffness matrix (pro-
portional damping) or by neglecting the non-diagonal el-
ements of non-proportional damping matrix, Felszeghy 
(1986), Wilson and Penzien (1972). This approximate 
method is generally implemented in three stages; 1) 

evaluating the modal frequencies and modal vectors of 
un-damped system, 2) creating the proportional damp-
ing matrix of the system and 3) combining the modal re-
sponses. The maximum responses (displacement, veloc-
ity, acceleration or internal forces) can be calculated ei-
ther by Square Root of Sum of the Squares (SRSS) 
method or Complete Quadratic Combination (CQC) 
method. These methods are exist in Sinha and Igusa 
(1992), Wilson, Kiureghian and Bayo (1981) and Zhou, 
Yu and Liang (2004) articles. 

In state-space method, which gives the exact response 
of dynamic systems, damping matrix constructs in exact 
situation and is always non-proportional. Mode frequen-
cies and mod vectors of the system are always in com-
plex conjugate form; and modal frequencies are damped 
frequencies, not same as mod superposition method. It 
would be better to predict the modal damping factors of 

mailto:ahmadyamin.rasa19@ogr.atauni.edu.tr
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http://cjsmec.challengejournal.com/
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each mode form damped frequencies, Veletsos and Ven-
tura (1986). 

In this research, the difference between exact and ap-
proximate response of a vibrational structure has been 
investigated in detail. The most suitable type of propor-
tional damping matrix, which gives the nearest response 
to the exact response, is determined. Proportional damp-
ing matrix is constructed in three types; (a) combining 
first and second modes of vibration (MSM-a), (b) com-
bining first and last modes of vibration (MSM-b) and (c) 
combining first and third modes of vibration in five story 
frame building (MSM-c). Modal damping ratios of frame 
buildings are derived from exact damped frequencies of 
them. In practical analysis, damping ratio of the whole 
system is approximately given such 5% ratio (MSM-5%); 
the result of this condition is investigated in detail. One 
another type of damping matrix, which is simplified by 
disregarding the off-diagonal elements approach 
(DOEA), is also observed in this research paper. Har-
monic forces are applied on different floors of three and 
five storey frame buildings. Dynamic responses of frame 
buildings are comparatively displayed using figures and 
tables. Maximum responses are calculated by square 
root of sum of the squares (SRSS) method, Sinha, Igusa 
(1992). Caughey damping is not utilized in this research 
which are based on Caughey (1960) and Caughey and 
O'Kelly (1965) articles. 

 

2. Methods 

2.1. Analytical formulation of mode superposition 
method 

Consider a classical damped linear structure sub-
jected to harmonic force f(t). The equation of motion for 
this system, which structural displacements are relative 
to dynamic load, may be written as;  

m𝑢̈ + 𝒄𝑢̇ + 𝒌𝑢 = 𝑓(𝑡) (1) 

where, m, c and k respectively denotes mass matrix, 
damping matrix and stiffness matrix of structure-
damper system. And 𝑢̈, 𝑢̇, 𝑢, 𝑓(𝑡) respectively expresses 
acceleration vector, velocity vector, relative displace-
ment vector and force vector. Each modal parameter of 
frame building, which is un-damped natural frequency 
ωn and mode vibration ∅𝑛 , can be calculated by eigen-
equation of,  

−𝜔𝑛
2𝒎∅𝑛 + 𝒌∅𝑛 = 0 (2) 

If it is assumed that the matrix of orthonormal modes 
∅  associated with the un-damped system can be used as 
a transformation matrix to uncouple Eqs. (1), then a set 
of generalized co-ordinates q may be defined like 𝑢(𝑡) =
∅𝑞(𝑡). Therefore, generalized forces 𝐹𝑛(𝑡), masses 𝑀𝑛 , 
stiffness constants 𝐾𝑛 , damping constants 𝐶𝑛  could be 
defined using transformation matrix ∅. Thus, the result-
ing equations are uncoupled if the damping matrix c is a 
linear combination of inertia matrix m and/or stiffness 
matrix k. Therefore, Eqs. (1) becomes like, 

𝑴𝑞̈ + 𝑪𝑞̇ + 𝑲𝑞 = 𝐹(𝑡)  (3) 

This equation consists of n uncoupled equations 
which may be solved by standard procedures. Thus, nth 
uncoupled equation of motion can written like, 

𝑀𝑛𝑞̈𝑛
+ 𝐶𝑛𝑞̇𝑛

+ 𝐾𝑛𝑞𝑛
= 𝐹𝑛(𝑡) (4) 

In which 𝑞𝑛 is the generalized coordinate of the sys-
tem. Modal damping ratio 𝜁𝑛 which is belongs to the n’th 
mode can be calculated dividing Eq. (4) by 𝑀𝑛,  

𝑞̈
𝑛
+ 2𝜁

𝑛
𝜔

𝑛
𝑞̇

𝑛
+ 𝜔2

𝑛𝑞𝑛
=

𝐹𝑛(𝑡)

𝑀𝑛
 (5) 

Thus, modal damping ratio of any mode can be calcu-
lated by equation; 

𝜁
𝑛

=
𝐶𝑛

2𝑀𝑛𝜔𝑛
 (6) 

Total solution of Eq. (5) may be written as vector sum 
of two components (free vibration + forced vibration), 

𝑞𝑛(𝑡) = 𝑒−𝜁𝑛𝜔𝑛𝑡 [𝑞𝑛(0)𝑐𝑜𝑠(𝜔𝑑𝑛𝑡) +

𝑞̇(0)+𝜁𝑛𝜔𝑛𝑞(0)

𝜔𝑑𝑛
𝑠𝑖𝑛⁡(𝜔𝑑𝑛𝑡)] +

1

𝑀𝑛𝜔𝑑𝑛
∫ 𝐹𝑛(𝜏)

𝑡

0
𝑒−𝜁𝑛𝜔𝑛(𝑡−𝜏)𝑠𝑖𝑛[𝜔𝑑𝑛 ⁡(𝑡 − ⁡𝜏⁡)]𝑑⁡𝜏 (7) 

At the right hand side of Eq. (7), the first term is called 
free vibration (homogeneous solution) part and second 
term is called forced vibration (non-homogeneous) part. 
More details about free vibration of structural elements 
could be found in Avcar (2104) and Civalek and Avcar 
(2020) articles. In this equation 𝑞𝑛(0), 𝑞̇𝑛(0) and⁡𝜔𝑑𝑛 =
𝜔𝑛√1 − 𝜁𝑛

2  are initial displacement, initial velocity and 
damped frequency of the nth mode, respectively. Thus, 
displacement response of the nth mode may be written 
as, 

𝑢
𝑛
(𝑡) = ∅

𝑛
𝑞

𝑛
(𝑡) (8) 

Displacement responses may be calculated combining 
all vibrating modes, 

𝑢(𝑡) = ∑ ∅
𝑛
𝑞

𝑛
(𝑡)𝑁

𝑛=1  (9) 

2.2. Analytical formulation of state-space method 

In this method Eq. (1) which is a second-order differ-
ential equation has been reduced to a first-order differ-
ential equation consisting 2xN equations, based on Ve-
letsos and Ventura (1986) and Villaverde (2008) arti-
cles. Substituting 𝑢̈⁡to⁡𝑧̇⁡and⁡𝑢̇⁡to⁡𝑧   then put these rela-
tions to Eq. (1), 

𝑢̇ = 𝑧  

𝒎𝑧̇ + 𝒄𝑧 + 𝒌𝑢 = 𝑓(𝑡) (10) 
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Then, new variables (displacement and velocity vec-
tors) can be summed into vector 𝑍, 

𝑍 = [
𝑢

𝑧]
2𝑛×1

 (11) 

After some mathematical operations on Eq. (10), Eq. 
(12) is obtained as, 

[
𝑢̇

𝑧̇
]
2𝑛×1

= [
𝟎𝑛×𝑛 𝑰𝑛×𝑛

−𝒎−𝟏𝒌 −𝒎−𝟏𝒄
]
2𝑛×2𝑛

[
𝑢
𝑧]

2𝑛×1
+ [

0

𝒎−1𝑓(𝑡)]
2𝑛×1

 (12) 

Reduced form of Eq. (1), which is a first order differ-
ential equation, can be represented as a general form of, 

𝑍̇(𝑡) = 𝑨𝑍 + 𝑃(𝑡) (13) 

In this equation, constant matrix A, dynamic force 
vector 𝑃(𝑡) and initial condition vector 𝑍(0) can be ex-
pressed as, 

𝑨 = [
𝟎𝑛×𝑛 𝑰𝑛×𝑛

−𝒎−𝟏𝒌 −𝒎−𝟏𝒄
]
2𝑛×2𝑛

 (14) 

𝑃(𝑡) = [
0

𝒎−1𝑓(𝑡)
]
2𝑛×1

 (15) 

𝑍(0) = [
𝑢(0)

𝑛×1

𝑢̇(0)
] (16) 

The analytical solution of Eq. (13), which has homo-
geneous part and non-homogeneous part, is the same so-
lution of Eq. (5). 

2.2.1. Free vibration response 

The dynamic force vector in Eq. (13) will be zero 
(𝑃(𝑡) = 0) if the system vibrates freely. Thus, homoge-
neous form of Eq. (13) can be expressed as, 

𝑍̇(𝑡) = 𝑨𝑍 (17) 

Solution of this equation may be written as, 

𝑍
ℎ

= 𝒆𝑨𝑡𝑐 (18) 

In this solution vector c can be determined by utilizing 
initial condition, so; 

𝑍(0) = 𝑐 (19) 

𝑍
ℎ

= 𝒆𝑨𝑡𝑍(0) (20) 

Eq. (20) is the free vibration response of state-space 
Eq. (13). 

2.2.2. Forced vibration response (general solution)  

General solution of Eq. (13) can be found using varia-
tion of parameters. If homogeneous solution of Eq. (13) 
assumes as K, then the non-homogeneous solution of 
them can be written as; 

𝑍
𝑝

= 𝑉 × 𝐾 (21) 

Parameter V can be calculated putting Eq. (21) in to 
Eq. (13). Therefore, the general solution of state-space 
Eq. (13) can be obtained like, 

𝑍(𝑡) = 𝒆𝑨𝑡𝑍(0) + 𝒆𝑨𝑡 ∫ 𝒆−𝑨𝜏𝑍(0)𝑃(𝜏)𝑑𝜏
𝑡

0
  (22) 

or; 

𝑍(𝑡) = 𝒆𝑨𝑡𝑍(0) ∫ 𝒆𝑨(𝑡−𝜏)𝑍(0)𝑃(𝜏)𝑑𝜏
𝑡

0
 (23) 

In Eqs. (22) and (23), the first term at the right hand 
side denotes free vibration while the second term de-
notes forced vibration. Algebraic solution of Eq. (22) or 
(23) depends on the solution of 𝒆𝑨𝑡 . Therefore, utilizing 
the concepts of linear algebra, eigenvalues and eigenvec-
tors of square matrix A can be calculated using eigen-
equation bellow, 

(𝑨 − 𝑣𝑛𝑰)𝑥𝑛
= 0,⁡⁡⁡⁡⁡⁡𝑛 = 1,2,3…  (24) 

In this equation, 𝑰, 𝑣𝑛 ⁡and⁡⁡𝑥𝑛  are respectively unite 
square matrix, nth complex eigenvalue and eigenvector 
of squared matrix A. This equation gives a set of 2 × 𝑁 
eigenvalues 𝑣𝑛 and eigenvectors 𝑥𝑛, N is the number of 
storeys. These eigen-solutions always exist like complex 
conjugate form bellow, Veletsos and Ventura (1986) and 
Villaverde (2008); 

𝑣𝑛

𝑣𝑛
} = −𝑒𝑛 ± 𝑖𝑠𝑛,⁡⁡⁡⁡⁡⁡𝑛 = 1,2,3…  (25) 

𝑥
𝑛

𝑥
𝑛

} = −𝜑
𝑛
± 𝑖𝛼

𝑛
,⁡⁡⁡⁡⁡𝑛 = 1,2,3… (26) 

In the relations above, complex conjugate eigenvalues 
and eigenvectors, which respectively represent frequen-
cies and modes of vibration, has been marked a dash on 
it. Real part of complex eigenvalue 𝑒𝑛  representing 
damping mechanism of nth mode must be negative and, 
complex part of eigenvalue, which represents damped 
frequency of nth mode, can give damping factor of that 
mode. Thus, damping ratio for each mode of vibration 
can be calculated by equation, 

𝜁
𝑛

=
𝑒𝑛

√𝑒𝑛
2+𝑠𝑛

2
,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑛 = 1,2,3… (27) 

Based on Veletsos and Ventura (1986) article, there 
will be a unique damping ratio for any mode of vibration 
if Eq. (23) is utilized.  
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3. Results and Discussion 

In this section, three and five storey frame buildings, 
which are taken from Rasa (2017), are selected as exam-
ples. The methods described above have been utilized in 
these examples and, the total responses are obtained by 
summation of free and forced vibration. 

3.1. Example 1 

For simplicity, only second floor responses are se-
lected to compare the results here. 

 

Fig. 1. Three storey structure  
with a damper at the bottom storey. 

Initial displacement vector, initial velocity vector, dy-
namic force, inertia constant, stiffness constant and 
damping constant of the frame building (Fig. 1) has re-
spectively been given as 𝑢(0) = {0, 0, 0.1}𝑇m , 𝑢̇(0) =
{0, 0.5, 0}𝑇m/sec , 𝑓1(𝑡) = 0.1 sin(𝜋𝑡 0.3⁄ ) kN,  m=1 kg, 

k=1 kN/m and c=0.2 kNs/m. Therefore, mass matrix, 
damping matrix, stiffness matrix-and force vector, initial 
displacement vector and initial velocity vector of frame 
building can respectively be written as bellow;  

𝒎 = [
1 0 0
0 1 0
0 0 0.5

] ⁡⁡⁡⁡⁡⁡𝒄 = [
0.2 0 0
0 0 0
0 0 0

] 

𝒌 = [
2 −1 0

−1 2 −1
0 −1 1

]⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑓(𝑡) = [
𝑓1
0
0

] 

𝑢(0) = [
0
0

0.1
]⁡⁡⁡⁡⁡⁡⁡⁡𝑢̇(0) = [

0
0.5
0

] 

 
In Tables 1 and 2, complex mode frequencies and ex-

act modal damping factors of frame building are respec-
tively calculated by Eqs. (24) and (27). Creating propor-
tional damping matrix of frame building needs a damp-
ing factor ζ , which is given approximately 5% and 
0.033%. Taking the average of exact modal damping fac-
tors from Table 1 gives damping factor (0.033%). 

Table 1. Exact mode frequencies and  
modal damping ratios of the frame building. 

 1. Mode 2. Mode 3. Mode 

𝜔𝑛 −0.0163 ± i1.9290 −0.0671 ± i1.4126 −0.0167 ± i0.5181 

𝜁𝑛 0.0084 0.0474 0.0322 

Table 2. Complex mode vectors of the frame building. 

0.0340 – 0.1568i 0.0340 + 0.1568i 0.0195 + 0.4105i 0.0195 - 0.4105i -0.3135 + 0.0188i -0.3135 - 0.0188i  

-0.0079 + 0.2813i -0.0079 - 0.2813i -0.0383 + 0.0000i -0.0383 - 0.0000i -0.5436 + 0.0054i -0.5436 - 0.0054i  

-0.0028 - 0.3269i -0.0028 + 0.3269i -0.0198 - 0.4032i -0.0198 + 0.4032i -0.6277 + 0.0000i -0.6277 + 0.0000i  

0.3019 + 0.0680i 0.3019 - 0.0680i -0.5812 + 0.0000i -0.5812 + 0.0000i -0.0045 - 0.1628i -0.0045 + 0.1628i  

-0.5426 - 0.0198i -0.5426 + 0.0198i 0.0025 - 0.0541i 0.0025 + 0.0541i 0.0063 - 0.2817i 0.0063 + 0.2817i  

0.6306 + 0.0000i 0.6306 + 0.0000i 0.5709 - 0.0010i 0.5709 + 0.0010i 0.0105 - 0.3252i 0.0105 + 0.3252i  

 
Fig. 2. Displacement response of second floor: (a) Rayleigh damping is created using first and second modes;  

(b) Rayleigh damping is created using first and third modes of vibration. 
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Fig. 3. Velocity response of second floor: (a) Rayleigh damping is created using first and second modes;  

(b) Rayleigh damping is created using first and third modes of vibration. 
 

 
Fig. 4. Acceleration response of second floor:(a) Rayleigh damping is created using first and second modes;  

(b) Rayleigh damping is created using first and third modes of vibration.

According to Table 3, it is proved that DOEA method 
has a good agreement with SSM method. Among four ap-
proximate methods, the closest response to exact re-
sponse is given by DOEA method. After DOEA method the 
closest response, which is in second order, is given by 
MSM-b method. Results of other two methods (MSM-a and 

MSM-5%) are not in good agreement with exact method. 
The maximum displacement response calculated by SSM 
and DOEA methods occur in 9.045 seconds, while by the 
other methods (MSM-a, MSM-b and MSM-5%) occur in 
3.819 seconds. The displacement response in 3.819 sec-
onds of exact method is seen to be 0.4983 meters.

Table 3. Maximum responses of the second floor. 

Method 
Time 
(sec) 

Max. Dis. 
(m) 

Time 
(sec) 

Max. Vel. 
(m/sec) 

Time 
(sec) 

Max. Acce. 
(m/sec2( 

SSM 
9.045 

(3.819) 
0.5332 

(0.4983) 
0 0.5 

1.005 
(4.121) 

0.5587 
(0.5473) 

DOEA 9.045 0.5341 0 0.5 4.121 0.5522 

MSM-a 3.819 0.4710 0 0.5 0.9045 0.5367 

MSM-b 3.819 0.4887 0 0.5 0.9045 0.5320 

MSM-5% 3.819 0.4413 0 0.5 0.9045 0.5280 

In second mode of vibration, the exact un-damped 
natural frequency and the exact modal damping ratio of 
the frame building, as seen in Table 4 are respectively 
1.4141 and 0.0474. In contrast, the results 1.4142 and 
0.0471 are respectively very close to that of the exact 
method. Thus, the closest response to the exact response 
was calculated by DOEA method. Modal damping ratios 
calculated by other methods (MSM-a, MSM-b and MSM-

5%) are not in good agreement with SSM method. As 
seen in Figs. 1, 2 and 3 there is a very good agreement 
between time history responses of SSM method and 
DOEA method. 

As seen in Table 5, the velocity and acceleration re-
sponses of DOEA method are very close to that of the ex-
act method, only the displacement response of MSM-b 
method is very close to that of exact method. It is also 
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considered that the results of MSM-5% method has the 
most deviation among three methods (DOEA, MSM-a, 
MSM-b) with the rate of 11.14%. It can be concluded that 
DOEA method has very good agreement with SSM 
method at all. 

Table 4. Modal damping ratios and mode frequencies 
of the second mode. 

Method 𝜁2 𝜔2  𝜔𝑑2 

SSM 0.0474 1.4141 1.4126 

DOEA 0.0471 1.4142 1.4126 

MSM-a 0.0330 1.4142 1.4134 

MSM-b 0.0286 1.4142 1.4136 

MSM-5% 0.0500 1.4142 1.4124 

Table 5. Maximum responses of the frame building. 

Method 
Max. Dis. 

(m) 
Max. Vel. 
(m/sec) 

Max. Accel. 

(m/sec2( 

SSM 0.7486 0.5095 0.9638 

DOEA 0.7495 0.5095 0.9624 

MSM-a 0.7249 0.5081 0.8944 

MSM-b
 

0.7487 0.5086 0.8936 

MSM-5% 0.6975 0.5071 0.8564 

 

3.2. Example 2 

The following example, which has the same initial 
conditions, dynamic force, uniform storey stiffness, floor 
masses given in the Example 1, refers to three-storey 
structure shown in Fig. 5. The viscous damper has been 
moved on the top floor. All steps of analysis in previous 
example have been repeated and only responses of the 
second floor are discussed here. 

 

Fig.5. Three storey structure  
with a damper at the bottom storey. 

𝒄 = [
0 0 0
0 0.2 −0.2
0 −0.2 0.2

]⁡ 

Creating proportional damping matrix of frame build-
ing needs a damping factor 𝜁 , which is given approxi-
mately 5% and 0.056%. Taking the average of exact 
modal damping factors from Table 6 gives damping fac-
tor (0.056%). 

Table 6. Exact mode frequencies and  
modal damping ratios of the frame building. 

 1. Mode 2. Mode 3. Mode 

𝜔𝑛 −0.2374 ± i1.8824 −0.0614 ± i1.4383 −0.0012 ± i0.5178 

𝜁𝑛 0.1251 0.0427 0.0023 

 

According to Table 7, DOEA and MSM-b methods give 
the closest results to SSM method. It is proved again, that 
DOEA method is in the first order. While the maximum 
displacement response calculated by SSM and DOEA 
methods occurs in approximately 9 seconds, it occurs in 
3.819 seconds with other approximate methods. The dis-
placement response at 3.819 seconds of SSM method is 
seen to be 0.4819 m 

 
Fig. 6. Displacement response of second floor: (a) Rayleigh damping is created using first and second modes; 

(b) Rayleigh damping is created using first and third modes of vibration. 
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Fig. 7. Velocity response of second floor: (a) Rayleigh damping is created using first and second modes; 

(b) Rayleigh damping is created using first and third modes of vibration. 

