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Research Article

Investigation of optimum tuned mass damper parameter

according to stroke capacity

Aylin Ece Kayabekir?

2 Department of Civil Engineering, Istanbul Gelisim University, 34310 Istanbul, Tiirkiye

ABSTRACT

ARTICLE INFO

During major earthquakes, civil structures may collapse due to vibration that has a
frequency close to the frequency content of the structure. Because of this, control
systems have also been proposed for building structures. These systems can be active
ones that are controlled by electronic devices or passive ones that are tuned mechan-
ical systems. Passive tuned mass dampers (TMDs) include mass, stiffness element
and damping element and these are tuned around the frequency of the structure. For
optimum tuning and the complex nature of the mathematics under random vibra-
tions, metaheuristic algorithms are needed to be used. In the presented study, TMDs
are optimized via Jaya algorithm. The control system was optimized for displacement
minimization of the structure. Additionally, the stroke amount of the system was lim-
ited. The stroke capacity factor was investigated for wide limits between 0.5 and 4
for normalized stroke according to the maximum displacement of the structure. The
investigation was done for a single degree of freedom structure for a general conclu-
sion. It is observed that the stroke limit did not affect performance and optimum pa-
rameters after 2.75. The small values of the stroke limit have significantly different
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optimum period.

1. Introduction

Numerous control systems have been developed to
mitigate the dynamic effects caused by undesirable ex-
ternal factors. Advances in technology and computing
have made the implementation of these systems more
accessible, and they are widely employed in various me-
chanical systems, including structures.

In modern cities, buildings have been constructed
taller to accommodate growing populations, and long
bridges facilitate transportation. Given various factors,
notably earthquakes, control systems have become es-
sential for these structures. Merely ensuring safety and
reliability is insufficient; these buildings must withstand
minimal vibration during earthquakes and strong winds.

In general, two main types of control systems exist:
active and passive. Active control systems use an exter-
nal power source to exert force on the building, either
augmenting or dissipating energy within the structure.

Active feedback control systems transmit the system's
response, measured by physical sensors, as a signal to
the control actuator. These systems regulate responses
affected by both internal and external influences, with a
focus on safety and comfort.

On the other hand, passive control systems do not rely
on an external power source but utilize mechanical
forces. The effectiveness of passive control depends on
the building's design and incorporation of viscoelastic
materials to achieve optimal efficiency. Passive systems
are more widely used and can be added to existing struc-
tures.

Additionally, semi-active and hybrid systems are also
present. Passive-tuned mass dampers, composed of
mass, spring-like stiffness elements, and viscous damp-
ers, take the form of pendulums or series of isolation sys-
tems. Viscoelastic dampers convert kinetic energy into
heat energy, effectively damping wind-induced loads in
multi-story buildings since the 1980s.
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Tuned mass dampers have been successfully applied
in various structures since 1971, such as the Citicorp
Center, John Hancock Tower, and Fukuoka Tower. Taipei
101 boasts a remarkable example of a mass damper, the
tallest and heaviest worldwide, weighing 730 tons and
spanning five floors.

Throughout history, numerous advancements have
been made in the field of tuned mass dampers (TMDs) to
address the dynamic effects caused by external factors.
The foundations of TMDs were laid by Herman Frahm in
1909 when he invented a device to prevent vibrations in
ship machinery. His subsequent study on vibration con-
trol served as the basis for TMDs. By 1911, Frahm (1909)
obtained a patent for his invention, which he called a
tuned vibration damper. In 1928, Ormondroyd and Den
Hartog initiated theoretical studies on modulated mass
dampers. Den Hartog's work in 1949 led to a system
where the mass lacked natural damping. However, later
studies revealed that TMDs with damping are more ef-
fective due to enhanced energy conversion. Over the
years, researchers like Bishop and Welbourn (1952) and
Hartog (1956) further contributed to TMD research, ex-
ploring the damping parameters and optimizing their ef-
ficiency under different excitation conditions. From
1971 onwards, TMDs started being applied in various
structures, with researchers continuously seeking to en-
hance their performance. Studies by Falcon et al. (1967),
loi and lkeda (1978), and Warburton and Ayorinde
(1980) proposed methods to optimize TMD parameters.
Subsequent research by various authors, including Xu
and Igusa (1992), Tsai and Lin (1993), and Villaverde
and Koyoama (1993), delved into optimizing TMD de-
sign for different types of structures and excitations. In
the 21st century, researchers explored novel concepts,
such as tuned mass damper-inerter (TMDI) devices
(Marian and Giaralis 2014) and variable-tuned mass
damping inerter (VTMDI) models (Li et al., 2020), to im-
prove TMD performance and adaptability. In recent
years, efforts have been made to optimize TMDs' perfor-
mance in different scenarios, considering nonlinear be-
havior (Domenico and Ricciardi 2018) and integrating
electromechanical components for energy conversion
(Petrini et al. 2020). Advanced metaheuristic techniques
like particle swarm optimization (PSO) (Leung and
Zhang, 2009), harmony search, bat algorithm (Bekdas
and Nigdeli 2017) and genetic algorithms (Frans and
Arfiadi 2015) have been applied to optimize TMD design.