 
Fig. 8. Acceleration response of second floor: (a) Rayleigh damping is created using first and second modes; 

(b) Rayleigh damping is created using first and third modes of vibration.

Table 7. Maximum responses of the second floor. 

Method 
Time 
(sec) 

Max. Dis. 
(m) 

Time 
(sec) 

Max. Vel. 
(m/sec) 

Time 
(sec) 

Max. Acce. 
(m/sec2( 

SSM 
9.146 

(3.819) 
0.5011 

(0.4819) 
0 0.5 0.804 0.4623 

DOEA 9.045 0.4993 0 0.5 0.804 0.4703 

MSM-a 3.819 0.4303 0 0.5 0.9045 0.5246 

MSM-b 3.819 0.4581 0 0.5 0.9045 0.5169 

MSM-5% 3.819 0.4413 0 0.5 0.804 0.5244 

As seen in Table 8, the exact modal damping ratio and 
natural frequency of the second mode are respectively 
0.0427 and 1.4396. Among four approximate methods, 
the closest results to the exact solution, which are calcu-
lated by DOEA method, were found to be 0.0471 and 
1.4142. As seen in the time history response of second 
floor, the closest response has been given by the DOEA 
method. 

From Table 9, it is seen that the closest result to the 
exact solution is obtained by the DOEA and MSM-b 
method. Therefore, among these approximate methods 
the maximum deviation was found to be 16.24% by 
MSM-5%. Natural frequencies and modal damping ratios 

of the three-storey frame building with dampers at dif-
ferent floors were calculated and compared with each 
other. Being small natural frequencies, the frame build-
ing with a damper at the first floor has been tested to be 
more rigid than that with a damper at the top floor. 
Therefore, it would be better to put the damper at the 
first floor. Furthermore, when replacing the damper of 
the frame building from bottom to top floor, the damping 
matrix and natural frequencies of them are respectively 
changed by SSM and DOEA methods, but by other three 
methods no change has been seen on natural frequencies 
and damping matrix. 
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Table 8. Modal damping ratios and mode frequencies 
of the second mode. 

Method 𝜁2 𝜔2  𝜔𝑑2 

SSM 0.0427 1.4396 1.4383 

DOEA 0.0471 1.4142 1.4126 

MSM-a 0.0567 1.4142 1.4119 

MSM-b 0.0491 1.4142 1.4125 

MSM-5% 0.0500 1.4142 1.4124 

Table 9. Maximum responses of the frame building. 

Method 
Max. Dis. 

(m) 
Max. Vel. 
(m/sec) 

Max. Accel. 

(m/sec2( 

SSM 0.7823 0.5093 0.7367 

DOEA 0.7826 0.5091 0.7347 

MSM-a 0.6871 0.5067 0.8424 

MSM-b
 

0.7254 0.5068 0.8408 

MSM-5% 0.6975 0.5071 0.8564 

 

3.3. Example 3 

The following example refers to a five-storey struc-
ture, which has non-uniform storey stiffness, floor 
masses 𝑚1⁡and⁡𝑚2, and two viscous dampers in the first 
and second storey of the structure, shown in Fig. 9. Re-
sults are discussed in comparative tables. The compara-
tive vibrational graphs of each storey exist in Rasa 
(2017). 

 

Fig. 9. Five-storey structure with two dampers  
at the first and second floors. 

𝒎 =

[
 
 
 
 
100
0
0
0
0

0
100
0
0
0

0
0

100
0
0

0
0
0

100
0

0
0
0
0
50]

 
 
 
 

 

𝒌 =

[
 
 
 
 

400
−200

0
0
0

−200
350

−150
0
0

0
−150
300

−150
0

0
0

−150
250

−100

0
0
0

−100
100 ]

 
 
 
 

 

𝒄⁡ =

[
 
 
 
 
108
−54
0
0
0

−54⁡⁡⁡

54
0
0
0

0⁡⁡

0⁡⁡

0⁡⁡

0⁡⁡

0⁡⁡

0⁡⁡⁡

0⁡⁡⁡

0⁡⁡⁡

0⁡⁡⁡

0⁡⁡⁡

0
0
0
0
0]
 
 
 
 

 

𝒇(𝒕) =

[
 
 
 
 
 10 sin (

3

2
𝑡)

0
0
0
0 ]

 
 
 
 
 

⁡⁡⁡⁡⁡⁡⁡⁡⁡𝒖(𝟎) =

[
 
 
 
 

0
0
0
0

0.1]
 
 
 
 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝒖̇(𝟎) =

[
 
 
 
 
0.2
0
0
0
0 ]

 
 
 
 

 

Mass matrix, damping matrix, and stiffness matrix of 
the structure, dynamic force and initial condition vector 
are given above. Comparative tables discussing the exact 
and approximate modal damping factors, damped fre-
quencies and maximum responses of the system are 
given in detail. Creating proportional damping matrix of 
frame building needs a damping factor 𝜁, which is given 
approximately 5% and 0.081%. Taking the average of 
exact modal damping factors from Table 11 gives damp-
ing factor (0.081%). 

Table 10. Exact and approximate mode frequencies  
of the building. 

SSM 𝑣𝑛 DOEA and MSM 𝜔𝑛 

𝑣1 −0.6391 ± i2.2924 ω1 2.4915 

𝑣2 −0.0437 ± i2.1911 ω2 2.1246 

𝑣3 −0.0528 ± i1.6933 ω3 1.6756 

𝑣4 −0.0594 ± i1.1384 ω4 1.1374 

𝑣5 −0.0149 ± i0.4210 ω5 0.4205 

 

As seen in Table 11, the closest result to the exact 
modal damping ratio of the building is given by DOEA 
method. The modal damping ratios obtained by other 
four approximate methods are smaller than that of exact 
method. Furthermore, a big difference between modal 
damping ratios has been seen in the fourth and fifth 
modes of vibration. In Table 12, the maximum responses 
calculated by DOEA method are very close to that of ex-
act method as well. The most deviation among five ap-
proximate methods, which is calculated 38.51%, occurs 
in the MSM-a method. 
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Table 11. Exact and approximate modal damping ratios 
of the building. 

Method 𝜁1 𝜁2 𝜁3 𝜁4 𝜁5 

SSM 0.2686 0.0200 0.0312 0.0521 0.0353 

DOEA 0.2133 0.0644 0.0403 0.0523 0.0354 

MSM-a 0.0810 0.0810 0.0848 0.1016 0.2283 

MSM-b 0.0810 0.0772 0.0752 0.0810 0.1598 

MSM-c 0.0810 0.0795 0.0810 0.0935 0.2011 

MSM-5% 0.0500 0.0500 0.0524 0.0627 0.1409 

Table 12. Maximum responses of the frame building. 

Method 
Max. Dis. 

(m) 
Max. Vel. 
(m/sec) 

Max. Accel. 

(m/sec2( 

SSM 0.3941 0.3409 0.6119 

DOEA 0.2933 0.3597 0.4919 

MSM-a 0.2423 0.2970 0.4304 

MSM-b
 

0.2571 0.3131 0.4338 

MSM-c 0.2480 0.3029 0.4312 

MSM-5% 0.2754 0.3382 0.4764 

 

3.4. Example 4 

In this example the damper from second floor has 
been replaced on the fifth floor of the structure, and the 
same steps in Example 3 has been repeated here. The 
comparative vibrational graphs of each storey exist in 
Rasa (2017). 

 

Fig. 10. Five-storey structure with two dampers  
at the first and fifth floors. 

𝒄 =

[
 
 
 
 
54⁡⁡

0
0
0
0

0⁡⁡

0⁡

0⁡

0⁡

0⁡

0⁡⁡

0⁡⁡

0⁡⁡

0⁡⁡

0⁡⁡

0⁡⁡⁡

0⁡⁡⁡

0⁡⁡⁡

54⁡⁡⁡

−54⁡⁡⁡

0
0
0

−54
54 ]

 
 
 
 

 

Table 13. Exact and approximate mode frequencies  
of the building. 

SSM 𝑣𝑛 DOEA and MSM 𝜔𝑛 

𝑣1 −0.1065 ± i2.4574 ω1 2.4915 

𝑣2 −0.1653 ± i1.9460 ω2 2.1246 

𝑣3 −0.6958 ± i1.6449 ω3 1.6756 

𝑣4 −0.1033 ± i1.1692 ω4 1.1374 

𝑣5 −0.0090 ± i0.4212 ω5 0.4205 

 

As seen in Table 14, the closest result to the exact 
modal damping ratios of the frame building is calculated 
by DOEA method. The modal damping ratios obtained by 
other five approximate methods (MSM-a, MSM-b, MSM-c, 
and MSM-5%) are seen to be larger than that of exact 
method. In approximate methods, fourth and fifth modal 
damping ratios are found to be larger than that of exact 
method. In Table 15, the maximum responses (0.2490 m, 
0.294 m/sec and 0.4391m/sec2) which, are calculated by 
DOEA method, are close to that of exact method. Among 
these five approximate methods (DOEA, MSM-a, MSM-b, 
MSM-c, and MSM-5%), the most deviation occurs in MSM-
a method with the rate of 15.13%. Due to the high rigidity 
and small natural frequencies of the frame building, the 
dampers could be placed in the first and fifth floors. 

Table 14. Exact and approximate modal damping ratios 
of the building. 

Method 𝜁1 𝜁2 𝜁3 𝜁4 𝜁5 

SSM 0.0433 0.0846 0.3896 0.0880 0.0214 

DOEA 0.0473 0.1889 0.2588 0.0216 0.1039 

MSM-a 0.1253 0.1253 0.1312 0.1572 0.3531 

MSM-b 0.1253 0.1194 0.1163 0.1253 0.2472 

MSM-c 0.1253 0.1230 0.1253 0.1446 0.3112 

MSM-5% 0.0500 0.0500 0.0524 0.0627 0.1409 

Table 15. Maximum responses of the frame building. 

Method 
Max. Dis. 

(m) 
Max. Vel. 
(m/sec) 

Max. Accel. 

(m/sec2( 

SSM 0.2553 0.3043 0.4785 

DOEA 0.2490 0.2940 0.4391 

MSM-a 0.2169 0.2665 0.4061 

MSM-b
 

0.2304 0.2769 0.4080 

MSM-c 0.2211 0.2694 0.4068 

MSM-5% 0.2754 0.3382 0.4764 
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4. Conclusions 

In this article, a comparative research has been con-
ducted between the exact and approximate solution of 
structural vibration of multi storey buildings. The proce-
dure has been implemented utilizing state-space method 
and mode superposition method, and illustrated by four 
examples. Considering the dynamical parameters and vi-
brations of frame buildings, the following results have 
been obtained:  
 In approximate methods (DOEA, MSM-a, MSM-b, 

MSM-c, and MSM-5%), the maximum responses have 
generally occurred in the steady-state vibration part 
while in exact method (SSM) the maximum responses 
have occurred in the transient vibration part.  

 Among five approximate methods (DOEA, MSM-a, 
MSM-b, MSM-c, MSM-5%), the closest response to the 
exact method was given by the Disregarding the Off-
diagonal Elements Approach (DOEA). 

 As it was noticed, the results obtained by mode super-
position method were not very realistic when the 
damping ratio of the system was assumed an esti-
mated value (such as 5%). The most deviation oc-
curred in this case was 16.24%. 

 In order to obtain better result with mode superposi-
tion method; It is recommended to use the average of 
damping factors, which are calculated by SSM 
method, as damping factor of frame building.  

 It is recommended to use the first and last modes of 
vibrations when constructing the proportional damp-
ing matrix. The results obtained in this case are less 
accurate than DOEA method. 
Damping mechanism of real structures is not a com-

pletely solved topic. Therefore, this research can be ex-
tended to detect the most suitable type of damping 
mechanism which can represent the real or near to the 
real behavior of structures.  

In order to validate the results obtained by these 
methods, an experimental analysis of three and five sto-
rey frame buildings or a theoretical research utilizing 
other types of proportional/non-proportional damping 
matrix in the system, could be carried out as a future re-
search problem. These observations could be empha-
sized applying earthquake loads on the system. 
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A B S T R A C T 

The usage of computer software in civil engineering has expanded in last decades. 
Many general-purpose and special-purpose commercial programs perform a very 

important function, especially at the design stage. In this study, a computer program 

is introduced for the analysis and design of the axial symmetric cylindrical wall con-

sidering the dome effects. Analysis processes are carried out according to Flexibility 

theory with long wall assumption and during the reinforced concrete (RC) design of 

the wall, ACI 318-Building code requirements for structural concrete are considered. 
In numerical investigation, the effects of the dome properties (thickness and height) 

on the analysis and design of the wall are investigated by performing a totally 72 case 

analyzes. These cases include different support condition at bottom of the wall, wall 

heights, dome thicknesses and heights. According to analysis results, it is concluded 

that effects of dome thickness and heights on the wall on the wall are very limited. 
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1. Introduction 

Shells are defined as structural members of which thick-
ness is very small compared to other dimensions. These 
are several practical applications of these structural mem-
bers such as places of worship, dams, water tanks etc. 

When the equations used in the analysis of these 
structural elements are derived by writing equilibrium 
equations on a small part of the shell, it is seen that these 
equations contain four integration constants depending 
on the boundary conditions. These integration constants 
need to be determined to solve the equations. For this 
reason, many scientific studies have been conducted on 
the solutions of these equations until today. One of the 
methods used in these alternative solutions is the theory 
of beams on elastic foundation. The situation that ena-
bles this theory to be used in the cylindrical wall, is the 
similarity of the differential equations of the wall and 
beams. This situation has led to a rapid development in 
both scientific areas, as the analysis methods developed 
for the wall and can be used mutually. In this section, 
some important studies in the analysis methods of both 
structural members are summarized below. 

A first model for the beams on elastic foundation was 
proposed by Winkler in 1867. According to this model, 
foundation is represented by infinite number of inde-
pendent springs are used. Between the reaction forces 
on the soil and the displacement of the beams at that 
point, there is a ratio which is equal to the spring coeffi-
cient of the elastic springs. Also, it is assumed that the 
members that change shape under the applied load will 
return to their original state if the load is removed 
(Wang et al., 2005; Karaşin and Gülkan, 2008).  Using this 
soil model, Winkler conducted stress analysis on rail-
ways. In the analysis, the rails were defined with beams 
and the displacements were obtained by solving the dif-
ferential equation. 

The integral coefficients in the displacement equation 
of the beam change with discontinuities in load distribu-
tion on the beam. This situation makes the determina-
tion of integral constants difficult. For that reason, vari-
ous methods have been developed to overcome this 
problem. Initial parameter method developed by Uman-
sky (1933) and the superposition method developed by 
Hetenyi (1936) are well known methods in scientific 
studies. 
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The book written by Hetenyi in 1946 is one of the 
most important sources on this subject. Some other im-
portant books on this subject were written by Henry 
(1956), Jones (1997), Melerski (2000). Information on 
many solution methods can be found in these books. 
Apart from these, there are many methods published in 
various sources regarding the solution of the beams on 
elastic ground (Vianello, 1898; Cross, 1930; Levinton, 
1947; Penzien, 1960; Miranda and Nair, 1966; Beaufait, 
1977; Ting, 1982; Yankelevsky et al., 1989). 

In the book called thin sell structures written by Bil-
lington in 1965, beam-wall similarity in the solution of the 
differential equation and flexibility theory in the analysis 
were used. Except this, the studies done by Bekdaş 
(2015; 2018; 2019) can be also given as examples for the 
analysis of the axial symmetric cylindrical walls. 

In this study, a computer program has been devel-
oped for the design and analysis of the axial symmetric 
cylindrical wall considering the dome effects. Flexibility 
theory was used in the wall analyzes performed accord-
ing to the long wall assumption. During the reinforced 
concrete design, rules of ACI 318 regulation are used. As 
numerical examples, totally 72 case analyses are done in 
order to observe effect of dome on design and analysis of 

the wall. In these cases, different support condition at the 
bottom and dome properties at the upper section for dif-
ferent wall height are investigated. 

 

2. Analysis and Design Process  

Analysis and design process of the axial symmetric cy-
lindrical walls can be summarized with two main stages. 
First stage is entering the data of structure. These data 
contain geometrical and sectional properties for wall 
and dome (thickness, height, radius, etc.), material prop-
erties (elasticity modulus, Poisson’s ratio, etc), support 
conditions of the bottom section wall and unit material 
cost for concrete and steel. In the second stage wall with 
dome calculations are performed. These calculations are 
done in three steps. These steps are: 
 Calculation of the wall displacements and internal 

forces; 
 RC design of the wall in accordance with ACI 318 re-

quirements; 
 Determination of total wall material cost concrete and 

steel rebar. 
This process is also given in the flowchart (Fig. 1).

 
Fig. 1. Flowchart of the developed program.

2.1. Flexibility method for the analysis of the 
cylindrical walls with dome   

In this section, the application of the flexibility 
method to the axial symmetric cylindrical walls with 
dome will be introduced. Accordingly, unknown forces at 
the bottom and the upper section of the wall are calcu-
lated on the equivalent isostatic system. During calcula-
tions of the unknown forces, at the bottom section only 
wall with fixed (or simple) support, at the upper section 
wall and dome connection are taken consideration. The 

wall and circular dome are directly connected without 
using a stiffness ring beam in this study. In that case, the 
connection is provided as a continuous connection and 
the analysis were done according to this assumption. In 
future studies, the connection with using a stiffness ring 
beam can be also investigated.  

In Fig. 2, fixed supported wall under the liquid loads 
and the equivalent isostatic demonstration of the wall is 
given. In the figure, the triangle distributed loads, X1 and 
X2 show the liquid loads, lateral and rotational redun-
dant forces respectively.  
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Fig. 2. Fixed supported cylindrical wall and equivalent isostatic system of the wall.

The redundant forces can be easily found by compat-
ibility equations of system. For the fixed supported cy-
lindrical walls, since there is no relative displacement at 
the support point, compatibility equations can be writ-
ten as in Eq. (1).  

𝐷10 + 𝐹11𝑋1 + 𝐹12𝑋2 = 0     and  

𝐷20 + 𝐹22𝑋2 + 𝐹21𝑋2 = 0    (1) 

In Eq. (1), D10 and D20 represent the displacements 
due to external loads in the freedoms corresponding to 
X1 and X2, respectively. F11, F12, F21 and F22 show flexibil-
ity coefficients. These flexibility terms indicate the dis-
placement in the freedom indicated by the first subscript 
in case of a unit force applied to the freedom indicated 
by the second subscript.  

The lateral (D10) and rotational displacements (D20) 
can be found by;  

𝐷10 = −
𝛾𝑟2𝐻

𝐸ℎ
    𝑎𝑛𝑑    𝐷20 =

𝛾𝑟2

𝐸ℎ
 (2) 

where γ, r, H, E and h are density of liquid, radius of the 
wall, wall height, elasticity modulus and wall thickness 
respectively. 

 Flexibility coefficients can be calculated as in Eq. (3). 

𝐹11 =
1

2𝛽3𝐷
    ,    𝐹22 =

1

𝛽𝐷
    𝑎𝑛𝑑    𝐹12 = 𝐹21 = −

1

2𝛽2𝐷
 (3) 

  In Eq. (3), 𝛽 and D are parameters (Eq. 4), including 
rigidity and geometrical properties, and flexural rigidity 
(Eq. 5) respectively. 

𝛽 = √
𝐸ℎ

4𝑟2𝐷

4
= √3(1−𝜈2)

𝑟2ℎ2

4

 (4) 

𝐷 =
𝐸ℎ3

12(1−𝜈2)
 (5) 

In Eqs. (4-5), 𝜈 represent Possion’s ratio. If Eqs. (2-5) 
are implemented in Eq. (1), redundant forces will be; 

[
𝑋1

𝑋2
] =  𝐹−1 [

−
𝛾∙𝑟2∙𝐻

𝐸∙ℎ

𝛾∙𝑟2

𝐸∙ℎ
 

]    (6) 

As mentioned before for the calculations at the upper 
section, wall and dome are considered together. The dis-
placement and flexibility terms for the dome written as; 

𝐷10𝑑 =
𝑟𝑑

2𝑞

𝐸𝑑ℎ𝑑
(

1+𝜈𝑑

1+𝑐𝑜𝑠 𝛼
− 𝑐𝑜𝑠 𝛼) 𝑠𝑖𝑛 𝛼      𝑎𝑛𝑑    

𝐷20𝑑 =
𝑟𝑑𝑞

𝐸𝑑ℎ𝑑
(2 + 𝜈𝑑) 𝑠𝑖𝑛 𝛼 (7) 

𝐹11𝑑 =
2𝑟𝑑𝜆𝑑 𝑠𝑖𝑛2 𝛼

𝐸𝑑ℎ𝑑
   ,    𝐹12𝑑 = 𝐹21𝑑 =

2𝜆𝑑
2 𝑠𝑖𝑛 𝛼

𝐸𝑑ℎ𝑑
     𝑎𝑛𝑑     

𝐹22𝑑 =   
4𝜆𝑑

3

𝐸𝑑ℎ𝑑𝑟𝑑
 (8) 

where the terms represent rd, radius; 𝜈d, Poisson ratio; α, 
starting angle; Ed, modulus of elasticity; hd, thickness of 
the dome; λd, a constant parameter including rigidity, ge-
ometrical properties; and q, distributed load on the 
dome. 

The wall terms previously calculated for the bottom 
section is also valid for upper section. After by superpos-
ing of the wall and dome terms, the redundant forces can 
be calculated;  

[
𝑋3

𝑋4
] =  𝐹𝑠

−1 [
𝐷10𝑠

𝐷20𝑠
] (9) 

For further detailed information can be found in ref-
erence book of Billington (1965). 

2.2. Reinforced concrete design of the cylindrical wall 

In this section, design constants of the problem are 
summarized. According to the regulation of ACI 318-
Building code requirements for structural concrete, 
these constraints are listed in the Table 1. As seen from 
the table, mainly these requirements are related to sec-
tions capacities and limits for area and orientation of re-
inforcement design.  

3. Numerical Investigation 

In this section, several numerical cases including dif-
ferent wall support condition and wall height, dome 
thickness and height are presented in order to investi-
gate the effect of dome properties on cylindrical wall 
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analyses and design. Totally 72 cases are considered. In 
these cases, fixed and simple support at the bottom of the 
wall, 5-7 m for wall height, 2.5 m and 4.5 m dome heights 
and 0.2-0.3m dome thickness (0.02 m increment) are 
used. The other design parameters of the problem are 
presented in the Table 2. 

Table 1. Design constraints. 

Description Constraints 

Flexural strength capacity, Md Md ≥Mu 

Shear strength capacity, Vd Vd ≥ Vu 

Minimum steel ratio, ρmin As≥ Asmin 

Maximum steel bars spacing, Smax S ≤ Smax 

Minimum steel bars spacing, Smin S ≥ Smin 

Minimum concrete cover, ccmin ccmin ≥ 40 mm 

Table 2. Design parameters for cases. 

Definition Value 

Radius of wall, R (m) 8 

Height of the wall, H (m) 5-7 

Yield strength of steel, fy (MPa) 420 

Concrete cover, cc (mm) 50 

Compressive strength of concrete, f΄c (MPa) 30 

Elasticity modulus of concrete, Ec (MPa) 4700(f΄c)1/2 

Poisson ratio of concrete, ν 0.2 

Density of liquid, γ (kN/m3) 7 

Minimum reinforcement ratio, min 0.008 

Unit concrete cost, Cc (TL/m3)  200 

Unit steel cost, Cs, TL/ton 5000 

3.1. Simple support cases 

This section presents the effects of the thickness (hd) 
and height (Hd) of the dome on longitudinal moments 
and design for the simple supported cylindrical wall. For 
this purpose, the analyses of 36 different cases are con-
ducted. An iterative way is followed during determining 
the wall thicknesses used in the analyzes. The minimum 
wall thickness, which provides all design constraints, is 
used in the design by repeating the analyzes for each 
wall height (H). In this way, it is aimed to find more eco-
nomical results in terms of cost. Accordingly, the thick-
ness values for the heights of 5m, 6m and 7m were ob-
tained as 0.25, 0.3 and 0.35 m, respectively. 

 In Fig. 3, each graph corresponds the longitudinal 
moment distribution according to six different dome 
thicknesses for a constant wall and dome height. 

When each wall height cases are evaluated within it-
self, by considering different dome thicknesses it is seen 
that the differences between the maximum moment on 
the wall and the moment at the junction point of the wall-
dome are relatively small. At points with maximum mo-
ments it is understood that this difference is below 
0.07% and this difference also does not change the wall 
design as well as material cost of the wall. A similar situ-
ation is valid for the height of the dome. The maximum 
difference depending on the height of the dome was 
found to be 0.22%. 

Therefore, it is concluded that the effect of both dome 
thickness and height on the analysis and design is quite 
limited for the analyzed cases.

 

   

   

   

Fig. 3. Simple supported wall height-longitudinal moment graphs for different cases.  
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3.2. Fixed support cases 

The same investigations are also done for fixed sup-
ported cylindrical wall. In this section, the results of 
these investigations are presented. Similar 36 cases are 
handled for fixed supported wall. According to the itera-
tive process for obtaining minimum thickness, the wall 
thickness values are found 0.3, 0.35 and 0.45 m for 5m, 
6m and 7m wall heights, respectively. In Fig. 4, longitu-
dinal moment along wall height can be seen. Each graph 
corresponds six different dome thicknesses for a con-
stant wall and dome height. 

The analysis results show that the effect of dome 
thickness and height on longitudinal moment is quite 
limited, as in simple supported cases. For that reason, 
the wall design as well as material cost of the wall are 
same for the cases presented in each graph. When each 
plot is evaluated separately, it is concluded that the max-
imum differences are below 0.01% and 0.28% for the 
moments in fixed support, maximum moments along the 
wall respectively. If a similar comparison is done accord-
ing to the dome height, the differences are seen to be 
0.11% and 0.37%.

   

   

   

Fig. 4. Fixed supported wall height-longitudinal moment graphs for different cases.

4. Conclusions 

In this study, a computer program has been developed 
to perform the analysis and design of axial symmetrical 
walls with a dome. In the analyzes, flexibility theory was 
considered, and reinforced concrete design was done ac-
cording to ACI 318-Building code requirements for struc-
tural concrete. Total of 72 cases including different sup-
port conditions (fixed and simple) at the bottom of the 
wall, wall heights, dome heights and thicknesses were con-
sidered to investigate effect of dome properties on the lon-
gitudinal moment distribution and design of the wall. 

For a constant wall height, wall thicknesses were de-
termined according to the minimum value that provides 
design constraints by using 0.5 m increments. According 
to analyzes results, the effects of dome thickness and 
heights are quite limited in the simple support cases. 

When this effect is defined by the maximum moments on 
the wall for a specific wall and dome height, differences 
are below %0.07 and %0.22 for different dome thick-
nesses and heights respectively. When the similar evalu-
ations were done for fixed support cases, it was seen that 
the maximum differences between the moments were 
found to be 0.28% and 37% for dome thickness and 
height, respectively. It was understood that these differ-
ences did not have any effect on the cost of the wall de-
sign for the solved 36 cases. 

For future studies in order to verify these results, an-
alyzes can be done for different loading conditions and 
dimensions for wall and dome). In addition, by adding an 
optimization module to the program, the lowest cost de-
signs can be obtained. Scientific data to be obtained from 
these studies may guide engineers in practical applica-
tions as well as in design. 
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Publication Note 

This research has previously been presented at the 6th 
International Conference on Harmony Search, Soft Com-
puting and Applications (ICHSA 2020) held in İstanbul, 
Turkey, on July 16-17, 2020. Extended version of the re-
search has been submitted to Challenge Journal of Struc-
tural Mechanics and has been peer-reviewed prior to the 
publication. 
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A B S T R A C T 

Tuned mass dampers (TMDs) are used to damp vibration of mechanical systems. 
TMDs are also used on structures to reduce the effects of strong forces such as winds 

and earthquakes. For the efficiency of TMD, optimization of TMD parameters is 

needed. Several classical formulations were proposed, but metaheuristic methods 

are generally used to find the best result. In addition, the metaheuristic based opti-

mum results are used in machine learning of artificial intelligence-based models like 

artificial neural networks (ANN). These ANN models are also used in development of 
tuning equation via curve fitting. The classical and ANN-based formulations were 

found according to frequency domain responses. In the present study, the classical 

and ANN-based formulations were evaluated by comparing on time-history re-

sponses of seismic structure. In comparison, near-fault ground motion records in-

cluding directivity pulses are used. The ANN based methods have advantages by 

providing smaller stroke requirement and damping for TMDs. 
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1. Introduction 

In order to reduce structural vibrations, several con-
trol methods have been proposed. These methods may 
be passive, active, semi-active or hybrid control meth-
ods. All systems of different control strategies need to be 
optimized to find a perfect tuning of parameters accord-
ing to controlled structure subjected to vibration 
sources like earthquakes, winds and traffics. 

Tuned mass dampers are passive vibration control 
devices which are used in general mechanical systems. 
For this purpose, several simplified equations are pro-
posed (Den Hartog, 1947; Warburton, 1982; Sadek et al., 
1997; Leung and Zhang, 2009; Yucel et al., 2019). These 
equations were derived according to mathematical 
equations, curve fitting of numerical iteration and opti-
mum results as details given in Section 2.1. 

In recent years, the most chosen methods for opti-
mum tuning of mass dampers is the usage of metaheuris-
tic methods. As examples, the usage of harmony search 
(HS) (Bekdaş and Nigdeli, 2011; Nigdeli and Bekdaş, 
2017), particle swarm optimization (Khatibinia et al., 

2016), ant colony algorithm (Viana et al., 2008), genetic 
algorithm (Mohebbi et al., 2013; Pourzeynali et al., 2013; 
Arfiadi, 2016), artificial bee colony optimization (Farshid-
ianfar and Soheili, 2013), simulated annealing (Yang and 
Li, 2016), cuckoo search (Etedali and Mollayi, 2018), grav-
itational algorithm (Khatibinia et al., 2018), bat algorithm 
(Bekdaş et al., 2018) and flower pollination (FPA) (Bekdaş 
et al., 2017); besides the usage of both harmony search, 
flower pollination algorithm, teaching-learning based op-
timization and jaya algorithm  (Bekdaş et al., 2019) were 
proposed to optimize different types of TMDs for different 
objectives about responses of structures.  

The process of numerical optimization method may 
need high amount of computation time. For that reason, 
Yucel et al. (2019) used the optimum TMD parameters 
on machine learning of an artificial neural network 
(ANN) model, and several equations were developed for 
easy use of engineers. 

The classical and ANN-based formulations were 
found according to frequency-domain response of struc-
tures. The exact effect of TMDs can be only seen on time-
history responses. For that reason, several formulations 
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https://orcid.org/0000-0002-2583-8630
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are investigated on time-history responses of seismic 
structures by using near-fault ground motions. As seen 

in Fig. 1, near fault ground motion have two significant 
impulsive motions.

 
Fig. 1. Impulsive motions.

Directivity pulses, which are critically effective on 
structures, occur in the direction perpendicular to fault 
(Steward et al., 2001). These pulses have long period and 
high peak ground velocity. In FEMA P-695: Quantification 

of Building Seismic Performance Factors (2009), several 
near fault ground motion records with pulses are 
grouped, and these records given in Table 1 were used in 
the present study.

Table 1. Earthquake set for near-field excitations with pulses (FEMA P-695, 2009). 

Earthquake No. Earthquake Name  Recording Station Year Magnitude 

1 Imperial Valley-06 El Centro Array #6 1979 6.5 

2 Imperial Valley-06 El Centro Array #7 1979 6.5 

3 Irpinia, Italy-01 Sturno 1980 6.9 

4 Superstition Hills-02 Parachute Test Site 1987 6.5 

5 Loma Prieta Saratoga – Aloha 1989 6.9 

6 Erzican, Turkey Erzican 1992 6.7 

7 Cape Mendocino Petrolia 1992 7.0 

8 Landers Lucerne 1992 7.3 

9 Northridge-01 01 Rinaldi Receiving Sta 1994 6.7 

10 Northridge-01 01 Sylmar - Olive View 1994 6.7 

11 Kocaeli, Turkey Izmit 1999 7.5 

12 Chi-Chi, Taiwan TCU065 1999 7.6 

13 Chi-Chi, Taiwan TCU102 1999 7.6 

14 Duzce, Turkey Duzce 1999 7.1 

2. Design of Tuned Mass Dampers 

2.1. Equations of motion 

In Fig. 2, a TMD attached to a single degree of freedom 
(SDOF) structures is shown. 𝑥̈𝑔 is the recorded accelera-
tion of ground motions. The response of the structure is 
the displacement (x). The structural parameters taken as 
the design constants are the mass (m), stiffness (k) and 
the damping coefficient (c), which are found according to 
the inherent damping (𝜉) of the structure as given in Eq. 
(1).  

𝑐 = 2𝑚𝜉√
𝑘

𝑚
 (1) 

 

 
Fig. 2. SDOF structure with TMD. 
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The parameters of TMD are mass (md), stiffness (kd) 
and damping coefficient (cd) of the structure. Generally, 
the mass of TMD is optimum at the highest allowed value 
according to axial loading capacity of the structure. In 
tuning formulations, mass ratio (µ) is defined as given in 
Eq. (2). 

𝜇 =
𝑚𝑑

𝑚
 (2) 

In matrix form, the equation of motion of structure 
coupled with a TMD is given as Eq. (3). The mass, damp-
ing and stiffness matrices are shown as M, C and K, re-
spectively. These matrices and the displacement vector 
(x(t)) are shown in Eqs. (4-7). 

𝑀𝑥̈(𝑡) + 𝐶𝑥̇(𝑡) + 𝐾𝑥(𝑡) = −𝑀[1]𝑥̈𝑔(𝑡) (3) 

𝑀 = [
𝑚 0
0 𝑚𝑑

] (4) 

𝐶 = [
𝑐 + 𝑐𝑑 −𝑐𝑑

−𝑐𝑑 𝑐𝑑
] (5) 

𝐾 = [
𝑘 + 𝑘𝑑 −𝑘𝑑

−𝑘𝑑 𝑘𝑑
]   (6) 

𝑥(𝑡) = {
𝑥

𝑥𝑑
} (7) 

The dots on x(t) represent a derivative of x(t) respect 
to time. Solving of x needs long calculation time, and the 
results are specific for the excited ground acceleration. 
Due to that, the response can be investigated in fre-
quency domain (ω) by calculating the amplitude (f) of 
transfer function (TF(ω)). TF(ω) is the ratio of Laplace 
transformations of acceleration of the system and 
ground. TF(ω) and f are formulated as Eqs. (8) and (9), 
respectively. 

𝑇𝐹(𝜔) = [
𝑇𝐹
𝑇𝐹𝑑

] = [−𝑀𝜔2 + 𝐶𝜔𝑗 + 𝐾]−1𝑀𝜔2{1} (8) 

𝑓 = 20Log10|max (𝑇𝐹)|   (9) 

2.2. Tuning equations for TMDs 

In Table 2, the compared tuning equations with ANN-
based equations are given. The equations are for opti-
mum frequency ratio (fopt) and optimum damping ratio 
TMD (ξd,opt). fopt and ξd,opt are formulated as Eqs. (10) and 
(11), respectively.

Table 2. The frequency and damping ratio expressions of the compared methods. 

Method fopt d,opt 

Den Hartog 

(1947) 

1

1 + 𝜇
 √

3𝜇

8(1 + 𝜇)
 

Warburton 

(1982) 

√1 − (
𝜇
2

)

1 + 𝜇
 

√
𝜇 (1 −

𝜇
4

)

4(1 + 𝜇) (1 −
𝜇
2

)
 

Sadek et al. 

(1997) 

1

1 + 𝜇
[1 − 𝜉√

𝜇

1 + 𝜇
] 

𝜉

1 + 𝜇
+ √

𝜇

1 + 𝜇
 

Leung and Zhang 

(2009) 

√1 − (
𝜇
2

)

1 + 𝜇
+ (−4.9453 + 20.2319√𝜇 − 37.9419𝜇)√𝜇𝜉 + (−4.8287

+ 25.0000√𝜇)√𝜇𝜉2 

√
𝜇 (1 −

𝜇
4

)

4(1 + 𝜇) (1 −
𝜇
2

)
− 5.3024𝜉2𝜇 

𝑓𝑜𝑝𝑡 =
𝜔𝑑

𝜔𝑠
  (10) 

𝜉𝑑,opt =
𝑐𝑑

2𝑚𝑑𝜔𝑑
 (11) 

d,opt is the frequency of the TMD as given in Eq. (12), 
and s is the frequency of single degree of freedom 
(SDOF) structure as shown in Eq. (13).  

𝜔𝑑 = √
𝑘𝑑

𝑚𝑑
 (12) 

𝜔𝑠 = √
𝑘

𝑚
 (13) 

The equation of Den Hartog (1947) was found for har-
monic excitations. Warburton (1982) derived the formu-
lation for white-noise excitation. Sadek et al. (1997) used 
curve-fitting of numerical optimization results to find a 
formulation including the effect of inherent damping of 
the structure. Leung and Zhang (2009) employed PSO to 
find the TMD tuning equations.  

2.3. ANN-based formulation for TMD optimization 

Artificial neural networks (ANN) are an artificial intel-
ligence modelling tool, and it based on simulating human 
brain behavior on different systems. Via ANN, it is possible 
estimate final results without processing the solving of 
problems. Yucel et al. (2019) developed an ANN model for 
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optimization of TMDs providing optimum period (Td) and 
damping ratio (ξd,opt) of TMDs. The relationship between 
Td and stiffness of TMD (kd) is given as Eq. (14).  

𝑇𝑑 = 2𝜋√
𝑚𝑑

𝑘𝑑
 (14) 

The structure of the developed ANN model is shown 
as Fig. 3. The inputs are the period (Ts) of SDOF structure 
given as Eq. (15) and mass ratio (µ). 

𝑇𝑠 = 2𝜋√
𝑚

𝑘
 (15) 

In machine learning of the ANN model, FPA algorithm 
developed by Yang (2012) was used. The methodology 
given in Bekdaş et al. (2017) was used to find the opti-
mum TMD values for different cases of SDOF structures. 
The developed ANN model was used to find the simpli-
fied equations given in Table 3.

 

Fig. 3. ANN structure. 

Table 3. ANN based formulations (Yucel et al., 2019). 

Method fopt d, opt 

Linear 𝑓opt = −0.6438𝜇 + 0.9966 𝜉𝑑,opt = −0.5673𝜇 + 0.1235 

Polynomial 
𝑓opt = −249.91𝜇5 + 400.09𝜇4 

−208.03𝜇3 + 43.801𝜇2 − 4.1453𝜇 + 1.0675 

𝜉𝑑,opt = −54.673𝜇4 + 54.639𝜇3 − 19.274𝜇2 

+3.2302𝜇 + 0.0237 

Exponential 𝑓opt = 1.0038 𝑒−0.747𝜇 𝜉𝑑,opt = 1.1258 𝑒2.8573𝜇 

3. Comparison of the methods 

The investigations were done for four cases of SDOF 
structure period. All structures were also tested for 
three mass ratio values. The cases are shown in Tables 4 
and 5. 

The results of different methods are presented in Ta-
bles 6-9 including the sub-cases of mass ratio in Appen-
dix. Also, the comparisons intended for x, a and stroke 
values within these results of formulations, which were 
proposed in literature and developed as ANN-based, 
can be seen in Fig. 4-7 for case 1-4, respectively. The 
results include the optimum TMD values, maximum 
displacement (x) and acceleration (a) of the structure. 
Also, stroke values are presented for the TMD. The pre-
sented stroke value is a normalized value as given in Eq. 
(16). 

 

𝑠𝑡𝑟𝑜𝑘𝑒 =
𝑚𝑎𝑥(|𝑥𝑑|)−𝑚𝑎𝑥 (|𝑥|)

𝑚𝑎𝑥(|𝑥|)𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑇𝑀𝐷
 (16) 

Table 4. Numerical cases for periods. 

Case Ts (s) 

1 0.5 

2 1 

3 2 

4 4 

Table 5. Numerical cases for mass ratio. 

Case µ 

a 0.05 

b 0.10 

c 0.20 
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Fig. 4. The numerical results (Case 1): (a) x (m); (b) a (m/s2); (c) stroke. 

 

 

 

 

 

Fig. 5. The numerical results (Case 2): (a) x (m); (b) a (m/s2); (c) stroke. 

 

 

 

 

 

Fig. 6. The numerical results (Case 3): (a) x (m); (b) a (m/s2); (c) stroke. 

 

 

 

 

 

Fig. 7. The numerical results (Case 4): (a) x (m); (b) a (m/s2); (c) stroke.  
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4. Conclusions 

In general, the ANN-based formulations are more ef-
fective than all formulations (except of Sadek et al. 
(1997)). When the optimum damping ratios of TMDs are 
investigated, Sadek et al. (1997) have a very big opti-
mum value comparing to ANN-based method. Thus, the 
optimum TMD designed according to Sadek et al. (1997) 
have a high cost. By the increase of the damping, control 
can be provided with a small stroke value. The ANN-
based methods have also small stroke values comparing 
to the others. By the increase of mass ratio, the damping 
values are increasing, and the values of Sadek et al. 
(1997) (4.5%) may need a high cost design. The effec-
tiveness of the ANN-based formulations can be best seen 

in average results of response under different excita-
tions.   

While ANN-based methods (Yucel et al., 2019) and 
Sadek et al. (1997) are the best in reduction of maximum 
responses, the classical methods like Den Hartog and 
Warburton may be more effective for long period struc-
tures. For the same cases of 4s period SDOF structure, 
the best method is PSO-based formulations (Leung and 
Zhang, 2009). 