Zucca et al. (2021) proposed a methodology for the
TMD-controlled design of a historic masonry chimney,
including a two-step optimization procedure. Caicedo et
al (2021) developed a differential evolution method
based optimization process for tuned mass dampers
(TMDs) and tuned mass dampers inerter (TMDIs) placed
on the upper floors of high-rise buildings exposed to
seismic effects. Ant colony optimization was employed
by Soheili et al. (2021) in order to minimize of the story
drifts of a 40-story building considering soil structure in-
teraction. Yiicel et al (2022) introduced flower pollina-
tion algorithm for the reduction of critical displacements
in the time-history domain Different TMD configura-
tions including single and multiple TMD attached to non-
linear structures was optimized by Domizio et al. (2022)

via PSO to increase effectiveness of seismic response
control. Araz et al. (2023) investigated the optimum
TMD design for a high-rise building to reduce the struc-
tural response under various embedment depths and
soil properties. Mohsen Khatibinia et al. (2023) pro-
posed an approach based on passive ensemble particle
swarm and gray wolf optimization techniques in order
to design optimum TMDs by considering seismic damage
representing structural responses.

The optimum design parameters for tuned mass
dampers must be also suitable for practical applications.
For that reason, the stroke capacity of TMD must be con-
sidered in the optimum design which includes optimiza-
tion of period and damping ratio of TMD for minimiza-
tion of structural displacement. The stroke capacity was
included as a design constraint by Bekdas and Nigdeli
2017) using harmony search and bat algorithm. In the
present study, stroke factor was investigated for a wide
range that have maximum limit (Stmax) between 0.5 and
4.0 for normalized stroke. The normalized stroke is the
ratio of drift of TMD and maximum displacement of the
structure without TMD. Jaya algorithm that is developed
by Rao (2016) was used in the methodology since it is a
parameter free algorithm.

2. Methodology

In this study, software has been developed that ana-
lyzes the tuned mass dampers placed on a single degree
of freedom system. The equation of motion of damped
free vibration of structural systems under dynamic ef-
fects is given below.

Mi(t) + Cx(t) + Kx(t) = —M{1}i,(t) (1)

The Matlab Simulink block diagram that provides the
solution of this Eq. (1) for the developed software is
given in Fig. 1.

In Eq. (1), xis the displacement vector. The equivalent
of x in the block diagram is expressed as Y. Each point on
the x vector has its derivative, the first derivative corre-
sponds to velocity and the second derivative to acceler-
ation. The equivalent of these values in the block dia-
gram are defined as Y1 and Y2, respectively. In the dia-
gram, E is the earthquake record, Etime corresponds to
the earthquake time vector with 0.005 steps, and Y3 is
earthquake acceleration (¥,(t)). In the equation of mo-
tion, M, C, K are mass, damping and stiffness matrices,
respectively, given in Egs. (2-4). In the block diagram,
these matrices are seen as Mmatrix, Cmatrix and
Kmatrix.

M= [m md] )
S
e ©
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Fig. 1. The Matlab Simulink block diagram for dynamic analysis.

In the equations, m, ¢, k are the mass, damping and ri-
gidity of the structure, respectively. Values with d sub-
script are the parameters used for TMD.

Dynamic analyzes were made under a total of 44 dif-
ferent earthquake records, 22 earthquakes and bidirec-
tional ones given in FEMA P-695 as far-fault ground mo-
tions. The aim is to apply all earthquake records of the
building in the design and to consider even the most un-
favorable situation in terms of structural reactions un-

(D—>

[Etime1(:,a1),E1(:,a1)]

——»  ET

der these records. What is meant by the most favorable
situation is the analysis of the earthquake that causes the
greatest displacement in the structure. This earthquake
is defined as a critical earthquake in the study.