In total, the ANN-based method provides comparative 
solutions with a feasible TMD design. The success of op-
timum values is both seen for the displacement and the 
acceleration values. By the increase of the mass ratio, a 
small advantage of the exponential equations can be 
seen, while all three types have similar performances.

 

Appendix 

Table 6. The numerical values (Case 1). 

  
SDOF 

without 
TMD 

Den  
Hartog 
(1947) 

Warburton 
(1982) 

Sadek et al. 
(1997) 

Leung 
and 

Zhang 
(2009) 

Linear  
(Yucel et al., 

2019) 

Polynomial 
(Yucel et al., 

2019) 

Exponential 
(Yucel et 

al., 2019) 

µ=0.05 

 Td (s)  0.525 0.532 0.531 0.547 0.518 0.528 0.517 

 d (%)  10.911 10.981 26.584 10.914 15.187 14.351 14.512 

C
ri

ti
ca

l x (m) 0.124 0.116 0.116 0.114 0.116 0.115 0.115 0.115 

a (m/s2) 19.761 17.391 17.426 17.077 17.492 17.224 17.295 17.233 

stroke  3.076 3.185 1.972 3.457 2.499 2.702 2.544 

M
ea

n
 x (m) 0.051 0.048 0.048 0.049 0.048 0.048 0.048 0.048 

a (m/s2) 8.119 7.280 7.284 7.314 7.308 7.268 7.272 7.267 

stroke  2.380 2.428 1.540 2.543 1.999 2.124 2.033 

µ=0.10 

 Td (s)  0.550 0.564 0.558 0.587 0.536 0.543 0.537 

 d (%)  15.076 15.273 34.697 15.140 18.023 20.315 16.741 

C
ri

ti
ca

l x (m) 0.124 0.120 0.120 0.118 0.119 0.120 0.119 0.120 

a (m/s2) 19.761 17.169 17.158 16.844 17.133 17.073 17.026 17.109 

stroke  2.806 2.924 1.821 3.130 2.446 2.345 2.542 

M
ea

n
 x (m) 0.051 0.048 0.048 0.049 0.047 0.049 0.048 0.049 

a (m/s2) 8.119 6.891 6.896 7.010 6.911 6.886 6.889 6.885 

stroke  2.025 2.094 1.357 2.216 1.800 1.733 1.863 

µ=0.20 

 Td (s)  0.600 0.632 0.613 0.695 0.576 0.564 0.578 

 d (%)  20.412 20.972 44.991 20.707 23.696 24.842 22.277 

C
ri

ti
ca

l x (m) 0.124 0.124 0.123 0.126 0.120 0.126 0.127 0.126 

a (m/s2) 19.761 16.234 16.211 16.378 16.212 16.284 16.308 16.273 

stroke  2.636 2.787 1.710 3.054 2.321 2.198 2.402 

M
ea

n
 x (m) 0.051 0.049 0.047 0.050 0.046 0.050 0.050 0.049 

a (m/s2) 8.119 6.326 6.317 6.585 6.382 6.369 6.405 6.360 

stroke  1.841 1.945 1.253 2.170 1.627 1.545 1.682 
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Table 7. The numerical values (Case 2). 

  
SDOF 

without 
TMD 

Den Har-
tog 

(1947) 

Warburton 
(1982) 

Sadek et al. 
(1997) 

Leung 
and 

Zhang 
(2009) 

Linear 
(Yucel et al., 

2019) 

Polynomial 
(Yucel et al., 

2019) 

Exponential 
(Yucel et 

al., 2019) 

µ=0.05 

 Td (s) 

 

1.050 1.063 1.062 1.093 1.037 1.057 1.034 

 d (%) 

 

10.911 10.981 26.584 10.914 15.187 14.351 14.512 

C
ri

ti
ca

l x (m) 0.454 0.404 0.404 0.420 0.403 0.410 0.408 0.409 

a (m/s2) 17.987 15.466 15.510 15.915 15.604 15.560 15.582 15.532 

stroke 

 

2.878 2.959 1.821 3.149 2.368 2.543 2.414 

M
ea

n
 x (m) 0.165 0.142 0.142 0.150 0.141 0.145 0.144 0.145 

a (m/s2) 6.553 5.448 5.457 5.684 5.490 5.512 5.506 5.500 

stroke 

 

2.297 2.326 1.468 2.402 1.940 2.044 1.976 

µ=0.10 

 Td (s)  1.100 1.129 1.117 1.174 1.073 1.086 1.073 

 d (%)  15.076 15.273 34.697 15.140 18.023 20.315 16.741 

C
ri

ti
ca

l x (m) 0.454 0.393 0.393 0.400 0.392 0.395 0.396 0.394 

a (m/s2) 17.987 14.630 14.675 14.687 14.744 14.590 14.614 14.589 

stroke  2.524 2.618 1.573 2.770 2.217 2.132 2.299 

M
ea

n
 x (m) 0.165 0.139 0.138 0.144 0.137 0.141 0.141 0.140 

a (m/s2) 6.553 5.138 5.142 5.283 5.182 5.146 5.154 5.142 

stroke 

 
1.814 1.855 1.201 1.932 1.622 1.555 1.680 

µ=0.20 

 Td (s)  1.200 1.265 1.225 1.389 1.152 1.128 1.157 

 d (%)  20.412 20.972 44.991 20.707 23.696 24.842 22.277 

C
ri

ti
ca

l x (m) 0.454 0.382 0.380 0.398 0.377 0.387 0.389 0.385 

a (m/s2) 17.987 13.520 13.654 13.620 13.899 13.425 13.384 13.430 

stroke  2.054 2.188 1.567 2.502 1.882 1.812 1.948 

M
ea

n
 x (m) 0.165 0.136 0.134 0.142 0.133 0.138 0.139 0.138 

a (m/s2) 6.553 4.756 4.786 4.849 4.882 4.731 4.731 4.731 

stroke  1.519 1.587 1.041 1.746 1.354 1.290 1.400 
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Table 8. The numerical values (Case 3). 

  
SDOF with-

out TMD 

Den Har-
tog 

(1947) 

Warburton 
(1982) 

Sadek et al. 
(1997) 

Leung 
and 

Zhang 
(2009) 

Linear 
(Yucel et al., 

2019) 

Polynomial 
(Yucel et al., 

2019) 

Exponential 
(Yucel et 

al., 2019) 

µ=0.05 

 Td (s)  2.100 2.127 2.123 2.186 2.074 2.114 2.068 

 d (%)  10.911 10.981 26.584 10.914 15.187 14.351 14.512 

C
ri

ti
ca

l x (m) 0.830 0.745 0.748 0.754 0.753 0.744 0.747 0.743 

a (m/s2) 8.237 7.316 7.364 7.258 7.458 7.223 7.291 7.218 

stroke  3.291 3.362 1.872 3.524 2.678 2.861 2.737 

M
ea

n
 x (m) 0.382 0.344 0.344 0.356 0.343 0.348 0.347 0.348 

a (m/s2) 3.788 3.303 3.311 3.392 3.329 3.325 3.327 3.320 

stroke  2.337 2.374 1.485 2.465 1.975 2.086 2.011 

µ=0.10 

 Td (s)  2.200 2.257 2.234 2.349 2.145 2.173 2.147 

 d (%)  15.076 15.273 34.697 15.140 18.023 20.315 16.741 

C
ri

ti
ca

l x (m) 0.830 0.665 0.666 0.704 0.667 0.671 0.676 0.667 

a (m/s2) 8.237 6.442 6.533 6.571 6.677 6.376 6.427 6.369 

stroke  2.608 2.655 1.586 2.776 2.281 2.145 2.385 

M
ea

n
 x (m) 0.382 0.328 0.327 0.346 0.325 0.333 0.335 0.331 

a (m/s2) 3.788 3.053 3.072 3.178 3.108 3.065 3.085 3.055 

stroke  1.902 1.950 1.253 2.045 1.692 1.627 1.755 

µ=0.20 

 Td (s)  2.400 2.530 2.450 2.779 2.305 2.256 2.313 

 d (%)  20.412 20.972 44.991 20.707 23.696 24.842 22.277 

C
ri

ti
ca

l x (m) 0.830 0.613 0.616 0.641 0.624 0.620 0.624 0.618 

a (m/s2) 8.237 5.700 5.808 5.611 6.016 5.609 5.574 5.621 

stroke  2.301 2.442 1.508 2.685 2.026 1.917 2.094 

M
ea

n
 x (m) 0.382 0.310 0.307 0.335 0.305 0.318 0.321 0.316 

a (m/s2) 3.788 2.751 2.798 2.877 2.893 2.741 2.742 2.735 

stroke  1.600 1.670 1.064 1.811 1.424 1.356 1.472 
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Table 9. The numerical values (Case 4). 

  
SDOF with-

out TMD 

Den Har-
tog 

(1947) 

Warburton 
(1982) 

Sadek et al. 
(1997) 

Leung 
and 

Zhang 
(2009) 

Linear 
(Yucel et al., 

2019) 

Polynomial 
(Yucel et al., 

2019) 

Exponential 
(Yucel et 

al., 2019) 

µ=0.05 

 Td (s)  4.200 4.254 4.246 4.372 4.148 4.228 4.137 

 d (%)  10.911 10.981 26.584 10.914 15.187 14.351 14.512 

C
ri

ti
ca

l x (m) 1.936 1.585 1.580 1.655 1.569 1.612 1.600 1.610 

a (m/s2) 4.797 3.707 3.707 3.918 3.707 3.768 3.753 3.760 

stroke  2.928 2.999 1.770 3.165 2.415 2.589 2.461 

M
ea

n
 x (m) 0.639 0.591 0.591 0.599 0.590 0.593 0.592 0.592 

a (m/s2) 1.591 1.448 1.450 1.450 1.454 1.444 1.447 1.443 

stroke  2.209 2.226 1.364 2.271 1.861 1.951 1.901 

µ=0.10 

 Td (s)  4.400 4.514 4.467 4.698 4.291 4.346 4.294 

 d (%)  15.076 15.273 34.697 15.140 18.023 20.315 16.741 

C
ri

ti
ca

l x (m) 1.936 1.517 1.503 1.628 1.483 1.557 1.565 1.547 

a (m/s2) 4.797 3.399 3.403 3.667 3.412 3.462 3.496 3.437 

stroke  2.378 2.466 1.451 2.619 2.033 1.950 2.130 

M
ea

n
 x (m) 0.639 0.571 0.570 0.582 0.570 0.573 0.574 0.573 

a (m/s2) 1.591 1.372 1.378 1.367 1.388 1.364 1.365 1.365 

stroke  1.710 1.732 1.080 1.781 1.535 1.461 1.593 

µ=0.20 

 Td (s)  4.800 5.060 4.900 5.558 4.609 4.513 4.627 

 d (%)  20.412 20.972 44.991 20.707 23.696 24.842 22.277 

C
ri

ti
ca

l x (m) 1.936 1.408 1.382 1.597 1.345 1.474 1.502 1.456 

a (m/s2) 4.797 2.989 3.023 3.366 3.104 3.065 3.097 3.033 

stroke  2.077 2.148 1.185 2.218 1.775 1.662 1.863 

M
ea

n
 x (m) 0.639 0.542 0.540 0.563 0.537 0.548 0.551 0.546 

a (m/s2) 1.591 1.264 1.276 1.252 1.302 1.251 1.246 1.253 

stroke  1.329 1.358 0.859 1.423 1.194 1.142 1.236 

Publication Note 

This research has previously been presented at the 6th 
International Conference on Harmony Search, Soft Com-
puting and Applications (ICHSA 2020) held in İstanbul, 
Turkey, on July 16-17, 2020. Extended version of the re-
search has been submitted to Challenge Journal of Struc-
tural Mechanics and has been peer-reviewed prior to the 
publication. 
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A B S T R A C T 

Strengthening historical buildings and evaluating their performances make great 
contributions to both the history of the country and the tourism of the country. In 

this study, performance analysis and evaluations of the historical cinema hall bal-

cony, which was built in 1933 by a French company and served to Zonguldak prov-

ince for a long time, are presented in detail. This cinema hall was frequently used by 

local people between 1933 and 1999 and hosted many Yeşilçam movies. Firstly, ex-

aminations were performed in the historical cinema hall and the areas (columns, 
beams and floors) that were damaged in time were identified. According to the ob-

tained information, it was determined that there were significant damages in the car-

rier system of the building and there were visible cracks and damages in the columns 

of the cinema hall. It was also observed that explosions occurred in one of the main 

carrier columns of the balcony. After the core samples taken from the balcony were 

tested in the laboratory, the current status of the carrier elements and reinforce-

ments were determined with the help of an x-ray rebar scanner. After all these pro-

cesses, the structure was modeled as three dimensional (3D) using a special com-

puter program and performance evaluations were performed regarding the current 

state of the structure. As a result of the performance evaluation, it was determined 

that the balcony of the historical cinema hall could not survive anymore and would 

collapse over time. It was concluded that there were great damages especially on the 
balcony columns and a reinforcement should be made on a total of 6 columns. 

Strengthening was made to 4 different main columns and a performance analysis was 

performed again in strengthened structure. After strengthening, it was understood 

that the columns of the balcony of the cinema hall could survive for a long time. 
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1. Introduction 

Turkey has a very ancient history and many empires 
that have witnessed this history have left deep traces 
and historical heritages in this country. It is seen that 
there are many building types in this historical heritage, 
from wooden structures with excellent architecture to 
reinforced concrete structures built thousands of years 
ago. The protection and reuse of these historical build-
ings make great contributions to the economy and tour-
ism of our country. Nowadays, studies on the protection 
of historical buildings have become widespread. The 

main purpose of strengthening and preserving historical 
constructions is to ensure surviving of these structures 
for a long time. However, while performing these vital 
operations, it should be essential to keep the historical 
texture of the historical building. Recently, historical 
structures in Turkey are faced with strong ground move-
ments such as earthquakes, floods and negative threats 
of rapid urbanization that has occurred. 

While Turkey can protect the large-scale public struc-
tures, small-scale structures, most of which are privately 
owned, cannot adequately protect due to the lack of legal 
infrastructure. For this reason, many historical buildings 
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have been demolished recently. However, these struc-
tures could have been used for both local people and 
country tourism for a long time by performing earth-
quake evaluation of structures. The strength of a histor-
ical building depends on the structural system, the ge-
ometry of the building and the mechanical properties of 
building. For this reason, different structural defor-
mations and defeats can occur under constant loads in 
similar historical buildings. The main causes of the de-
feats in historical buildings are the loads caused by the 
building's own weight, loads caused by ground vibra-
tions and other natural disasters. However, it is very rare 
situation that a historical building destroyed or damaged 
due to its own weight. The main reason for the damage 
or demolition of historical buildings are natural external 
loads, man-made artificial loads or structural problems 
due to other environmental effects (Örmecioğlu, 2010). 
In the literature, the studies on the strengthening and re-
use of historical structures are summarized as follows: 
In a study, it has been performed strengthening of the 
walls, domes, vaults and foundations with injection res-
ins and anchorage systems. In this study, it is stated that 
the compressive and shear strength of resins are very 
high. Moreover, it was observed that the reaction time of 
said resins ranged from 30 to 180 seconds. It has been 
stated that Carbopur WF resin does not swell voluntarily 
in anhydrous environment and its compressive strength 
reaches around 800 kg/cm2 in a few minutes. It is stated 
that Carbopur S resin swells 100-200% in anhydrous en-
vironment and its compressive strength is around 100-
300 kg/cm2 in a few minutes. It is shown that two com-
ponent resins have swelling and foaming rate of 2-6 in 
free environments (such as direct contact with air). 
However, it is stated that their swelling rates in environ-
ments such as concrete and ground are between 1.0-2.5. 
The tensile, torsional and compressive strengths of these 
resins have been proved to be very high (Kasapgil, 
2007). In addition, the strengthening was carried out in 
Adana Ulucami minaret in 2007. Separated and broken 
stones and cracks in Adana Ulucami Tower are filled 
with resins that adhere well. With this filling process, the 
stones are prevented from cracking due to expansion, 
water leaking into the cracks, washing the material in-
side and expanding the cracks (Kasapgil, 2007). Later, a 
study was carried out on the repair and strengthening of 
the Ahi Celebi Mosque. In this study, the repair and 
strengthening methods of masonry domes damaged due 
to effects such as vertical loads, support collapse, earth-
quake, and the effectiveness of the pull circle formed in 
the support area are given with the application example 
of Ahi Çelebi Mosque. The structure is modeled using 
SAP2000 software under the influence of vertical and 
earthquake loads. The application of the pull-out circle 
led to a significant reduction in the tensile stresses 
formed in the dome (Sesigür and Çelik, 2007). In addi-
tion, a building was proposed to be demolished and re-
constructed by technical teams. The building is located 
only 7.5 km from the Arifiye fault zone torn in the 1999 
East Marmara Earthquake. As a result of this study, a 
strengthening and repair project of the building was 
made and the building was opened eight months after 
the earthquake. The behavior curve of the structure 

(bottom shear force - peak displacement) remained at 
the “immediate use” level (Arioglu et al., 2007). Moreo-
ver, a study on the pre-fire condition of Urla Old Monop-
oly Building (Arditi Pavilion) and the strengthening of 
the building was carried out. Although the outer walls of 
the building were standing before the fire, it was deter-
mined that there were collapses and decays in the build-
ing (Aydın et al., 2015). In a study, structural analyses 
were carried out within the scope of restorations of his-
torical bridges and their results are presented in detail. 
It has been proved that in cases where the said research 
is not done / insufficient, the damage can occur again af-
ter the restoration. It has been stated that the determi-
nations related to the building and the ground are im-
portant in terms of supporting the carrier systems of the 
historical bridges (Sert and Partal, 2015). The dynamic 
behavior of the scaled stone arch bridge model was ex-
amined experimentally and analytically. In this study, 
the dynamic behavior of the 1/10 scale model of a stone 
arch bridge, which is frequently encountered in applica-
tions, was investigated experimentally. The first six fre-
quencies, mode shape and modal damping rate of the 
model, which was carried out using the environmental 
vibration test, were determined. In order not to damage 
the model during the measurement, the bridge behavior 
was determined with uniaxial seismic accelerometers 
under the vibrations coming from the environment with-
out using additional vibrators. Dynamic characteristics 
were determined analytically by performing modal anal-
ysis on the model created using three-dimensional solid 
elements in the SAP2000 program. At the end of the 
study, experimental dynamic characteristics and analyt-
ical results were compared and differences were re-
vealed (Türker et al., 2015). Then, a study was presented 
the restoration-conservation of historical Malabadi 
Bridge. Restoration-conservation carried out by the Gen-
eral Directorate of Highways between 2009-2013 on the 
Historical Malabadi Bridge, which was built in the 
Artuqid Period on the Batman Water in Diyarbakır prov-
ince (Sert and Yılmaz, 2015). Linear and nonlinear seis-
mic analyzes of the historical Tağar Bridge on Tağar 
stream in Çemişgezek district of Tunceli province were 
performed. For this purpose, the bridge is modeled with 
three dimensional finite elements. Acceleration records 
of the Erzincan earthquake were considered as seismic 
effects. ANSYS finite element program was used in the 
analysis (Onat and Sayın, 2015). A study has been car-
ried out on structural system features, damages, repair 
and strengthening techniques in historical buildings. In 
the study, information is given about how the concept of 
protection is perceived from past to present and what 
steps are taken, types of historical buildings, materials 
and properties used in historical buildings. In addition, 
detailed information about carrier system constituting 
the historical structure, damages occurring in these 
structures and damage determination methods applied 
today, the examination of earthquake safety within the 
framework of the conditions specified in the earthquake 
regulation of masonry buildings and the repair and 
strengthening techniques applied in historical buildings 
are presented (Mahrebel, 2006). In another study, seis-
mic performance evaluation of a historical wall structure 
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was performed. The building performance was made by 
comparing the old and new Turkish earthquake stand-
ards. Non-destructive experimental measurement meth-
ods have been used to obtain reliable results in seismic 
performance evaluation. As a result of the analyzes, max-
imum displacements and basic stresses were obtained. 
In terms of displacement control, the structure showed 
only limited damage during the earthquake recording 
applied. In other word, the building behaved linearly 
when it was exposed to the selected earthquake 
(Günaydın, 2019). New Zealand is a country famous for 
its historical structures and the protection of the histor-
ical texture is vital for this country. In a study, perfor-
mance assessment of historical buildings in a city in New 
Zealand was made. Using the MCDA methodology, the 
performance of historical buildings was revealed and 
suggestions were made (Aigwi et al., 2019). Perfor-
mance-based assessment has recently become crucial 
for multi-story, non-reinforced walled buildings. How-
ever, it is very difficult to evaluate the performance of 
multi-storey historical buildings due to their complex 
engineering features and structural performances. In a 
study, the historical scribe school in Erzurum was se-
lected for performance analysis, and the seismic weak-
nesses of this historical building were identified and its 
structural performance was evaluated (Korkmaz et al., 
2018). It is vital to protect the historical heritage against 
horizontal loads (such as earthquakes) and to examine 
these structures in three dimensions. In a study, the 
earthquake performance of three different damaged pal-
ace walls in Mantua (Northern Italy) after the 2012 Emi-
lia earthquake was investigated. Three different palace 
structures are modeled in three dimensions and the ma-
terial parameters are laid out in detail. Comparison be-
tween three-dimensional numerical results and damage 
research has shown that the numerical approach used in 
this study may be an adequate tool to accurately assess 
the seismic response of historic structures (Valente and 
Milani, 2019). In the construction of historical buildings, 
only static loads are generally taken into account. There-
fore, these structures can be damaged or destroyed due 
to seismic effects. Earthquake performances of historical 
buildings should be obtained in order to move them to 
the future and protect them. In a study, the nonlinear 
seismic responses of the Malabadi Bridge built in the 
12th century were evaluated. To determine the material 
properties of the bridge, uniaxial compressive strength 
tests, ultrasound tests, Schmidt hammer tests and mass 
loss tests were performed. It was observed that there 
was no damage zone on the arches and spandrel walls 
under D1 and D2 earthquake loads and plastic defor-
mations occurred in the filling material under D2 earth-
quake loads. Numerical results showed that the main 
arch of the bridge was heavily damaged under the earth-
quake load D3 (Karaton et al., 2017). Historical buildings 
are often vulnerable to earthquake damage throughout 
their lifetimes, and strengthening is needed to survive 
these structures. This strengthening process is handled 
through analysis considering the current state of the 
buildings. However, there are few studies focusing on 
the strengthening methods applied. In a study, the struc-
tural behavior of conditions before and after the 

strengthening of a historical structure was investigated. 
In order to compare the conditions, theoretical finite el-
ement models were developed and then experimental 
analysis of the historical building was performed. The re-
sults show that the strength of the reinforced structure 
increased 3 times compared to the initial state (Ercan, 
2018). In another study, in the east of Turkey on October 
23, 2015 during the main shock of the Van earthquake 
damage in two historic buildings partially collapsed was 
investigated. The solid body of both structures survived 
without earthquake damage, but the Narthex of both 
structures collapsed. First, the existing standards (ASCE 
41, 2006; EC8-3, 2005; PERPETUATE, 2010) were exten-
sively studied. Then, response spectrum analyzes were 
performed to evaluate the seismic performance of the 
structures. According to the results of the numerical 
analysis, the causes of the collapse of the building were 
revealed (Cakir et al., 2015). Finally, in a study, an algo-
rithm was developed to determine the failure loads of 
single span circular masonry arch bridges according to 
the lower-limit theorem of limit analysis. The algorithm 
uses linear programming techniques and converges at 
the bottom of the true burden load value, that is, on the 
safe side. The algorithm is programmed in Matlab envi-
ronment (Orhan and Özyazıcıoğlu 2015). 

As can be seen from the studies in the literature, there 
are many studies on historical structures in the past. 
However, there is no study on the strengthening of movie 
theaters, which are important for tourism and a place fre-
quently used by the public, by taking into consideration 
the 2018 Turkish earthquake regulation and earthquake 
performance. The aim of this study is to perform earth-
quake strengthening and to evaluate the earthquake per-
formances in order to survive of the historical movie the-
ater, which is important for the country's tourism, for a 
long time. For this purpose, the historical cinema hall 
built in 1933 was selected for analysis and evaluations. 
This movie theater is very important for Zonguldak and 
our country's tourism and it is vital to extend the life of 
this building. For this reason, this study contributes sig-
nificantly to the literature and country tourism. 

 
2. Material and Method 

In this study, the incremental single-mode push 
(pushover) analysis method was used for performance 
evaluations. This method impacts the calculated hori-
zontal loads on the system, taking into account a prede-
termined distribution. The structure is increased step by 
step up to a certain limit value with these imposed loads 
and the carrier system elements are brought to capacity. 
This limit value can occur in two ways. It occurs when 
the lateral stability of the carrier system is degraded or 
the horizontal displacement value that brings the struc-
ture to the mechanism state is reached. In incremental 
single-mode propulsion analysis, in each step, internal 
forces, displacements and plastic deformations in the 
carrier system elements are calculated. Accordingly, the 
curve that gives the relationship between the base shear 
force and the peak displacement of the structure, that is, 
the pushover curve, is determined. In addition, building 
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performance evaluations have been performed consid-
ering the 2018 Turkish New Earthquake Regulation. In 
the current status of the building, there are major dam-
ages and explosion in the balcony columns. In addition, 
there are deflections in the existing balcony beams. Most 
of the balcony flooring reinforcements have come out 
and are corroded. In this study, first of all, the relievo of 
the historical movie theater was obtained in detail. Be-
cause this building is a historical monument building, no 
project or technical knowledge of this structure was 
available. Each carrier element is determined in detail 
and the length information of each carrier is entered in 
detail in the AUTOCAD program. Due to the fact that the 
balcony flooring is inclined and variable thickness, very 
sensitive measurement has been taken and sensitivity 
has been shown while removing the leveling. Then, in-
formation was obtained about the current status of the 
fittings in the carrier elements using an x-ray device. 
Concrete X-ray scanning has been in use for a long time 
in the construction industry due to its accuracy. By using 
this device, information was obtained about the current 
state of the reinforcements in the concrete and it was ob-
served that most of the reinforcement was corroded. 3D 
model of the building, which was removed, was created 
with the help of the IDECAD static program. IDECAD pro-
gram is used finite element method while 3D modelling 
and 3D analyzing of structures. All carrier elements are 
carefully entered into the program and balcony flooring 
has been created in accordance with the project. Finally, 
core samples were taken from bearing columns support-
ing the balcony flooring, bearing beams and flooring. 
While taking the core sample, due to the historical fea-
ture of the building, care was taken not to damage the 
building too much. Moreover, while testing cylinder 
samples, initial speed, dimensions (diameter, height) de-
fined to device. Core samples were experimentally pres-
sure tested and their mechanical properties were deter-
mined. After the concrete samples were tested in the test 
device, information about the current concrete quality in 
the structure was acquired. The material parameters of 
all carriers are carefully determined to program. Young's 
modulus, Poisson ratio, shear modulus is defined to IDE-
CAD program to obtain more realistic analysis results of 

structure. In addition, the structure is divided into equal 
parts and mesh process has been made. During the 
meshing process, all the elements of the structure are di-
vided into equal pieces of approximately 10 cm. The an-
alyzes were first made by considering the current state 
of the building. Balcony columns and beams were evalu-
ated for G+Q+E (X and Y) combinations according to 
2018 earth-quake regulation. These standard combina-
tions were used to obtain the most critical condition of 
the historical building during the earthquake. These 
combinations show the situation in which the structure 
receives the greatest moment and shear forces. There-
fore, these combinations were used in this study. Accord-
ing to the results of the analysis, it was observed that the 
building had more difficulty in surviving and that earth-
quake reinforcement was essential. The carrier elements 
that need reinforcement were determined by examining 
the results in detail and reinforcement jacketing was 
performed on these carrier walls. During jacketing, care 
was taken not to damage the historical building too 
much. When the reinforced structure was analyzed 
again, it was seen that the cinema hall could remain 
standing for many years as a result of the jacketing, and 
the building was provided to contribute to the tourism 
and national economy for many years. 

3. General Information about Historical Cinema Hall 

After the proclamation of the republic, Zonguldak 
province became a province where large investments 
were made in tourism and economy. As a result of the 
investment of businessmen, Zonguldak has become one 
of the provinces with the highest population in Turkey. 
The historical cinema hall, which is the subject of this 
study, was built in Zonguldak Center after the proclama-
tion of the Republic in 1933 and served as a community 
center for the tourism of our country and the people of 
Zonguldak for a very long time. The building, which 
served as a community center until 1951, continued to 
serve as a cinema and theater hall after 1951. This his-
torical structure is one of the largest historical heritages 
left to Zonguldak after the proclamation of the Republic 
(Fig. 1).

 

Fig. 1. Views of Zonguldak historical theater hall (1965).

After 1951, many Yeşilçam artists watched films in 
this building and thousands of films were screened. At 
that time, what movies were on display (cowboy movies, 
adventure movies, crime) were first seen in this cinema. 
Even the 1974 world cup documentary was released in 
this cinema. But over time, the effectiveness of the pop-
ulation of the province of Zonguldak institutions were 

put dwindled, Turkey's most populous cities in between 
is between the least populated provinces. For this rea-
son, interest in tourism and cultural events has de-
creased over time and these historical cinema structures 
have been abandoned to their fate. In 2013, this building 
was completely closed and local people were deprived of 
the cinema viewing activity in this historical building. 
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4. Material Parameters of Historical Cinema Hall 
and Modeling Three Dimensions 

Since 1933, no interference (strengthening) has been 
carried on the carriers of the historical movie theater 
subject to this study. For this reason, it has been deter-
mined that the building is sufficiently tired and the mod-
ification of the structure is needed in order to survive 
longer. This structure is a reinforced concrete structure 
and the using of ribbed reinforcement in the building in 
1933 is an indicator of the value given to the buildings 

and people at that time. In the building, there are beams 
with a thickness of about 1 meter and all of their floors 
are made of reinforced concrete. The lowest floor is the 
ground floor and at that time this floor was used as an 
entrance to the cinema and the place where the stage 
was placed. Ground floor and first floor plans are the 
same. But the slope of the balcony flooring on the 1st 
floor is very different from the ground floor. 1st floor 
balcony floor has 12% slope. The plans of the building 
before and after strengthening are presented in Figs. 2 
and 3. 

 

Fig. 2. Structure plan before reinforcement: (a) Ground floor; (b) 1st floor. 

 

Fig. 3. Structure plan after reinforcement: (a) Ground floor; (b) 1st floor.

In this study, core samples were taken from the car-
rier elements of the building and the balcony floor. Due 
to the fact that the building is a historical building, care 
was taken not to damage the historical artifact while tak-
ing the core sample. Three samples were taken from 
each carrier and these samples were subjected to pres-
sure testing in the laboratory (Fig. 4). According to the 
pressure test results, in some of the balcony main col-
umns (S39, S40, S41, S42), concrete class has been deter-
mined as C14 and all other carriers have been deter-
mined as concrete class C18. Then all the carrier ele-
ments were scanned with an x-ray device and the cur-
rent state of the reinforcements in it was determined 
(Fig. 5). It was determined that most of the reinforce-
ments were corroded and it was observed that melts 
and explosions occurred in the reinforcements over 
time in both main bearing columns of the balcony. After 

all these operations were done, all geometric and me-
chanical properties of the building were entered into the 
IDECAD static program. First, the current state of the 
building was modeled, and after analyzing, some dam-
aged parts of the building were reinforced. The existing 
modeled and reinforced state of the building are pre-
sented in Figs. 6 and 7. Moreover, moment-rotation rela-
tionship was obtained for main column (S41) of balcony 
of historical structure by using XTRACT program (Fig. 8). 
Finally, a performance objective may include consider-
ation of damage states for several levels of ground mo-
tion and would then be termed a dual or multiple-level 
performance objective. Based on performance objective 
the capacity and demand curve is drawn and based on 
it the suitable design is chosen for 3D analyses (Fig. 9). 
Moreover, jacketing detail of S41 column is shown in 
Fig. 10.  

(b) 

(b) (a) 

(a) 
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Fig. 4. Core samples taken from the structure:  
(a) Main column S41; (b) Main column S42; (c) Balcony flooring. 

 

Fig. 5. Examination of carrier elements with X-ray device. 

 

Fig. 6. Three-dimensional view of the building before reinforcement: (a) Right view; (b) Front view. 

 

(a) (b) (c) 

(a) (b) 
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Fig. 7. Three-dimensional view of the building after reinforcement: (a) Right view; (b) Left view. 

 

Fig. 8. Moment-rotation relationship for main column of balcony of RC structure.

 

Fig. 9. Capacity curve of structure. 

 

Fig. 10. Jacketing detail of S41 column.

5. Results and Discussions 

In this section, the before and after conditions of 
Zonguldak historical movie theater balcony are evalu-
ated and compared with each other. Firstly, the current 
situation of the building is taken into consideration and 

a performance evaluation is performed for current situ-
ation of building. As a result of this evaluation, damaged 
carrier elements of the building were identified. Accord-
ing to the results of the analysis, it was seen that dam-
ages occurred on the balcony floor and columns and it 
was thought that this balcony could be demolished in a 

Rotation

Jacketing  

concrete 

Main concrete 

Jacketing  

reinforcement 

(a) (b) 
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short time. The carrier elements detected later were re-
inforced with jacketing. A total of 4 columns on the 
ground floor and 4 columns on the first floor were jack-
eted. The jacket thickness is 20 cm and C25 concrete was 
used when jacketing. A total of 4 columns and 3 balcony 
beams were examined both before and after reinforce-
ment and presented in this section. These columns and 
beams are presented in Fig. 11. In this study, balcony col-
umns and beams were evaluated for G+Q+E (X and Y) 
combinations according to 2018 earthquake regulation. 
These standard combinations were used to obtain the 
most critical condition of the historical building during 
the earthquake. These combinations show the situation 
in which the structure receives the greatest moment and 
shear forces. Therefore, these combinations were used 
in this study. 

5.1. Analysis results for the current situation of the 
building 

 Analysis results for damaged columns and beams of 
Zonguldak historical movie theater balcony are pre-
sented in this section as table and graphically. Identified 
balcony columns were named as S39, S40, S41 and S42. 
In addition, the weak balcony beams are named as KZ1, 
KZ2 and KZ3 (Fig. 11). According to the G+Q+E (X and Y) 
combination, the loads occurred on the existing columns 
and beams of the building are given in Tables 1-7. Be-
sides, force charts for reinforced situation of this struc-
ture are presented in Tables 8-14. In Table 1, the end 
forces of S40 column for 8 different load combinations 
are shown in detail. When these forces are examined, the 
maximum normal force in i direction is -21.7 kN and this 
force was obtained in G + Q + EY combination. Moreover, 

the maximum normal force in j direction is 18.5 kN. 
When the largest shear forces occurred in S40 column 
are examined, the largest shear force obtained in i direc-
tion is 3.87 kN. When the largest shear forces in j direc-
tion are examined, it is observed that 4.44 kN occurred 
for G+Q+EX combination. When the biggest moment val-
ues in i direction are examined, the biggest moment oc-
curred in S40 column is obtained in G+Q+EX combina-
tion and this moment value is 7.89 kNm. In addition, the 
greatest moment value in j direction is 6.76 kNm (Table 
1). When these values are examined, it is determined 
that very big forces and moments are on the S40 column. 

 

Fig. 11. The most critical sections  
for the current situation of the building.

Table 1. End forces for S40 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -14.5025 3.8774 0.1412 1.0019 7.8907 10.9293 4.4465 0.0424 0.8112 6.7651 

G+Q+EX2 -14.9606 3.6124 0.2147 1.151 7.3354 11.2831 4.1399 -0.0117 0.8255 6.3374 

G+Q+EY1 -21.0659 1.0628 1.2323 2.5222 3.711 15.6528 1.837 -0.5852 1.1936 3.5332 

G+Q+EY2 -21.7739 0.6313 1.3573 2.7769 -1.2605 16.1889 1.3439 -0.6745 1.2251 0.2736 

G+Q-EX1 -21.625 -2.6017 0.0827 -0.589 -6.1615 18.5192 -1.9367 0.0337 0.3868 -3.9555 

G+Q-EX2 -21.1669 -2.3367 0.0092 -0.7381 -5.6062 18.1654 -1.6301 0.0878 0.3725 -3.5278 

G+Q-EY1 -15.0616 0.2129 -1.0084 -2.1093 -1.9818 13.7958 0.6728 0.6613 0.0044 -0.7236 

G+Q-EY2 -14.3537 0.6444 -1.1335 -2.364 2.9897 13.2596 1.1659 0.7506 -0.027 3.0832 

It was determined as a result of on-site examinations 
that the explosions occurred in S39 column over time. 
According to performance analysis results, it was ob-
served that the greatest moments and forces occurred in 
this column. The greatest normal force occurred in S39 
column is -26.21kN in i direction and -10.23 kN in j di-
rection. In addition, the largest shear force took place in 
this column is -5.58 kN in i direction and -2.98 kN in j 
direction, and these forces occurred in G+Q+EY combi-
nation. The biggest moments in this column are 11.33 
kNm in i direction and -5.89 kNm in j direction (Table 2). 

When these values are evaluated, it is observed that 
larger loads and moments occurred in the S39 column 
when compared with S40 column and it was observed 
that more damage occurred in the S39 column. 

S41 column is a column that is more inward than 
other columns. In Table 3, the end forces are presented 
considering the 8 different combinations for S41 col-
umn. The biggest normal force on this column is -52.8 
kN, and this force was obtained in G+Q+EY combination 
in i direction. The largest shear force in i direction is 6.08 
kN and the largest moment value in the same direction is 
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14.4 kNm. In j direction, the largest normal force is 3.2 
kN. The largest shear force in the same direction is -0.16 
kN. The maximum momentum value on this column is 

0.0034 kNm. According to these values, the normal 
force, shear force in i direction are much more than j 
direction.

Table 2. End forces for S39 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -17.6446 -0.4132 2.3935 7.502 2.5474 -8.7533 -0.9911 -2.9699 -5.8891 -1.7796 

G+Q+EX2 -16.473 0.4217 2.1592 6.8381 4.5809 -8.4962 -0.8773 -2.9571 -5.7653 -1.7749 

G+Q+EY1 -26.2191 -5.5856 -0.693 1.9693 -14.1353 -10.658 -1.6476 -2.9846 -5.1369 -1.698 

G+Q+EY2 -24.3029 -4.211 -1.0694 -3.7912 -10.9444 -10.236 -1.4615 -2.9674 -4.9715 -1.6962 

G+Q-EX1 -19.002 -0.5947 -4.0105 -9.3649 -5.3447 -8.8902 -0.7288 -2.6494 -2.6065 -1.0605 

G+Q-EX2 -20.1737 -1.4296 -3.7762 -8.701 -7.3782 -9.1474 -0.8425 -2.6623 -2.7303 -1.0652 

G+Q-EY1 -10.4276 4.5777 -0.9241 -3.8322 11.338 -6.9856 -0.0723 -2.6348 -3.3587 1.1422 

G+Q-EY2 -12.3437 3.2031 -0.5476 1.9283 8.1471 -7.4071 -0.2583 -2.652 -3.5241 -1.144 

Table 3. End forces for S41 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -48.7032 0.7899 2.8457 7.027 -3.8821 3.1913 -0.1367 0.0842 -0.0021 0.0024 

G+Q+EX2 -48.5319 0.9015 2.7247 6.7085 5.0593 3.187 -0.1367 0.0792 -0.0019 0.0024 

G+Q+EY1 -52.8743 -4.375 0.2716 2.4961 -13.3664 3.2735 -0.0689 -0.0084 0.0018 0.0013 

G+Q+EY2 -52.7482 -4.1513 0.0898 2.0797 -12.8567 3.275 -0.0736 -0.0125 0.0019 0.0015 

G+Q-EX1 -49.3692 0.9242 -2.7437 -6.848 4.9191 3.2652 -0.1009 -0.0863 0.0034 0.0011 

G+Q-EX2 -49.5405 0.8126 -2.6227 -6.5295 -4.0223 3.2695 -0.1009 -0.0813 0.0033 0.0011 

G+Q-EY1 -45.1981 6.0891 -0.1696 -2.3171 14.4034 3.1831 -0.1687 0.0063 -0.0004 0.0022 

G+Q-EY2 -45.3242 5.8654 0.0122 -1.9008 13.8937 3.1816 -0.164 0.0101 -0.0005 0.002 

When the S42 column was examined, it was observed 
that the largest normal force in i direction was -56.3 kN 
(Table 4). This value is larger than S41 column. This is 
because the S42 column is one of the main columns and 
the most critical columns that hold the balcony floor. The 
biggest shear force obtained in i direction is 6.62 kN. This 
value is greater than the shear force value obtained for 

S41 column, and this shear force value was obtained in 
the same combination with S41 column. The greatest 
moment value in the same direction is 16.11 kN. The 
largest normal force occurring in j direction is 5.66 kN. 
The greatest shear force obtained in the same direction 
is -0.21 kN. Finally, the largest moment value obtained 
on this column is -0.005 kNm.