In order to apply the effects of these 44 earthquakes
and compare their structural responses, the time step in-
terval of the earthquake record is arranged equally. The
Simulink block diagram that performs this editing pro-
cess in the code is presented in Fig. 2.

Etime

Fig. 2. The Matlab Simulink block diagram for earthquake data.

In the analysis process, the best combination of TMD
parameters (mq, ca and kq) for the structure is investi-
gated. The definition of the best combination refers to
the parameters that give the lowest displacement (x) un-
der the dynamic effects of the structure. In the search
process, Jaya algorithm, one of the metaheuristic algo-
rithms, was used.

The optimization process with metaheuristic algo-
rithms can be summarized in 3 stages, namely pre-opti-
mization, analysis and optimization stage. In the pre op-
timization step, the problem is defined via entering data
of earthquake records, design constants, limit values of
design variables and population (solution vector) num-
ber. There are 4 design constants for the problem. These
are the mass of the structure, the stiffness coefficient and
damping ratio, and the TMD stroke limit (Stmax). TMD op-
timization was done for constant mass ratio that 5%. The
design variable of TMD that are optimized are period
(Ta) (as seen in Eq. (5)), and damping ratio (4) (as seen
in Eq. (6)). Then an initial solution matrix including can-
didate solution vectors as much as population number is
generated. A candidate solution vector consists of ran-
domly generated values within ultimate limits of each
design variables.

Ty =2m |74 (5)
d

§a = —1 (6)
2mg m_d

In the analysis stage, the objective function is calcu-
lated and the design constraints are checked. The goal of
optimization is to find the TMD design that provide the
minimum displacement. Accordingly, the objective func-
tion is defined as follows.

f(x) = minimize(|x]) (7)

As the design constraint the normalized stroke must
be lower or equal to stroke limit (stmax) as given in Eq.

(8)-

max{lxqg—*|lwithrmp - st
max[|xllwithoutrMmp —

max (8)

In the last stage, using the existing solutions (X,;4)
stored in the initial solution matrix new solutions (X;ew)
are generated according to the algorithm equations. Al-
gorithm have one equation as follow.
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Xnew = Xoa + rand - (" — |Xo1al) — rand - (g — [Xoa) (9)
where g* and g" are best and worst solutions respec-
tively. “rand” is a function that produce random values
between 0 and 1.

The pseudocode of the search process performed as
iterative is shown below. The stages of methodology are
given in Table 1.

Table 1. Methodology stages

An example of stages in metaheuristic-based optimization

Data entering stage

Initial stage:

Generation of initial solution with random design variables
Structural analyses without TMD

Structural analyses with TMD

Iterative stage begins

New solution generation stage

Structural analysis with TMD

Selection and elimination stage

Save and output results

3. Numerical Examples

The numerical example includes a single degree of
freedom structure that has 1 s period and 5% inherent
damping. In optimization, the period limits of TMD are
taken between 0.5s and 1.5s. The damping ratio of TMD

1.000
0.950
0.900
0.850
0.800
0.750

7,(s)

0.700
0.650
0.600
0.550

0.500

0.50 1.00 1.50

2.00

st,

was searched between 0.01 and 0.5. All optimum results
and the objective function which is the maximum dis-
placement of TMD are given in Table 2.

Table 2. Results of design variables
for different stroke capacity

Stimax Ta () & X (m)
0.50 0.694 0.500 0.272
0.75 0.894 0.500 0.265
1.00 0.907 0.351 0.258
1.25 0.902 0.246 0.252
1.50 0.932 0.196 0.247
1.75 0.912 0.131 0.242
2.00 0.910 0.088 0.237
2.25 0.943 0.080 0.233
2.50 0.955 0.065 0.231
2.75 0.948 0.047 0.231
3.00 0.944 0.033 0.230
3.25 0.941 0.023 0.229
3.50 0.939 0.014 0.228
3.75 0.938 0.010 0.228
4.00 0.938 0.010 0.228

As seen in Fig. 3, the optimum period remains the
same after 2.75 stroke limit. By the decrease of TMD mo-
bility, the optimum period decreases. All optimum peri-
ods are below the natural period of the structure.

2.50 3.00 4.00

max

Fig. 3. Relationship of period according to stmax.

According to Fig. 4, the optimum damping ratio is at
the maximum limit for stmax 0.75 and 0.5 values. If the
stroke limit is very big, damping is not important in op-
timum design.