Table 4. End forces for S42 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -51.4463 1.0572 2.9484 7.1131 5.383 5.6668 -0.1696 0.1437 -0.0009 -0.0046 

G+Q+EX2 -52.9597 1.6198 2.8359 6.8063 6.925 5.6517 -0.1748 0.1382 -0.0008 -0.0047 

G+Q+EY1 -56.3155 -4.9636 0.0737 2.2645 -15.614 5.6125 -0.071 0.0073 0.0008 -0.0013 

G+Q+EY2 -55.6158 -4.0023 -0.1085 -2.2028 -13.1544 5.5996 -0.083 -0.0005 0.0009 -0.0015 

G+Q-EX1 -50.6571 0.6009 -2.882 -6.9882 -4.8848 5.3883 -0.1179 -0.1129 0.0016 -0.0017 

G+Q-EX2 -51.1437 0.0383 -2.7695 -6.6814 -6.4268 5.4034 -0.1127 -0.1073 0.0015 -0.0016 

G+Q-EY1 -47.7879 6.6217 -0.0074 -2.1397 16.1122 5.4425 -0.2164 0.0237 -0.0001 -0.005 

G+Q-EY2 -48.4876 5.6604 0.1749 2.3277 13.6516 5.4555 -0.2045 0.0315 -0.0002 -0.0048 
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Balcony beams are named KZ1, KZ2 and KZ3. Table 5 
shows the maximum force values for 8 combinations of 
KZ1 beam. Fig. 12 shows the deflection values occurred in 
the beam under G and Q loads. When Table 5 is examined, 
it is seen that the maximum normal force values in i and j 
directions for KZ1 beam are 1.12 kN and 2.13 kN, respec-
tively. The biggest shear force value in i direction is -0.99 

kN and the biggest shear force in j direction is 4.61 kN. The 
maximum moment values in i and j directions are 0.92 
kNm and -7.17 kNm, respectively. Also, the deflection be-
havior of this beam under G and Q loads is shown in Fig. 12. 
Under G loading, deflection value at 0 m is -3.37 mm and at 
4.5 m deflection value is -0.45 mm. The biggest deflection 
value in the beam under Q loading is -0.45 mm (Fig. 12).

Table 5. End forces for KZ1 beam. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 0.5186 -0.5063 -0.1428 -0.0825 0.7007 -1.8608 4.6131 0.043 0.2804 -7.1787 

G+Q+EX2 0.4959 -0.5338 -0.1418 -0.0819 0.6893 -1.7843 4.5606 0.0359 0.2762 -7.0227 

G+Q+EY1 1.076 -0.4052 -0.2673 -0.1702 0.9146 0.348 4.611 -0.1142 0.3498 -6.9812 

G+Q+EY2 0.6283 -0.4371 -0.2776 -0.192 0.9232 0.8566 4.4986 -0.1254 0.3463 -6.721 

G+Q-EX1 1.1049 -0.8919 -0.2009 -0.1378 -0.0362 2.1338 3.7048 -0.39 0.3268 -3.7176 

G+Q-EX2 1.1276 -0.8644 -0.2019 -0.1383 -0.0248 2.0573 3.7573 -0.3829 0.3311 -3.8736 

G+Q-EY1 0.5475 -0.993 -0.0764 -0.05 -0.2501 -0.075 3.7069 -0.2328 0.2574 -3.9151 

G+Q-EY2 0.9953 -0.9611 -0.0661 -0.0283 -0.2587 -0.5836 3.8193 -0.2216 0.261 -4.1753 

   

Fig. 12. Deflection values for KZ1 beam: (a) Under G loading; (b) Under Q loading.

When Table 6 is examined, force values are seen for KZ2 
beam. The largest normal forces occurred in the KZ2 beam 
in i and j directions are 4.06 kN and 1.47 kN, respectively. 
In addition, the largest shear force value in i direction is -
5.05 kN and the largest shear force in j direction is 1.49 kN. 
Besides, the greatest moment values in i and j directions are 
-8.11 kNm and 1.02 kNm (Table 6). Moreover, deflection 
values of this beam in G and Q loads are presented in Fig.13. 
The maximum deflection value occurred in the beam under 
G loading is -4.01 mm and this value occurred in the middle 
parts of the beam. In Q loading, the biggest deflection value 

occurred right in the middle of the beam and the deflection 
value is -0.61 mm. Finally, when the KZ3 beam is exam-
ined, it is seen that the largest shear force values in i and j 
directions are -2.07 kN and 1.88 kN, respectively (Table 7). 
In addition, the largest moment values in i and j directions 
were determined to be -1.33 kNm and -0.48 kNm. In Fig. 
14, the biggest deflection values of the KZ3 beam under G 
and Q loads are presented. The largest deflection obtained 
in beam under G loading is -3.4 mm and this value occurred 
at the ends of the beam. The biggest deflection value ac-
quired in the beam under Q loading is -0.46 mm.

Table 6. End forces for KZ2 beam. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 4.0688 -3.2688 0.0788 0.1044 -2.2957 1.4731 1.4986 0.1147 -0.0387 -0.3564 

G+Q+EX2 3.8195 -3.2798 0.1373 0.118 -2.3929 1.4365 1.4941 0.1027 -0.0303 -0.4146 

G+Q+EY1 1.7387 -4.5999 -0.5744 0.1131 -6.7931 0.7974 0.7443 0.2079 -0.1501 1.0271 

G+Q+EY2 1.3104 -4.6218 -0.4578 0.1427 -6.9585 0.4713 0.7419 0.1958 -0.1386 0.9242 

G+Q-EX1 -1.3995 -5.0542 -0.1308 0.3456 -8.1118 -0.3083 0.5638 0.0703 -0.0981 0.8377 

G+Q-EX2 -1.1503 -5.0432 -0.1893 0.332 -8.0145 -0.2717 0.5682 0.0823 -0.1065 0.8959 

G+Q-EY1 0.9305 -3.7231 0.5224 0.3369 -3.6144 0.3674 1.318 -0.0229 -0.0133 -0.5458 

G+Q-EY2 1.3588 -3.7011 0.4058 0.3072 -3.4489 0.6935 1.3204 -0.0108 -0.0018 -0.4429 
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Fig. 13. Deflection values for KZ2 beam: (a) Under G loading; (b) Under Q loading. 

Table 7. End forces for KZ3 beam. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 0.9482 -1.9184 0.3348 0.1365 -0.5125 0.488 1.8541 -0.0748 -0.0285 -0.3113 

G+Q+EX2 0.9471 -1.9459 0.3334 0.141 -0.9508 0.4461 1.834 -0.0833 -0.0265 -0.2869 

G+Q+EY1 0.3691 -1.846 0.2175 0.0309 -0.1181 0.8361 1.8156 -0.1527 -0.0376 0.3567 

G+Q+EY2 0.088 -1.9083 0.2219 0.0411 -0.2706 0.2988 1.7885 -0.1656 -0.0415 0.4227 

G+Q-EX1 -0.3304 -1.999 0.1828 0.0506 -0.9361 0.6726 1.8175 -0.3315 0.0624 0.2476 

G+Q-EX2 -0.3293 -1.9715 0.1843 0.0461 -0.4978 0.7153 1.8375 -0.323 0.0605 0.2231 

G+Q-EY1 0.2487 -2.0714 0.3002 0.1562 -1.3305 0.3253 1.856 -0.2535 0.0715 -0.4205 

G+Q-EY2 0.5298 -2.0091 0.2957 0.146 -1.178 0.8626 1.883 -0.2407 0.0755 -0.4865 

   

Fig. 14. Deflection values for KZ3 beam: (a) Under G loading; (b) Under Q loading.

5.2. Analysis results for situation after strengthening 

The reinforcement was carried out on damaged car-
rier elements for the current situation of the building, 
and this was applied to 4 balcony main columns. In this 
section, the maximum force values obtained after rein-
forcement for 4 main columns and 3 balcony beams are 
presented. Table 8 shows the maximum forces for the 
S40 column. As can be seen from Table 8, the big-gest 
normal force affecting the column is -35.6 kN in i direc-
tion and 23.1 kN in j direction. When these values are 
compared with the currently obtained values, it can be 
seen that the S40 column can carry more normal force 
after reinforcement. When the largest shear forces oc-
curred in i and j directions are examined, it is seen that 
the maximum shear force in i direction is 10.24 kN and 
in j direction it is 10.27 kN. When the current analysis 
results and post-reinforcement analysis results are ex-
amined, it is concluded that the columns can carry more 

shear force after reinforcement. Finally, when the largest 
moment values in i and j directions are examined, it is 
seen that the moment values are 30.46 kNm and 10.3 
kNm, respectively (Table 8). 

The end force values of S39 column under 8 load com-
binations are presented in Table 9. When Table 9 is ex-
amined, it is seen that the load and moment values that 
the S39 column can carry are close to the load and mo-
ment values that the S40 column can carry. The greatest 
normal force values occurring in i and j directions are -
36.9 kN and -17.5 kN, respectively. In addition, the larg-
est shear force values occurring in i and j directions are -
10.02 kN and -3.55 kN, respectively. It is concluded that 
for the S39 column, the normal force and shear forces 
obtained after reinforcement are higher than the normal 
force and shear forces obtained. Finally, it is seen that the 
maximum moment values that the column can carry i 
and j directions are much larger after reinforcement (Ta-
ble 9).  
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Table 8. End forces for S40 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -24.9408 10.2401 2.67 15.1234 30.4665 14.5928 10.2725 -1.1492 -2.1116 10.3 

G+Q+EX2 -25.7792 9.6012 3.5366 17.3775 28.5153 15.0945 9.5511 -1.3727 -2.8172 9.8458 

G+Q+EY1 -34.2425 0.5635 7.3494 22.1163 -5.4131 21.2956 1.2501 -3.425 -1.8632 -1.6568 

G+Q+EY2 -35.614 -0.505 8.8625 26.1148 -8.7449 22.0898 0.0396 -3.8044 -3.1088 -2.4848 

G+Q-EX1 -31.6792 -8.2347 -1.4106 -11.6412 -27.1047 23.1024 -7.0087 -0.8044 5.3134 -7.0174 

G+Q-EX2 -30.8408 -7.5958 -2.2772 -13.8953 -25.1535 22.6008 -6.2872 -0.6172 6.0191 -6.5631 

G+Q-EY1 -22.3775 1.4419 -6.09 -18.6341 8.7749 16.3996 2.0137 1.435 5.065 4.9395 

G+Q-EY2 -21.006 2.5104 -7.6031 -22.6325 12.1067 15.6055 3.2242 1.8144 6.3106 5.7674 

Table 9. End forces for S39 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -26.6655 3.5962 7.8924 28.9874 17.9951 -13.6691 -2.9335 -3.3922 -7.0787 -9.1926 

G+Q+EX2 -25.4067 5.669 7.4203 27.2472 24.578 -13.2283 -2.8526 -3.4379 -7.1503 -9.6613 

G+Q+EY1 -36.9216 -9.9872 -1.6869 -8.7823 -41.067 -17.592 -3.5511 -3.1639 -2.0658 -6.4892 

G+Q+EY2 -34.8039 -6.4941 -2.4541 -11.7044 -30.1029 -16.8455 -3.4126 -3.2347 -2.1687 -7.274 

G+Q-EX1 -32.2685 -6.1465 -10.0284 -31.3217 -30.3015 -15.2505 -0.4679 -2.8166 -0.0211 2.5691 

G+Q-EX2 -33.5272 -8.2193 -9.5564 -29.5815 -36.8843 -15.6913 -0.5489 -2.771 0.0505 3.0377 

G+Q-EY1 -22.0123 7.4369 -0.4492 6.448 28.7607 -11.3276 0.1497 -3.045 -5.034 -0.1344 

G+Q-EY2 -24.13 3.9438 0.3181 9.3701 17.7966 -12.0741 0.0112 -2.9742 -4.9311 0.6505 

According to Table 10, the biggest normal forces oc-
curred on the S41 column for i and j directions are -65.01 
kN and 32.77 kN, respectively. Moreover, the largest 
shear force took place in i direction is 12.95 kN and -3.81 
kN in j direction. The maximum moment values in i and j 
directions for the S41 column are -44.14 kNm and 5.96 
kNm (Table 10), respectively. These values are much 
larger than force values obtained for current situation. 
This result is an indication that strengthening and his-
torical structures can carry more strength and survive 

more. When Table 11 is examined, the end forces and 
moments of S42 column are seen. When com-pared with 
S41 column, it is seen that S42 column can carry similar 
loads and moments. The largest normal forces occurred 
in i and j directions are -67.35 kN and 34.52 kN, respec-
tively. In addition, the largest shear force value in i direc-
tion is 10.86 kN and 5.84 kN in j direction. Finally, the 
largest moment for i and j directions are -42.18 kNm and 
4.97 kNm, respectively.

Table 10. End forces for S41 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -61.6509 -0.25 8.5475 26.986 -20.3559 31.8096 -2.4216 3.6752 5.2608 4.8879 

G+Q+EX2 -61.5739 -0.6433 8.5353 26.7604 -21.1942 31.8737 -2.667 3.6068 5.6704 5.6919 

G+Q+EY1 -65.1565 -10.3567 -0.0281 6.6646 -42.5935 32.6335 -1.0561 0.0984 1.7837 4.5999 

G+Q+EY2 -65.0191 -11.0301 0.0095 6.3548 -44.1465 32.7707 -1.5781 0.0077 2.3997 5.9697 

G+Q-EX1 -60.4007 2.175 -8.8615 -27.3627 16.383 29.7635 -2.4401 -3.8171 0.8604 0.3315 

G+Q-EX2 -60.4777 2.5682 -8.8492 -27.1371 17.2213 29.6994 -2.1947 -3.7487 0.4508 -0.4726 

G+Q-EY1 -56.8951 12.2817 -0.2858 -7.0413 38.6206 28.9397 -3.8056 -0.2403 4.3375 0.6194 

G+Q-EY2 -57.0325 12.9551 -0.3234 -6.7315 40.1736 28.8025 -3.2836 -0.1496 3.7215 -0.7504 
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Table 11. End forces for S42 column. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 -62.8816 2.9726 8.5852 26.83 16.7672 32.8466 -0.9902 5.8495 4.5431 0.4245 

G+Q+EX2 -62.5615 3.864 8.5956 26.6401 20.1994 32.7544 -1.2195 5.8155 4.9761 0.6165 

G+Q+EY1 -67.3568 -8.8745 -0.1915 6.381 -42.1887 34.529 1.1498 1.4108 3.4787 0.1533 

G+Q+EY2 -66.917 -7.2738 -0.1774 -6.7407 -36.3103 34.3787 0.7355 1.3982 4.2231 0.4709 

G+Q-EX1 -63.9995 -0.983 -8.7864 -27.1143 -22.7481 33.1155 -1.8639 -3.0975 1.4281 3.7528 

G+Q-EX2 -64.3196 -1.8743 -8.7969 -26.9244 -26.1802 33.2077 -1.6346 -3.0635 0.9951 3.5608 

G+Q-EY1 -59.5243 10.8642 -0.0098 -6.6653 36.2079 31.4331 -4.0039 1.3413 2.4926 4.024” 

G+Q-EY2 -59.964 9.2635 -0.0238 6.4563 30.3295 31.5834 -3.5895 1.3538 1.7482 3.7064 

Table 12 presents the end forces for the KZ1 beam. 
The largest normal force value in i direction affecting the 
beam is 1.81 kN. In addition, the largest normal force in 
j direction is 3.85 kN. The greatest moment value in i di-
rection is -0.78 kNm and the greatest moment value in j 
direction is -7.36 kNm. In Fig. 15, deflection values took 

place in the beam under G and Q loading are presented 
graphically. Under G loading, deflection value of -0.1 mm 
occurred in the beam at 0 m. However, deflection of -1.61 
mm took place at the end of the beam (4.7 m) (Fig. 15a). 
Under Q loading, the maximum deflection occurred at 
the ends of the beam and its value is -0.27 mm (Fig. 15b).

Table 12. End forces for KZ1 beam. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 0.7922 -0.6835 -0.0651 -0.0198 0.419 -2.8833 4.642 0.3589 0.0992 -7.3611 

G+Q+EX2 0.5136 -0.7055 -0.0765 -0.1169 0.4208 -2.9764 4.5906 0.3961 0.0869 -7.2328 

G+Q+EY1 -0.0223 -0.6944 -0.2103 -0.1482 0.437 0.5966 4.254 0.1622 0.1935 -6.6254 

G+Q+EY2 -0.4492 -0.714 -0.3269 -0.1882 0.4403 0.7894 4.1444 0.2376 0.1691 -6.3903 

G+Q-EX1 0.5737 -1.1491 -0.1801 -0.1175 -0.758 3.7651 3.1172 -0.86 0.5257 -2.9859 

G+Q-EX2 0.8523 -1.1271 -0.1688 -0.0204 -0.7597 3.8582 3.1686 -0.8972 0.5381 -3.1142 

G+Q-EY1 1.3882 -1.1382 -0.0349 0.011 -0.7759 0.2851 3.5052 -0.6633 0.4315 -3.7216 

G+Q-EY2 1.8151 -1.1186 0.0817 0.0509 -0.7792 0.0924 3.6149 -0.7387 0.4559 -3.9567 

   

Fig. 15. Deflection values for KZ1 beam: (a) Under G loading; (b) Under Q loading.

In Tables 13 and 14, force values are presented for 8 
different combinations for KZ2 and KZ3 beams. Accord-
ing to Table 13, maximum normal force of 2.41 kN oc-
curred for G+Q+EX loading in i direction in the KZ2 
beam. In j direction, 1.93 kN normal force was obtained. 
In addition, the maximum shear forces in i and j direc-
tions are 2.04 kN and 1.98 kN, respectively. Finally, the 
maximum moment values in i and j directions are -1.53 
kNm and -0.87 kNm, respectively (Table 13). Also, de-
flection values occurred under G and Q loads in KZ2 

beam are presented in Fig. 16. According to Fig. 16, max-
imum deflection took place in the middle parts of the 
beam under G loading and its numerical value is -2.12 
mm. Under Q loading, the maximum deflection is simi-
larly observed in the middle parts of the beam and its nu-
merical value is -0.4 mm. 

Table 14 presents the maximum force values for the 
KZ3 beam. The largest normal forces occurred in i and j 
directions are 9.45 kN and 3.05 kN, respectively. Consid-
ering 8 different combinations in this beam, the largest 
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shear force value is -4.95 kN in the i direction and 1.6 kN 
in the j direction. Finally, the greatest moment values in 
the KZ3 beam in i and j directions are -7.51 kNm and -
1.09 kNm, respectively. Deflection values under G and Q 
loads for KZ2 beam are presented in Fig. 17. The maxi-
mum deflection for G loading occurred at the ends of the 

beam and its value is -1.58 mm. In addition, the biggest 
deflection value for Q loading is -0.28 mm. In addition, in 
Table 15, deflection values occurred in beams before and 
after reinforcement were compared and tabulated. As 
can be seen from Table 15, earthquake reinforcement in 
historical buildings reduces deflection values in beams.

Table 13. End forces for KZ2 beam. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 2.4181 -1.9981 0.4074 0.193 -0.9261 0.9735 1.8793 0.0266 -0.0506 -0.6934 

G+Q+EX2 2.2173 -2.0239 0.4006 0.1947 -1.2984 0.6584 1.8596 0.0322 -0.0539 -0.659 

G+Q+EY1 0.1875 -1.9251 0.1841 0.0478 -0.719 -0.12 1.8267 0.0518 -0.0656 -0.0582 

G+Q+EY2 -0.4105 -1.9848 0.1805 0.0538 -0.8555 -0.7814 1.8084 -0.0529 -0.0519 0.0111 

G+Q-EX1 -1.3955 -1.9729 0.0873 0.0364 -1.3241 0.1803 1.9137 -0.27 0.1006 -0.1746 

G+Q-EX2 -1.1947 -1.9471 0.0941 0.0347 -0.9518 0.4954 1.9334 -0.2756 0.1039 -0.2089 

G+Q-EY1 0.8352 -2.0458 0.3105 0.1815 -1.5312 1.2738 1.9663 -0.2952 0.1156 -0.8098 

G+Q-EY2 1.4331 -1.9861 0.3141 0.1755 -1.3947 1.9352 1.9846 -0.1904 0.1019 -0.879 

   

Fig. 16. Deflection values for KZ2 beam: (a) Under G loading; (b) Under Q loading.

Table 14. End forces for KZ3 beam. 

Load Ni V2i V3i M2i M3i Nj V2j V3j M2j M3j 

Unit kN kN kN kNm kNm kN kN kN kNm kNm 

G+Q+EX1 9.4559 -3.1857 1.4965 0.6483 -2.666 3.0547 1.6025 0.107 0.0095 -1.0472 

G+Q+EX2 8.9764 -3.17 1.8195 0.7214 -2.6935 2.8082 1.6056 0.0944 0.0172 -1.0932 

G+Q+EY1 1.0484 -4.5252 -1.7616 -0.2927 -6.5348 0.4798 0.9807 0.1748 -0.0971 0.3714 

G+Q+EY2 0.2457 -4.501 -1.1794 -0.1571 -6.5827 -0.1855 0.9929 0.1579 -0.0857 0.2851 

G+Q-EX1 -6.3024 -4.9345 -1.6016 -0.24 -7.5151 -1.6796 0.8938 -0.0319 -0.04966 0.4676 

G+Q-EX2 -5.8229 -4.9502 -1.9246 -0.3131 -7.4882 -1.4331 0.8907 -0.0192 -0.0573 0.5137 

G+Q-EY1 2.1051 -3.595 1.6565 0.701 -3.6469 0.8953 1.5156 -0.0997 0.0571 -0.951 

G+Q-EY2 2.9078 -3.6192 1.0743 0.5653 -3.599 1.5606 1.5033 -0.0828 0.0456 -0.8646 

   

Fig. 17. Deflection values for KZ3 beam: (a) Under G loading; (b) Under Q loading. 
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Table 15. Deflection values in beams before and after reinforcement. 