As seen in Fig. 5, the maximum displacement is highly
reduced up to 2.5 stroke limit, but there are no critical
change if the stroke limit is higher than 2.5.

Time history graphs were also drawn for the 4 cases
(stmax 0.5, 1, 2 and 3 cases) selected as examples to
demonstrate the performance of TMD on structural dis-
placement.  Componentl of Imperial Valley
(IMPVALL/H-E11140) earthquake record is a critical
earthquake for all cases. Time history graphs for this
earthquake are presented in Figs. 6- 9 for different stmax
cases in comparison with TMD.
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X (m)

0.600

0.500
0.400
0.300
0.200
0.100
0.000

0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00
st

max

Fig. 4. Relationship of damping ratio according to Stmax.

0.275

0.270
0.265
0.260
0.255
0.250
0.245
0.240
0.235
0.230

0.225
0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00

st,

max

Fig. 5. Relationship of displacement according to Stmax.

withTMD  ------- without TMD

0.30
0.25
0.20
0.15
0.10
0.05
0.00
-0.05
-0.10
-0.15
-0.20
-0.25
-0.30

60
time (s)
Fig. 6. Time History plots with TMD (stmax=0.5) and without TMD cases.
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Fig. 7. Time History plots with TMD (Stmax=1.5) and without TMD cases.
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Fig. 8. Time History plots with TMD (stmax=2.5) and without TMD cases.
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Fig. 9. Time History plots with TMD (Stmax=3.5) and without TMD cases.
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4., Conclusions

According to the results, the stroke limitation is highly
effective in the change of optimum TMD parameters. In
order to find an economical solution, the stroke of TMD
must be limited. Also, a small stroke is useful in position-
ing TMD. As with classical knowledge, the optimum TMD
period is close to the main structure period. The optimi-
zation process generally validates this and increases the
optimum TMD damping to reduce the stroke in highly
limited cases. In the case of maximum damping ratio
limit is not effective to reduce the stroke, the ratio of pe-
riods of TMD and structure decreases. In that case, the
practical application may always be suitable to design
with classical methods.

The stmax value (Eq. (8)) is a value that indirectly indi-
cates the TMD's ability to move (maximum movement
limit). This mobility is therefore also related to optimum
TMD parameters and performance. However, the extent
to which this situation will be effective depends on the
external influence and the characteristics of the struc-
tural system.

As the performance of TMD in the study, a stroke limit
bigger than 2.5 is not more effective than the case of
Stmax=2.5. In that case, these huge stroke values are not
useful, and they are very expensive to apply. The maxi-
mum displacement for critical excitation is 0.2873m and
it reduces between 5.18% and 20.62% for stroke-limit
cases. Also, the design that maximum reduces the dis-
placement have a stroke value smaller than 2.75. In the
cases with stroke capacity bigger than 2.75, the optimum
design of TMD is the same.
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ARTICLE INFO

Lattice structures have an important role in lightweight structure applications as
they can supply their mechanical performance with less material. Porous structures
designed with inspiration from nature, has been used in many industries such as aer-
ospace, automotive, defense industry and biomedical field. In order to continue these
advances, studies on various design configurations of porous structure geometries
are carried out. This study aimed to increase the usage potential of Octet Truss lattice
structures in various sectors. A numerical model is created for 3 variable parameters:
strut geometry, porosity, and material type. The effective elastic modulus values are
determined based on the principles of Hooke's law for each model. Based on the ob-
tained effective elastic modulus values, it has been concluded that differences in strut
geometries, porosities, and material types contribute to 1.27%, 68.85%, and 29.86%
of the observed effects, respectively. In order to establish a correlation between these
factors, the data is transmitted to the MATLAB software, where equations are gener-
ated using the curve fitting approach. A total of nine equations have been generated
and the R-square for these equations above 0.99. According to the two desired con-
stant values, the effective elastic modulus can be calculated using these equations
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without any restrictions.

1. Introduction

Porous structures are great interest today to supply
the superior mechanical performance of lightweight
structures (Ashby 2013). In addition to the lightness,
they can supply the structure requirements by combin-
ing mechanical, thermal, and acoustic properties in one
structure (Wadley 2006; Suard et al. 2015). Due to its su-
perior properties, it has been adopted in many industrial
fields such as automotive, defense, aerospace, and medi-
cal sectors (Vasiliev et al. 2012; Tao et al. 2016; Arab-
nejad et al. 2017). With the developments in additive
manufacturing technology, porous structure applica-
tions will be encountered more frequently in more in-
dustrial areas. Porous structures have repeatable prop-
erties by combining random or regular pores into a par-
ticular solid structure (Aney et al. 2023). The randomly

assembled porous structures are defined as foam struc-
tures (Langlois et al. 2018).