Beam Name KZ1 KZ2 KZ3 

Length 0 m 0.45 m Middle point 0 m 0.45 m 

Deflection Before  
Strengthening (mm) 

-0.45 -3.37 -4.01 mm -0.25 mm -3.4 mm 

Deflection After  
Strengthening (mm) 

-0.1 mm -1.61 mm -2.12 mm -0.15 mm -1.58 mm 

6. Conclusions 

In this study, it is aimed to determine how important 
the jacketing is for earthquake safety and service life of 
historical buildings. For this purpose, Zonguldak histori-
cal cinema building was selected for 3D modeling in this 
study. After the building was modelled as three dimen-
sional, current situation of building was analyzed by us-
ing IDECAD program. Later, it was ensured that the 
building survived for a long time by using jacketing 
method. According to analysis results, jacketing behav-
iour of concrete historical building is evaluated as below. 
 Strengthening historical structures by using jacketing 

is great importance for safety and future of these 
structures. During jacketing process, great care 
should be taken thickness and location of jacketing.  

 During strengthening of historical buildings, care 
should be taken to consider the damaged areas that 
were determined by using 3D modeling and 3D ana-
lyzing. 

 When compared the current situation of building and 
strengthened situation of building, it is clearly observed 
that the moments and shear forces resisted to demoli-
tion are higher after strengthening for balcony beams.  

 According to the 2018 Turkish earthquake code, alt-
hough the collapse damage zone was obtained for RC 
building before strengthening, limited damage zone 
was obtained after strengthening. 

 When compared before and after strengthening pro-
cess, it was clearly seen that more deflections occurred 
in balcony beams before strengthening and that these 
deflection values decreased after strengthening.  

 The moments of the columns and beams after strength-
ening have significantly increased due to the increased 
rigidity by jacketing. This result is an indication that 
historical structures can carry more strength and mo-
ment and survive more with jacketing. 
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A B S T R A C T 

The increase in the population day by day and urbanization has led to a rapid increase 
in the construction sector. With the increase in demand in construction, the product 

types of building materials are increasing. It is seen that wastes are formed during 

and after the production of the materials used in the building. This highlights studies 

on waste management and recycling of waste.  After construction activities, wastes 

are recycled or converted to secondary products. One of these is wood waste, a tra-

ditional building material. In addition to the production of wood furniture, it is used 
in various areas from the beginning of construction to the end of the building. In this 

study, sawdust, which is the waste of a woodworking company, was used. Utilizing 

the advantages of wood, recyclable and sustainable cement bonded wood composite 

production practices have been explored. It is aimed to produce nature and environ-

ment friendly, ecological and economic and durable composite materials. In this re-

search, it is aimed to determine the optimum ratio by using different ratios of saw-

dust-cement while keeping the water-cement ratio constant in production. The spec-

imens taken from the production were exposed to high temperature after gaining 

strength. The strength results, unit weights and ultrasonic pulse velocity results of 

cement bonded wood composite samples exposed to high temperature were exam-

ined. Although cement bonded wood composites are exposed to high temperatures 

such as 400°C, it has been observed that strength is achieved. With this study, an al-
ternative area was proposed for the evaluation of these wastes. 
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1. Introduction 

Composite material is defined as the combination of 
two or more materials that give superior properties 
compared to the use of its components individually. Each 
material composing the composite materials composi-
tion retains its physical, chemical and mechanical prop-
erties (Campbell, 2010; Aras and Kalaycıoğlu, 2016). In 
wood-based composite materials, they typically coexist 
with cement and wood or its derivatives (sawdust, chip, 
fiber, etc.) in the binding of matrix cement. These mate-
rials are suitable for building and construction works as 
they provide easy production, as well as improved bio-
degradation and are produced from sustainable sources 
(Şahin et al., 2019). 

 
With the decreasing forest presence and rising wood 

prices worldwide, it has increased the tendency towards 
wood composite materials (Kaya, 2018). Wood waste is 
produced worldwide. Recycling and reuse of wood waste 
as aggregate in concrete or mortar becomes a sustaina-
ble and developed solution for building materials (Li et 
al., 2019a). As an alternative to traditional construction 
materials, wastes such as bio-sourced wood fibers com-
bined with cement matrix have been used. These mate-
rials, which are cheap and environmentally friendly to 
manufacture, provide economic and ecological solutions. 
Wood cement composites have low weight, thermal and 
acoustic properties, ease of recycling and less energy re-
quirements (Li et al., 2019b).  
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Cement bonded wood composites is the name given 
to the material with high specific gravity and smooth 
surface, which is formed by combining wood chips or ag-
ricultural plants with cement, water and various chemi-
cal substances in appropriate proportions (Kalaycıoğlu, 
2016). The compatibility of water, sawdust and cement 
in wood composites significantly affects the hardening 
and strength properties of cement (Yel, 2020). Water / 
cement ratio is important for cementitious composites. 
It is also possible for wood to absorb the water required 
for hydration of the cement. In this case, some of the ce-
ment cannot be hydrated and the composite causes low 
strength (Caprai et al., 2018; Kochova et al., 2020). Since 
wood is a natural material, its properties can change 
even within the same type. This case is an important fac-
tor for lignocellulosic composite (Gauvin et al., 2019). 
For the production of high quality cement bonded wood 
composite, woods such as spruce, fir and pine with the 
lowest water solubility are recommended. Depending on 
the type of wood, the water-soluble substances change 
and affect the setting time of the wood-cement mixture 
(Sanaev et al., 2016). Hemicelluloses in Wood decompose, 

form monosaccharides and polysaccharides and can de-
lay cement hydration (Berger, 2020).  

Cement bonded woodcretes can be versatile light-
weight building materials such as interior panels, noise 
barriers, and partition walls (Hossain et al., 2018). The 
combination of cement and wood offers advantages such 
as strength performance, structural durability, lightness, 
heat / sound insulation and fire resistance in wood ce-
ment composites (Wang, 2017). Cement bonded wood 
composites have high resistance and dimensional stabil-
ity against external weather conditions or rapid aging. 
These materials have high fire, sound and heat insulation 
as well as high resistance to biological factors. Although 
they are heavier than resin-based boards, they are 
lighter than concrete. For this reason, it is preferred es-
pecially in the sections that are not exposed to load in the 
prefabricated building sector (Kaya, 2018). Cemented 
chipboards, one of the cemented wood composites, are 
defined according to the type, shape, color and surface 
condition of the cement used in the TS EN 633 standard 
(TS EN 633). Examples of wood-cement composites used 
in practice are shown in Fig. 1.

 

Fig. 1. Wood-cement composite types used in the application (Brahmia et al., 2020).

Although up to 2% waste is generated during the pro-
cessing of wood, very few of them are used as recycling 
in chipboard production (Ateş, 2018). With the applied 

standards, it is seen that various composite building ma-
terials researches are increased in order to take ad-
vantage of the wood such as insulation. Researches on 
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the use of these products as insulation materials, espe-
cially since they are not flammable, are still up-to-date. 
Unlike these studies, the negative effect of high temper-
ature on the mechanical properties of cement-bonded 
wood composites was investigated in this study. For this 
purpose, specimens produced with different sawdust-
cement ratios were exposed to temperatures reaching 
400°C, and losses in physical and mechanical properties 
were determined. 

 

2. Experimental Study 

2.1. Materials 

Sawdust, which are the waste of a firm that carries out 
woodworks, were used in the study. The type of wood 
used is the baked Russian pine, called north Saphire 117, 
taken from the Siberian region. The sawdust shown in 
Fig. 2 appeared during timber production. The unit 
weight of the chips is found as 230 kg/m3 and its granu-
lometry is given in Table 1. As mixing water, mains water 
which property is given in Table 2, is used. CEM I.42.5 R 

Portland cement, the properties of which are given in Ta-
ble 3, was used as binder. 

 

Fig. 2. The sawdust used in the production of  
cement-bonded composite.

Table 1. Granulometry of sawdust. 

Sieve size, mm 4 2 1 0.5 0.25 

Granulometry, % 100 99.5 88.7 44.9 15.2 

Table 2. Properties of mixing water 

Chemical Property, mg/l  Physical property 

Al 0.04 Cu 0.016 Ni 5,07 Conductivity, µS/cm 628 

NO3 11.1 Fe 0.007 K 6,8 Hardness, Fd0 30.11 

NH4 0.06 Mn 0.015 As 1,19 pH 7.35 

Table 3. Properties of cement 

Chemical properties Physical properties 

SiO2 19.2 K2O 0.63 Density, g/cm3 3.09 

Al2O3 4.56 Na2O 0.31 Specific surface cm2/g 3190 

Fe2O3 3.09 SO3 3.21 Setting Time(initial), min  163 

CaO 62.9 CI- 0.01 Setting Time(final), min 228 

MgO 1.88 LOI 3.8 Soundness, mm 1 

  

2.2. Method and tests 

The sawdust was used as filler in cement-bonded 
wood composite production. Water-cement ratio was 
kept constant at 0.50 in production. Three different mix-
tures were made with a sawdust-cement ratio of 0.4, 0.8 
and 1.25. 4x4x16 cm prismatic specimens were taken 
from the produced composite mixtures and removed 
from the mold after 1 day and placed in a standard curing 
environment. Some of the specimens that gained their 
strength for 28 days were kept at 200°C and some were 

kept at 400°C for 3 hours after the oven reached the de-
sired temperature. Left to cool at room temperature. 
Unit weight, ultrasonic pulse, bending and compressive 
tests were carried out on the specimens. Also, at least 3 
specimens were used for each test. The three-point 
bending test is carried out in accordance with TS EN 196-
1. Specimens that are divided into two parts in the bend-
ing test are tested for compressive strength. Compres-
sive strength test was carried out on these parts by using 
4x4 cm2 metal plates. According to the TS EN 12504-4 
Standard, it is based on the determination of the transition 



 Canbaz et al. / Challenge Journal of Structural Mechanics 7 (1) (2021) 42–48 45 

 

times of the ultrasonic sound waves generated between 
the receiver and the transmitter in the specimen. The 
unit weight was calculated according to TS EN 12390-1 
by dividing the specimen weight by volume. Cement-
sawdust mixtures and compressive test were shown in 

Fig. 3. Since the wood becomes charred at temperatures 
above 280 degrees (Vural, 2013) and loses its properties, 
the temperature before carbonization was chosen as 
200°C, and the temperature after carbonization was 
400°C.

 

Fig. 3. Cement-bonded wood mixtures and compressive test.

3. Results and Discussion 

Unit weight test results were given in Fig. 4. As the 
sawdust-cement ratio decreased, the unit weights in-
creased by 6%. Similar to other studies (Oliveira et al., 
2020), it can be stated that a very light composite is ob-
tained since the unit weights of the specimens are 
around 1.3 kg/dm3. Depending on the evaporation of the 

water contained in the specimens kept at a temperature 
of 200°C, losses were observed in the rates up to 2% in 
unit weights. When the temperature reached 400°C, unit 
weights decreased at the rate of low sawdust-cement by 
7.4% while this decrease rate was 4.3% at the rate of high 
sawdust-cement. It can be said that the reason for the rel-
atively higher losses in unit weight at 400 °C is carboni-
zation (Vural, 2013) of the sawdust by partial burning.

 
Fig. 4. The effect of high temperature on unit weights of composite specimens.

Ultrasonic pulse velocity losses occurring under the in-
fluence of high temperature were shown in Fig. 5. As 
shown in Fig. 3, when the sawdust-cement ratio in-
creased, ultrasonic pulse velocity decreased by 14%. In-
creasing the amount of sawdust causes gaps to increase. 
In addition, since the hardened cement paste and sawdust 

create different media, the transmission of the vibration 
movement is slower in the sawdust, resulting in the re-
duction of the ultrasonic pulse velocity. When the temper-
ature increased from 20°C to 200°C, micro cracks caused 
by the evaporation of water trapped in the interior and 
the application of pressure caused a decrease in the rate 
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of ultrasonic pulse velocity reaching 13%. When the tem-
perature was 400°C, sawdust was partially burned and 
the gases formed as a result of this burning applied pres-
sure to the inner walls, as a result of the propagation and 

branching of micro-cracks that occurred earlier, caused a 
decrease in the ultrasonic pulse velocity reaching 67%.

 
Fig. 5. Ultrasonic pulse velocity rate change of composite specimens with high temperature.

Variation of bending strength with temperature and 
sawdust-cement ratio were shown in Fig. 6. The increase 
in the sawdust content of the composite caused the 
bending strength to decrease by 13%. Since Sawdust is 
in powder form and not long enough to form a fibrous 
structure, it did not affect bending strength positively. In 

addition, sawdust being less rigid than cement caused 
decreases in bending strength. With increasing ambient 
temperature, bending strength decreased linearly. The 
rate of decrease has reached 25%. Micro cracks caused 
by dehydration and burning can be cited as the reason 
for these significant decreases in bending strength.

 
Fig. 6. Effect of high temperature on bending strength of composite specimens.

Compressive strength test results on cement-bonded 
wood composite specimens were shown in Fig. 7. 
Strengths were determined to be below 10 MPa, similar to 
other studies in the literature (Oliveira et al., 2020). İllus-
trated in Fig. 7. When the sawdust-cement ratio increased 
from 0.4 to 0.8, the compressive strength decreased by 
7%. When the sawdust-cement ratio reached 1.25, com-
pressive strengths remained nearly the same. When the 
effect of high temperature on compressive strength is ex-
amined, compressive strength has decreased due to the 
increase in temperature. When the temperature reached 
400°C, specimens with sawdust-cement ratio of 0.4 ex-
perienced 23% strength loss. When the sawdust-cement 

ratio is 0.8, the strength loss is 25%, while when the saw-
dust-cement ratio reaches 1.25, the strength loss has 
reached 26%. Sawdust is being more viscous than cement 
and lack of binding properties caused a decrease in 
strength in specimens where sawdust was high. Ca(OH)2, 
which is a hydration product with high temperature in ce-
mentitious structures, loses water and turns into CaO, 
causing shrinkage and cracks. This situation shows that 
sawdust is effective in the decrease in strength together 
with the inward burning. The high residual strengths can 
be interpreted as the deterioration of calcium silicate hy-
drate gels, which are among the hydration products and 
provide a solid structure, has not yet started.  
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Fig. 7. Compressive strength variation of composite specimens with high temperature.

During the reactions of the main components of ce-
ment with water, they interact with components such 
as cellulose and lignin in the sawdust structure and dis-
solve in alkaline environments caused by Ca (OH)2. Alt-
hough more than one reaction occurs at the same time, 
the formation of hydrogen bridges between cement and 

sawdust is primarily effective on the bond. Due to the 
large number of hydroxyl groups in Sawdust's struc-
ture, the strength of the composite matrix largely de-
pends on its hydrogen binding potential. Fig. 8 shows 
the bond structure of sawdust and cement (Şahin et al., 
2019).

 
Fig. 8. Chemical structures of cement-bonded wood composite.

4. Conclusions 

The following results have been achieved with the ex-
perimental study conducted: 
 The unit weights of the produced cement-bonded 

wood composites were found to vary between 1.26-
1.36 kg/dm3, ultrasonic pulse velocity of 0.6-0.8 
km/sec, flexural strengths of 0.8-1 MPa, and compres-
sive strengths of 7-8 MPa. The values found indicate 
that a fairly light block can be produced for masonry 
structures or partition walls with this material or this 

material can be used for insulation purposes by turn-
ing it into a plate. Especially when considering 
strength, sawdust-cement ratio is recommended as 
0.4. 

 When the properties that remained under the influ-
ence of high temperature were examined, it was ob-
served that the unit weights decreased by 7% and 
dropped to 1.21 kg/dm3. It is noteworthy that ultra-
sonic pulse velocity decreased to 0.2 km/sec and de-
creased by 0.7 MPa with a loss of 25% in flexural 
strength. In addition, it was observed that the com-
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pressive strength losses reached 26%, and the re-
maining strength decreased by 5.5 MPa. Despite the 
decreases in physical and mechanical properties, it 
shows that the specimens do not disintegrate at high 
temperatures such as 400°C and residual strengths 
still do not lose their carrier properties. It is recom-
mended to use cement-bonded wood composite prod-
ucts, especially because of the insufficient high tem-
perature and fire performance of composite products 
produced using sawdust-resin. When residual 
strengths were examined, it was found that the opti-
mum sawdust-cement ratio was 0.4. 

 Wood is one of the most widely used building materi-
als with its wide usage area. Recycling of waste gener-
ated during wood processing is not sufficient. With 
this study, an alternative field is proposed for the 
evaluation of these wastes. Thus, products with suffi-
cient mechanical properties can be produced for the 
structure. However, it is recommended to investigate 
other durability properties that can disrupt the ce-
ment structure, especially for cement-bonded wood 
composite. In addition, it is recommended to investi-
gate the changes in the mechanical and physical prop-
erties of this product when used at temperatures 
above 400°C.  
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A B S T R A C T 

Slope stability analysis is performed in practical geotechnical engineering using the 
finite element method, which is an advanced method and is widely used by engineers. 

With the development of computer technology, it has become easy to study the 

slope's stability supported by frame prestressed anchor and sheet pile wall through 

the displacement-based finite element numerical analysis method, to calculate the 

safety factors. However, the expansion angle ψʹ is not widely covered. In this study, 

PLAXIS two-dimensional finite element method is using to establish the slope model 
supported by frame prestressed anchor and sheet pile wall, and the influence of ex-

pansion angle on slope deformation is studied. The results show that the expansion 

angle has a different effect on the convergence of the two-dimensional slope model. 

In the model slope, a prestressed frame anchor and sheet pile wall reinforce the 

slope. The failure mechanisms were unclear when ϕʹ= ψʹ (flow base). Besides, when 

the slope has high soil strength parameters (c' or φʹ), the expansion angle will affect 

the calculation results and convergence. In general, the expansion angle significantly 

influences the slope's stability and is not affected. Therefore, it was necessary to note 

the effect of the angle of expansion on stability. 
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1. Introduction 

Slope stability analysis is a hot issue that scientists 
have debated since the advent of geotechnical engineer-
ing (Griffiths and Marquez, 2007). Research on slope sta-
bility and prevention of landslides has become a very im-
portant topic in geotechnical engineering. In addition, 
due to the regional limitations of slopes, complexity of 
geotechnical materials and diversity of surrounding en-
vironmental conditions; transition from the stable to the 
unstable, and from the hazardous state to the landslide 
become very complex. Therefore, how to accurately an-
alyze and study rocks and soils requires detailed re-
search. Soil slope stability and precise determination of 
landslide are the subjects of historical research (Davis, 
1968; Griffiths, 1999). 

When studying slope stability, several methods can be 
used to assess the ramp safety factor. The marginal equi-
librium analysis (LE) provides values for FS on the pre-
determined failure surface of the circular roof (Bishop, 

1955; Morgenstern and Price, 1965). The slope consid-
ers itself as a solid body with the force determined by the 
Mohr-Coulomb parameters and c. Due to the determina-
tion of its strength to the nature, the fault surface corre-
sponding to the lowest constant service level is repeat-
edly determined. However, this does not guarantee that 
the solution represents a sliding surface with the slight-
est safety factor. The upper and lower limits of energy 
balance and static equilibrium are estimated by bound-
ary analysis (LA). With the help of the finite element 
method (FEM), even for complex problems (Lyamin and 
Sloan, 2002a; 2002b); these limits can be determined 
(Sulsky et al., 1995) as well as inserted instability analy-
sis (Zabala and Alonso, 2011). Slope stability is meas-
ured by analysis of slope stability using the finite ele-
ment method. There are several methods for the assess-
ment of a safety factor. The surface fault corresponding 
to the minimum fixed service is determined in an itera-
tive manner. In the finite element method, stability of the 
slope is determined by force. 
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Nomenclature 

Ψ The volumetric expansion angle  

ψʹ Dilatancy angle 

φ Angle of friction 

φʹ Effective friction angle 

c Soil cohesion coefficient 

ɣ Unit weight 

ν Poisson’s ratio 

E Young’s modulus 

FoS Factor of safety 
 

The reduction method (SR) was developed by (Zien-
kiewicz et al., 1975). They combined it with the Mohr-
Coulomb model. After, Tschuchnigg et al. (2015) carried 
out extensive research on this problem, including the re-
finement of finite element mesh and the elastic-plastic 
flow rule. Further modifications of SR can also be found 
in Tschuchnigg et al. (2015). It is essential to combine 
staged structural modeling and stability analysis with-
out using other tools while preserving variable stress 
and history. Even if the Mohr-Coulomb model can pre-
dict the stress state. 

When failure occurs, the results of predicting the 
stress response are not ideal. The foundational modeling 
theories of advanced elastomeric plastics, such as com-
pact surface plasticity and other modeling frameworks 
of Dafalias (1986), including Under Plastic Woo and Co-
lumba’s (Wu and Kolymbas, 1990) and the Odyssey Co-
lumba’s Bar (Kolymbas, 2012), were directed in order to 
overcome these difficulties. 