Regular porous structures have a wide variety of geo-
metric configurations. For this, two basic geometric con-
figurations are preferred by researchers: beam-based
and triply periodic minimal surface (TPMS) (Majeed et
al. 2022). TPMS structures are surface-based cell archi-
tectures that have surface equations and can be repro-
duced infinitely in Cartesian space (Al-Ketan et al 2019).
Beam-based structures are cell architectures that are
formed by combining various numbers of struts at differ-
ent angles and nodes (Wang et al. 2020).

The positions of the struts in the structure are directly
effective in the change of mechanical properties. Espe-
cially the number of struts and their positions at certain
angles according to the load direction are very important
in load bearing. There are lattice structures assembled in
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a unit cell at different angles and strut numbers by many
researchers: such as Cube (CB), Body-Centered Cubic
(BCC), Face-Centered Cubic (FCC), combination of Cube
and Face-Centered Cubic (CFCC), combination of Cube
and Body-Centered Cubic (CBFCC), Diamond, Octet
Truss, Kelvin Rhombic dodecahedron (Zheng etal. 2019;
Refai et al. 2020).

With developments in additive manufacturing, vari-
ous design configurations are realized for existing lat-
tices or new lattice structures. Wang et al., inspired by
the hierarchical structures of biological materials, devel-
oped a new unit cell configuration design with an inter-
nal strut hierarchy (Wang et al. 2022). Meza et al. (2017)
modeled the effect of beam geometry on Young's modu-
lus in four beam-based lattice structures (Octet Truss,
Cuboctahedron, 3D Kagome, Tetrakaidecahedron) and
evaluated them in experimental and numerical analysis.
With the proposed analytical model, hollow strut struc-
tures are defined as advantageous geometries in terms
of mechanical properties. Wang et al. (2021) propose a
new hierarchical lattice design by replacing the original
straight struts of the face-centered cubic (FCC) lattice
with a series of higher-level circular struts. Researchers
mainly focus on modeling porous structures that will ex-
hibit the best mechanical performance for the required
design space.

In this study, the effects of strut geometry, porosity,
and material type on the mechanical properties of lattice
structures are investigated in Octet Truss lattice struc-
tures. Lattice structures with different porosity (60%,

70%, and 80%) are modeled using circular, hexagonal,
and square geometry for the strut geometry. The effec-
tive elastic modulus of each structure is determined by
the Finite Element Method according to three material
properties. The obtained results are transferred to the
MATLAB software and different equations are created
with the curve fitting method.

2. Material and Method
2.1. Lattice structure design

According to the literature, Octet Truss Lattice models
are frequently used in porous structures. The high load
carrying capacity of the struts, depending on their loca-
tion, is the main reason for often preferred this struc-
tures. In this study, Octet Truss lattice structures were
modeled from struts in circle, hexagonal, and square ge-
ometries. Unit cells modeled at 60%, 70%, and 80% po-
rosity were shown in Fig. 1. The unit cells were dimen-
sioned as 1x1x1 mm3. Porosity (P) calculation was de-
termined by volume (Lei et al. 2020):

Vo—V
Vo

P (%) = 2= x 100 (1)

In Eq. (1), Vo is the total volume of the cubic unit cell,
and V is the volume of the solid part in the lattice unit
cell. Dimension values of unit cells with struts with dif-
ferent geometries were in Table 1.

Circle Strut

60% ‘ k

(a)

Hexagonal Strut

60% ‘ k

(b)

Square Strut

60% ‘ k

70%

A |7 A

70% ‘ k 80% / \

80% l \

70% ‘ k

Fig. 1. Octet Truss unit cells modeled from struts of different geometry: (a) Circle; (b) Hexagonal; (c) Square.
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Table 1. Dimension values of unit cells
with different geometry struts (a) mm.

Strut Geometry Porosity
60% 70% 80%
Circle 0.2071 0.1734 0.1368
Hexagonal 0.1973 0.1651 0.1303
Square 0.1855 0.1550 0.1220

The porosity value of the unit cells was the ratio of the
available lattice structure volume to the cubic volume in
a unit. Lattice structures were formed in 5x5x5 array
with these unit cells in the x, y, and z directions. The ter-
minology of these lattice structures were included in Ta-
ble 2. The isometric views of the lattice structures were
shown in Fig. 2.