Suggested, these models were further refined to cap-
ture the stiffness of niemonis, anisotropy or viscosity by 
Jerman and Mašín (2020). These models can consider 
not only the nonlinear strain response of soil but also the 
state and load history dependence of soil. However, 
methods of reducing the strength of these models are not 

often feasible. Therefore, if an advanced foundation 
model is to be used in the staging construction and sta-
bility analysis is required, the parameters must be recal-
ibrated. The M-C model must be used. 

However, if it is assumed that ψʹ=0°, the following two 
main factors should be taken into consideration. First, 
the worst case is considered in the numerical analysis to 
obtain a low FoS (Manzari and Nour, 2000; Hang and 
Ping, 2012; Kumar, 2004). In addition, in the second 
case, when the soil is sheared, ultimately small (con-
stant volume) the plastic volume of soil changes. In con-
trast, soil strength is overestimated when relevant flow 
rules are applied. This leads to overestimation and in-
security of FoS (Michalowski, 2002; Manzari and Nour, 
2000). However, the role of ψʹ is rarely discussed. Until 
recently, only a few researchers considered the swelling 
soil effect (Li et al., 2010; Griffiths and Marquez, 2007; 
Zienkiewicz et al., 1975). Therefore, this study takes 2D 
frame prestressed anchor sheet pile wall as the research 
object and uses the PLAXIS two-dimensional finite ele-
ment method to study the influence of expansion angle. 

 

2. Calculation of Strength Reduction Factor by the 
Mohr-Coulomb Model 

The M-C model's stress state is limited in the principal 
stress space by the yield surface F of the hexagonal cone. 
Since M-C is an elastic-plastic complete plastic model, 
once the loading path reaches the stress state on the 
yield surface, the model will show a plastic strain re-
sponse. At the integration point, the strength parameters 
decrease from the initial values of φ1 (internal friction 
angle) and с1 (cohesion) to their corresponding φ2 and 
с2, which directly reduces the size of yield surface F. 
These results in lower deviation Q and average stress P 
at the limit state, as shown in Fig. 1(a).

 

Fig. 1. Impact of force reduction on the M-C of the 3-axis dried stress.

The limit state is represented by a continuous exces-
sive axial deformation ԑa, as shown in the Fig. 1(b). The 
volume strain ԑν in the limit as shown in the Fig. 1(c), 
state depends on the so-called flow rule controlled by the 
dilatancy parameter ψ. When the test stress state ap-
pears outside the yield surface, the stress recovery relies 
on the plastic deformation's consistent condition. In the 
finite element method, the strength parameters of each 
reduction step are evaluated as:  

tan 𝜑𝑟 =
tan 𝜑0

𝐹𝑅
 (1) 

𝑐𝑟 =
𝑐0

𝐹𝑅
 (2) 

FR is the reducing factor, and the 0 and r which repre-
sent the initial and reduced value of a parameter, respec-
tively. The reduction of the force coefficients finally 
reaches the limit state. In the finite element simulation, 
once the analyzer is unable to find a solution to the un-
balanced force resulting from a further decrease in the 
material's strength, it is seen as reaching the bound 
state. It should not be considered that the iterative pro-
cess of finding equilibrium is associated with excessive 
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deformation of the shear region. In any case, this defor-
mation has no physical significance related to the reduc-
tion of the artificial force. However, the resulting dis-
placement indicates the location of the potential shear 
regions. Then FS is calculated as:  

𝐹𝑆 =
tan 𝜑0

tan 𝜑𝑓
=  

𝑐0

𝑐𝑓
 (3) 

This means that the FS equation is equal to the FR 
(Eqs. (1 and 2)). The symbol f in Eq. (3) represents the 
parameter value at the time of failure. It should be not 
that M-C parameters can be chaos as φ>0 and c>0 to rep-
resent the peak state, or φ 0 and c=0 to predict the criti-
cal state, depending on the soil condition in the slope an-
alyzed. Also, the behavior of the M-C model is deter-
mined by two additional parameters: Young elastic Stiff-
ness E and Poisson's ratio ν. 
 

3. Numerical Modeling Procedure 

3.1. Main parts of the prestressed anchor bar and 
sheet pile wall 

The prestressed anchor sheet pile wall structure is 
mainly composed of a reinforced concrete, prestressed 
anchor rod, and sheet pile wall. The free part of the pre-
stressed anchor cable is embedded in the filler and 
passed through the potential sliding surface, as shown in 
Fig. 2 the anchorage section is located in the soil, the an-
chor supporting structure, and the anchor head plate 
wall. The ground pressure load acts on the supporting 
system of the prestressed anchor cable wall. The exter-
nal force through the anchorage section is transferred to 
the free area of the pile. The anchor's strength can main-
tain the stability of the pile sheet wall structure. 

 

Fig. 2. Structure of the prestressed anchor bar  
and sheet pile wall. 

3.2. Non-associated plasticity 

Davis (1968) noted that only when a material has a 
corresponding flow law is the plastic field's stress and 
velocity properties. If it is φʹ≠ψ, he suggested using the 
force reduction parameters, c* and φ*, and flow rules ap-
plied in the model:  

𝑐∗ = 𝛽 ∙ 𝑐ʹ (4) 

tan 𝜑∗ = 𝛽 ∙ tan 𝜑ʹ (5) 

𝛽 =  
cos 𝜓ʹ cos 𝜑ʹ

1−sin 𝜓ʹ sin 𝜑ʹ
 (6) 

Therefore, c* and φ* are used as input parameters in 
all analyzes called Davis methods. 

The background of Here is a detailed strength reduc-
tion parameter. Fig. 3(a) shows an ABCD element tilted 
perpendicularly at an angle. The basic principle of stress 
and tension is also explained. It was assuming that it is 
coaxial and that the axes are congruent. Fig. 3(b) shows 
the Mohr stress circuit for a given case, where the daily 
pressure σsʹ, the shear pressure is the stress ratio, and 
the failure criterion determined according to the Cou-
lomb model.  

𝜏𝑠 = 𝑐 + 𝜎𝑠
ʹ tan 𝜑ʹ (7) 

The point PP on the stress circle represents the pole 
of the plane. Therefore, when drawing lines from PP to 
points (I) and (II), the stress σʹs is found and τs the direc-
tion of the plane in which s acts. According to Davis 
(1968), the lines representing these directions are called 
the characteristic pressure lines, which is uniformly dis-
tributes in the order of the central pressure at an angle 
of 45°-φʹ/2. 

Fig. 3(c) shows the case of Mohr strain circle, where 
δƐ1

and δƐ3
. It represents the primary and secondary 

principal strain increments, and the increment of shear 
strain δɣ/2. 

The expansion angle ψ can be defined if the level 
stress condition is assumed as follows: 

sin 𝜓ʹ =
𝛿 Ɛ𝑣𝑜1

𝛿 ɣmax

=
𝛿 Ɛ𝑛

𝛿 ɣmax

=
𝛿 Ɛ1 +𝛿 Ɛ2

𝛿 ɣmax

 (8) 

where 𝛿Ɛ𝑣𝑜1
is the volumetric stress, and  𝛿ɣmax

 corre-
sponds to the maximum shear stress. The points (I) and 
(II) represent the points of zero direct pressure increase 
(𝛿Ɛn

=0) and the direction in which he called 𝛿Ɛn
=0 empty 

extension lines (Kumar, 2004). When drawing lines from 
Pp to points (I) and (II), the direction of the planes per-
pendicular to zero is found. Thus, when drawing the hor-
izontal lines from (I) and (II) and connecting the inter-
section point to the Mohr strain circuit with Pp, the di-
rection of the zero extension lines is found (Davis, 1968). 
Assumed that the extension lines of the zero represent 
slip lines, or in other words, velocity characteristics 
(Roscoe, 1970). This assumption was firstly proposed 
based on experiments. These velocity properties are 
eliminated evenly around the principal stress direction 
(strain), but at 45°-φʹ/2. As a result, the stress proper-
ties are sliding lines only if Fig. 4(a) of the element 
ABCD. Fig. 3(a) represents each characteristic of stress 
and speed. If stability analyzes are performed based on 
assumed velocity characteristics (slip lines), then the 
ratio of actual stress should be applied to the zero ex-
tension lines rather than the proportion of stress to 
harmonic stress properties. The Mohr stress circuit 
(Fig. 4(b)) shows that shear stress τk and normal stress 
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σkʹ do not reach the Mohr-Coulomb criterion. Based on 
these considerations. Davis (1968) proposed the use of 
c* and φ* as an effective grip angle and effective angle 

of friction, respectively, at sliding planes in combination 
with a bound flow base. The difference between φʹ, φ*, cʹ 
and c*, respectively, is illustrated in Fig. 4(b).

 

Fig. 3. (a) Considered element; (b) Stress circuit Mohr; (c) Dynasty circle Mohr. 

 

Fig. 4. Stress properties (a) with velocity (b).

3.3. Anchor bar and sheet pile wall and soil profiles 

Using PLAXIS 2D software in numerical simulations. 
FoS safety factor was found .The analyzed results were 
analyzed by comparing the literature results for compat-
ibility in three aspects: network roughness, expansion 
angle, and failure mechanism. In addition, after confirm-
ing that the results are reasonable and acceptable, the 
same as (Griffiths and Marquez, 2007). Use SRM to dis-
cuss the effects of boundary conditions, such as the ge-
ometry of the dam and the topography of the valley site, 
in 3D models. (Zienkiewicz et al., 1975). Parameters of 
throughput, including numerical calculation non-con-
vergence, entry of plastic region, and displacement salin-
ity at a given characteristic point, we are used to exam-
ining the FoS contrast ABAQUS and FLAC3D. Measures 
were used for the FEM model and expanded to include a 
pre-framed stabilizer bar and a laminate stack wall using 
PLAXIS 2D. Since the FoS was considered reasonable, 
The influence of the expansion angle on convergence di-
rection discussed using different parameters (grid 
roughness, boundary conditions, slope angle, and soil 
parameters). Table 1 presents the main model parame-
ters of an anchor framed with a sheet pile wall and Table 
2 presents the soil parameters in 2D slope model. 

Table 1. Main model parameters  
of an anchor framed with a sheet pile wall. 

Items Model EA (kN/m) EI (kN/m2) 

Anchor Elastic 5*106 - 

Sheet pile wall Elastic 7.5*106 1.0*106 

Plate Elastic 7.5*106 1.0*106 

Table 2. Soil parameters in 2D slope model. 

Parameter Value 

𝜑ʹ 45˚ 

𝑐′ 6 kPa 

Ψ′ 0˚, 5˚, 10˚, 15˚, 35˚, 45˚ 

𝐸′ 1*105 

ɣ 20.20 

ʋ 0.3 

3.4. Calculations 

According to the relevant flow rules, the FoS ob-
tained from LAM and SRM are very close (Baker et al., 
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2006). Likitlersang et al. (2018) used SRM to discuss 
the stability and deformation characteristics of high-
speed railway embankments built on soft clay in Bang-
kok. The results show that most of the existing railway 
embankments show a greater degree of movement un-
der a load of high-speed trains. (Cai et al., 2002) used 
SRM to compare the boundary effects between two-di-
mensional and three-dimensional models and showed 
that the assumed boundary conditions in the z-plane 

(thickness direction) are critical for three-dimensional 
finite element analysis, and if roller-roller Column con-
ditions, the effect of z-direction length can be ignored. 
The results of ABAQUS were slightly higher than that of 
FLAC3D (2-4%) in the same yield. In addition, they 
point out that different software has different fusion 
standards, resulting in different FoS. Fig. 5 shows an ex-
ample of a framed prestressed anchor bar and sheet 
pile wall.

 

Fig. 5. An example of a framed prestressed anchor bar and sheet pile wall.

The SRM method has been used extensively in finite 
element geotechnical projects. 

FoS solutions are integrated with SRM solutions and 
are a professional geotechnical specification. It was used 
in this study. Currently, the location of the failure surface 
is monitored using three standard methods, namely, 
joint displacement (Dafalias, 1986), plastic area (Grif-
fiths and Marquez, 2007; Lim et al., 2015; Tschuchnigg et 
al., 2015) and shear stress region. As shown by Roscoe 
(1970) (Wu and Kolymbas, 1990), it is observed that the 
surface of the pores corresponds to the part of failure 
shear stress observed from the laboratory results. 

In this study, the shear stress region is used to this 
monitor the position of the failure, and to compare the 
failure mechanisms for each of the expansion angles  
(ψʹ = 0˚, 5˚, 10˚, 15˚, 35˚, 45˚). 
 

4. Analysis and Results 

The safety factor was checked using soil parameters 
and finite element method were applied to find results, a 
framed prestressed anchor bar and sheet pile wall for 
the reinforcement have been added. Fig. 1 shows an ex-
ample of a framed prestressed anchor bar and sheet pile 
wall, and the main model parameters of an anchor 
framed by a wall of sheet pile are shown in Table 1, soil 
parameters are clarified in Table 2. 

In this study, the plasticity theory was fully applied 
from the Mohr-Coulomb. In addition, a framed pre-
stressed anchor bar and sheet pile wall are made in its 
plastic state, so that the material can be obtained and the 
study is done on the basis for an automatic stabilization 
of the slope, this modeling was done using PLAXIS 2D 
software. 

4.1. Verification 

The two-dimensional model used in this paper is the 
same as that used by (Tschuchnig et al., 2015). However, 
reinforcement with anchor was added, including slope 
geometry, soil characteristics element type and failure 
criteria (15 trigonometric node elements), as shown in 
Fig. 5. The network roughness, a difference in expansion 
angle, and failure mechanism were discussed in this pa-
per. 

SRM calculated FoS based on Tschuchnig et al. (2015) 
using five expansion angles (0°, 5°, 10°, 15°, 35° and 45°). 

Moreover, ψʹ=35ʹ the compared with the prestressed 
frame anchor and sheet pile wall. The results in Fig. 2 
show that the chances gained are 3.145 when ψʹ=0°. The 
results (FoS=1.30-1.37) showed a greater trend than 
(Tschuchnig et al., 2015). When ψʹ=45, the FoS affinity 
was irregular and low. This abnormal phenomenon is 
the result of destroying the uniqueness of the mecha-
nism. The FoS obtained by ψʹ=45˚ score 2.565 is far from  
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the result of Tschuchnig et al. (2015) (FoS=1.53). Fig. 6 
shows the reason why FoS is greater than 45° at 35°. Pos-
sible causes of the numerical tolerances determine the 
content of the problem. In this research, the slope was 
reinforced with a framed prestressed anchor bar and 
sheet pile wall to reduce slips. To assess this problem, 

the expansion angle was studied to assess the FoS. If 
the FoS for ψʹ=45˚ score between 2.565 it decreased as 
tolerance decreased. When tolerance decreased grad-
ually, FoS increased for ψʹ=35˚ degrees from 2.971 in-
cidence of FoS at ψʹ=45° was slightly lower than that at 
ψʹ=35°.

        
a)  ψ′ = 0˚     b)  ψ′ = 5˚ 

        
c)  ψ′ = 10˚     d)  ψ′ = 15˚ 

        
e)  ψ′ = 35˚     f)  ψ′ = 45˚ 

Fig. 6. Comparison of the FoS for framed prestressed anchor bar and sheet pile wall with different expansion angles.

Summarizing the above comparison from the two-di-
mensional model, Tschuchnigg and others believe that 
the model's trend is safe and stable. (Tschuchnig et al., 
2015). When the expansion angle results, mesh rough-
ness, and failure mechanism when compared, numerical 
values are different. Based on the two-dimensional 
model of (Tschuchnig et al., 2015) using PLAXIS 2D soft-
ware, the slope model supported by frame prestressed 

anchor and sheet pile wall established, and the influence 
of expansion angle on slope stability is studied. 

4.2. Deformation responses and effective stress 

Deformation responses horizontal and vertical de-
formation responses were recorded at different loca-
tions of a framed prestressed anchor bar and sheet pile 
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wall. The values of horizontal distortion (0.08204) were 
found to be greater than the vertical distortion 
(0.03162) for all the cases considered. Hence, only verti-
cal distortion differences are shown here. Fig. 7 displays 
the difference in vertical deformations of the framed pre-
stressed anchor bar and sheet pile wall. 

 

Fig. 7. Variation of vertical deformation of framed pre-
stressed anchor bar and sheet pile wall. 

Effective stress responses of effective stresses are rec-
orded at a different location of framed prestressed an-
chor bar and sheet pile wall. The effective horizontal 
stress values are found to be more than that of effective 
vertical stress for all the considered cases. Typical varia-
tion of effective horizontal and vertical stresses of 
framed prestressed anchor bar and sheet pile wall pre-
sented in Figs. 8-10. 

4.3. Discussion 

4.3.1. Influence of expansion angle 

The effects of expansion angles (ψʹ = 0°, 5°, 10°, 15°, 
35°, 45°) on the FoS affinity in the model were studied of 
a pre-framed anchor bar and two-dimensional laminate 
pile wall. The results showed that FoS=2.565 when 
ψʹ=45° degrees, it shows higher instability than the two-
dimensional model. The results show that FoS oscilla-
tions contract significantly (FoS=2.565) at 10°≤ ψʹ≤ 35°, 
and the convergence is enhanced (almost no oscillation 
sign). For these cases, no significant difference in the de-
struction mechanism was more observed. When ψʹ=φ, 
the FoS convergence and failure mechanism in the two-
dimensional model are more evident than that in ψʹ≠φ 
model. In the model, the results obtained in this study 
are different from those obtained by Tschuchnig et al. 
(2015). One they mean that the relevant flow-based (Da-
vis, 1968) is not suitable for solving the slope stability 
problems in the pre-frame anchor bolt and two-dimen-
sional laminate pile wall model. In the range of ψʹ=35°-
45°, the separation line events were observed in differ-
ent affinity results of FoS. Therefore, the peak valley of 
ψʹ=35° were analyzed to test the failure mechanism. 
When ψʹ=35°, the failure surface is clear and developed; 
when ψʹ= 45°, the failure surface is incomplete. 

 

Fig. 8. Variation of effective stress of framed pre-
stressed anchor bar and sheet pile wall (σ1). 

 

Fig. 9. Variation of effective stress of framed pre-
stressed anchor bar and sheet pile wall (σ2). 

 

Fig. 10. Variation of effective stress of framed pre-
stressed anchor bar and sheet pile wall (σ3). 

4.3.2. Effects of both pre-framed anchor tape and 
laminate pile wall and soil strength coefficients 

The effect of the expansion angle on FoS affinity under 
different soil parameters was studied. For the friction  
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angle, since the numerical model must follow the balance 
rule (slope will not be a destroyed in its initial equilib-
rium state), a tilt angle (β=0°) is selected for inspection, 
and three different expansion angles (ψʹ=0° and 15°) De-
grees and ψ'=ψ. When the three-dimensional model was 
preparedness at β=0°, ψʹ=0°, 15° and 45° are using to an-
alyze various coherent quantities. When ψʹ=0° or 15°, 
FoS affinity was relatively stable. According to the bound 
flow rule, the affinity at lower concentration is better 
than that at higher concentration-failure descent mech-
anism. Fig. 6 shows the effect of soil cohesion on FoS af-
finity; various c' convergence curves fluctuate slightly at 
low expansion angle (ψ'=0˚). When ψʹ=35˚, most of the 
convergence curves are smooth except cʹ=20.02 kPa. For 
a high expansion angle (ψʹ=45˚), obvious oscillation with 
different c were observed. The trend observed in Fig. 
6(d) and Fig. 6(e) is consistent, where converges 
smoothly when ψ'=15°-35°. 
 

5. Conclusions 

In this study, the influence of ψ' on FoS were analyzed 
by using frame prestressed anchor and sheet pile wall, 
and the PLAXIS 2D program was used to study the influ-
ence of ψ' on-grid roughness, inclination angle (β=0), 
and soil strength parameters (c' and ψ') through two-di-
mensional analysis of frame prestressed anchor and 
sheet pile wall. According to the results of this study, we 
can draw the following conclusions and suggestions. 
 The results show that ψ' has a significant effect on FoS 

affinity, but this affinity may be unstable. However, 
the effects may vary depending on the inclination an-
gle or soil strength parameters (c' and ψ'). 

 The expansion angle's influence on the slope model's 
convergence was supported by pre-frame anchor 
belts and laminated pile walls. On the other hand, var-
ious sliding surfaces. However, the two-dimensional 
model supported by pre-frame anchor tapes and lam-
inated pile walls showed the opposite result-unstable 
at ϕ'=ψ'. Therefore, engineers must consider the in-
fluence of ψ' on FoS affinity. 

 Declining soil strength parameters (c' and ϕ) com-
pared with higher soil strength parameters, when 
ϕ'=ψ, the affinity of fiction FoS is relatively insensi-
tive. Besides, when ψʹ=ϕʹ=45°, the tilt angle has little 
effect on the FoS affinity. However, when ψʹ≠ϕ De-
pending on the value of ψʹ, the influence of the tilt an-
gle ψ is different. 
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