Table 2. The terminology of lattice structure.

Porosity Strut Geometry
Circle Hexagonal Square
60% OctetT(c)-60 OctetT(h)-60 OctetT(s)-60
70% OctetT(c)-70 OctetT(h)-70 OctetT(s)-70
80% OctetT(c)-80 OctetT(h)-80 OctetT(s)-80

2.2. Finite element analysis

The material types used for the lattice structures were
CP-Ti, Ti6Al4V and Stainless Steel 316L, which are com-
monly used in additive manufacturing technology. The
mechanical properties of the materials were listed in Ta-
ble 3.

Fig. 2. Lattice structures in 5x5x5 array: (a) OctetT(c)-60; (b) OctetT(c)-70; (c) OctetT(c)-80; (d) OctetT(h)-60;
(e) OctetT(h)-70; (f) OctetT(h)-80; (g) OctetT(s)-60; (h) OctetT(s)-70; (i) OctetT(s)-80.

Table 3. Mechanical properties of materials (Ma et al. 2020; Xu et al. 2019; Mercer et al. 2022).

Material Elastic Module (GPa) Poisson Ratio
CP-Ti 108.21 0.34
Ti6Al4V 110 0.33
Stainless Steel 316L 200 0.30
Tungsten Carbide (plate material) 600 0.21
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Compression loads were applied to evaluate the me-
chanical properties of lattice structures. Finite element
analysis method was used to determine the mechanical
properties of lattice structures. Accordingly, all lattice
structures were analyzed by compression load simula-
tion using ANSYS Workbench software. As a result of
these analyses, the effective elastic modulus (Eef) values
of each lattice structure were calculated according to
Hooke's law. In Hooke's law (Eq. (2)):

c=EXe¢
AL
£=—
Lo
_ (o _ (oxLg)
Eery = (%) =52 2)

In Eq. (2), 0, Lo, and AL are the applied normal stress
(MPa), the initial length of the model (mm), and direc-
tional deformation (mm), respectively.

Plates were placed at the top and bottom of each lat-
tice structure for these simulations. The contact type be-
tween the plate and lattice structures was chosen as
bonded for all simulations. The bottom plate was defined
to be fixed in the x, y, and z directions. The top plate is
fixed in the x and z directions and movable in the y direc-
tion. Plate geometry was designed as 5x5x1 mm. For the
plates, the type of material with higher mechanical
strength than the defined material was selected. A nor-
mal stress value of 1 MPa in the -y direction was defined
for the loading conditions (Fig. 3).

Tetrahedral elements of 0.12 mm were used for the
mesh size. In the mesh convergence studies, there was
no significant change in mesh sizes below 0.12 mm.
Therefore, the same mesh size was used for the lattice
structures. Mesh convergence analyses were carried out
to achieve more stable results for beam connections and
surfaces in scaffold designs where stress would be con-
centrated. Tetrahedral elements were used to create the
mesh. The mesh quality indicated a value of 0.8784, ac-
companied by a standard deviation of 0.9750. Addition-
ally, the skewness of the mesh was measured to be
0.2136, with a standard deviation of 0.1168. Fig. 4 shows
the mesh structure of the lattice structures for each strut
geometry.

0]

Plate

Scaffold

Plate

Fig. 3. Loading and boundary conditions
of lattice structures.

Fig. 4. Mesh structures of lattice structures with 70% porosity: (a) Circle; (b) Hexagonal; (c) Square strut geometry.

2.3. Statistical analysis

The Statistical analysis was used to determine the de-
gree of influence of the three parameters (strut geometry,
porosity, and material properties) on the effective elastic
modulus of Octet Truss lattice structures. The statistical
methodology used to investigate the observed differences
was the one-way analysis of variance (ANOVA). p<0.05
was considered as a statistically significant difference. In
this analysis, the signal value (S) is the value to be meas-
ured, and the noise value (N) is the effectiveness of the
undesired factors within the measured value. The graphs
of the calculated S/N ratios represent the degree of influ-
ence of any variable parameter used in the analysis. In
addition to the S/N ratio, ANOVA analysis was used to
determine the significance levels of variable parameters
affecting the mechanical properties of the structures.
This analysis was performed with Minitab software.

2.4. Curve fitting application

Curve fitting is a machine learning approach that is of-
ten used in the field of data science. It was used to find the
optimum fit by investigating the correlation between the
dependent and independent variables. The points in the
dataset were also utilized to create a curve-shaped linear
or nonlinear mathematical function. The statistical corre-
lations used for the data analysis are the sum of squared
errors (SSE), R-squared (R?), adjusted Rsquare, and root
mean square error (RMSE). The RMSE approach was used
in the following equation (Eq. (3)) to define the error:

N vy
RMSE = Zi=1(J/1 vi)? (3)
N

where N is the total number of training data, y; is the
data value at time t; ¥, is the predicted value at time ¢:.
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The following equation was used to determine the error
value.

Actual Value—Value Obtained by Curve Fittin
Error Value = ¢ Y 2 x100 (4)

Actual Value

In this study, (X, Y, and Z) were used as input factors.
The data from each lattice structure model for all mate-
rials and porosities were analyzed using MATLAB soft-
ware. For each type of lattice structure, the initial curve
fittings were developed. These curve fittings utilized of
the material's elastic modulus for the X value (108210,
110000, and 200000), the porosity for the Y value (60,
70, and 80), and the measured effective elastic modulus
for the Z value. The second curve fittings were obtained
while taking the materials into account; in this case, the
lattice structure types (Octet Truss-Circle (1), Octet
Truss-Hexagonal (2), and Octet Truss-Square (3)) were
taken into account as "x," "y" values are porosity rates
(60, 70, and 80), and "z" values are effective elastic mod-
ulus values. The third curve fittings took porosity into ac-
count. Therefore, "x" parameter represented different
types of lattice structures (1, 2, and 3), "y" values repre-
sented different elastic modulus (108210, 110000, and
200000), and "z" values represented measurements of
the effective elastic modulus values. Additionally, these
models' functions were constructed in the MATLAB pro-
gramming language as 2nd order polynomials.

3. Results and Discussions

Compression loads for three types of materials were
simulated for Octet Truss lattice structures in different
strut geometries and different porosity. The maximum
von-Mises stress values obtained by finite element anal-
ysis were listed in Table 4. Stress values increased with
increasing porosity for each geometry type.

For same material type in Octet Truss lattice struc-
ture, strut geometry was an effect on stress generation.
At the same porosity ratios, the lowest stress occurred in
square geometries, and the highest stress value occurred
in hexagonal geometry lattice structure. Considering the
effect of strut geometry for Cp-Ti material: There was
27.54% difference between OctetT(s)-60 and OctetT(c)-
60, and 18.78% difference between OctetT(c)-60 and Oc-
tetT(h)-60 for 60% porosity. There was 23.55% differ-
ence between OctetT(s)-70 and OctetT(c)-70, and
20.31% difference between OctetT(c)-70 and OctetT (h)-
70 for 70% porosity. There was 4.75% difference be-
tween OctetT(s)-80 and OctetT(c)-80, and 20.08% dif-
ference between OctetT(c)-80 and OctetT(h)-80 for 80%
porosity. This difference situation was similar for other
material types. The maximum stress values in lattice
structures with the same porosity changed according to
the material type. There was not significant difference
between CP-Ti and Ti6Al4V materials. This was related
to the mechanical properties of these materials close to
each other. Lattice structures with 316L steel material
had relatively lower stresses compared to other materi-
als. This was due to the high elastic modulus of this ma-
terial. The distribution contours of these stress values on
the lattice structures were shown in Fig. 5.

In Octet Truss lattice structures with the same poros-

ity, the directional deformation value was affected by the
strut geometry. Directional deformation occurring in lat-
tice structures with the same porosity was lowest in
square geometries and highest in circle geometries. Con-
sidering the effect of strut geometry for Ti6Al4V mate-
rial: There was 12.26% difference between OctetT(s)-60
and OctetT(h)-60, and 4.29% difference between Oc-
tetT(h)-60 and OctetT(c)-60 for 60% porosity. There
was 8.69% difference between OctetT(s)-70 and Oc-
tetT(h)-70, and 5.75% difference between OctetT(h)-70
and OctetT(c)-70 for 70% porosity. There was 8.61% dif-
ference between OctetT(s)-80 and OctetT(h)-80, and
5.96% difference between OctetT(h)-80 and OctetT(c)-
80 for 80% porosity. These difference ratios could be
considered the same for other materials. Considering the
material effect on directional deformation, a difference
of approximately ~2% was detected for the same poros-
ity ratios for CP-Ti and Ti6Al4V materials. However,
when these two material types are compared with the
316L material, the difference value has increased. So, the
approximate difference between 316L lattice structures
and lattice structures with the same porosity as CP-Ti or
Ti6Al4V material was ~85%. The distribution contours
of the directional deformations in the lattice structures
were shown in Fig. 6.

At the same time, directional deformation (-y) values
of each lattice structure were recorded by the finite ele-
ment analysis (Table 5). The occurrence of directional
deformation increased with increase porosity.

Table 4. von-Mises stresses in lattice structures
according to material type (MPa).

Lattice structure CP-Ti Ti6Al4V 316L
OctetT(c)-60 16.795 16.759 16.678
OctetT(c)-70 25.998 25.959 25911
OctetT(c)-80 43.327 43.314 44.212
OctetT(h)-60 19.949 19.994 20.085
OctetT(h)-70 31.278 31.277 31.269
OctetT(h)-80 52.027 52.383 53.679
OctetT(s)-60 13.168 13.155 13.109
OctetT(s)-70 21.042 21.025 21.025
OctetT(s)-80 41.364 41.692 42.957

Table 5. Directional deformation in lattice structures
according to material type (mm).

Lattice structure CP-Ti Ti6Al4V 316L
OctetT(c)-60 393.75E-6 387.76 E-6 208.54 E-6
OctetT(c)-70 647.98 E-6 638.10 E-6 344.81 E-6
OctetT(c)-80 1182.80 E-6 1164.70 E-6 631.77 E-6
OctetT(h)-60 377.42 E-6 371.80 E-6 201.05E-6
OctetT(h)-70 612.59 E-6 603.42 E-6 327.41E-6
OctetT(h)-80 1116.10 E-6 1099.20 E-6 596.96 E-6
OctetT(s)-60 336.42 E-6 331.20 E-6 178.31 E-6
OctetT(s)-70 563.94 E-6 555.19 E-6 300.24 E-6
OctetT(s)-80 393.75 E-6 387.76 E-6 208.54 E-6
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Fig. 5. Distribution contours of these von-Mises stress values on the lattice structures.
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The effective elastic modulus of the lattice structure
was calculated according to Hooke's law. Calculations
were performed according to the directional defor-
mation values listed in Table 5. The graphs of the effec-
tive elastic modulus of the lattice structures grouped by
material type were shown in Fig. 7. Lattice structures
with CP-Ti and Ti6Al4V materials had effective elastic
modulus close to each other. Among lattice structures of
the same strut geometry and porosity, Ti614V lattice
structures had as much as 1.5% greater elasticity than
CP-Ti. 316L stainless Steel lattice structures had the

CP-Ti

o (MPa)

E

highest effective elastic modulus in this material group.
Compared to Cp-Ti and Ti6Al4V lattice structures, it had
approximately 85% more elastic modulus. This was due
to the lattice structures were inversely proportional to
the directional deformation. According to the defor-
mations listed in Table 5, the lowest values belonged to
the lattice structures with 316L material. This was a
clear indication that the mechanical properties of the
materials were an influential parameter for mechanical
performance in porous structures.
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Fig. 7. Effective elastic modulus of Octet Truss lattice structures
with different strut geometry, determined by material type.

As the porosity of the lattice structures increased, a
decrease was observed in the mechanical behavior due
to the reduced cross-sectional area of the structures
(Maskery et al. 2018). This was known with the results
of experimental and numerical analyzes applied in stud-
ies (Guinther etal. 2022; Park et al. 2022; Bai et al. 2020).
Load-bearing areas decreased as porosity increased and
structural volume decreased (Zao et al. 2018). This was
clearly seen in Octet Truss lattice structures in different
geometries. The effective elastic modulus decreased for
each type of strut geometry with increasing porosity
from 60% to 80%. This decrease occurred at approxi-
mately the same rates for each strut geometry. A reduc-
tion of approximately ~39% compared to 60% lattice
structures at 70%, and approximately ~45% reduction
at 80% compared to 70% lattice structures was deter-
mined.

It was noted that the strut geometry is an effective pa-
rameter for the effective elastic modulus. So, the values
with the same porosity for a material type were confir-
mation of this. The effective elastic modulus value of the

lattice structures with the same porosity ratios was the
lowest in the circle geometry and the highest in the
square geometry. The different values caused by the
strut geometries had approximately the same rate of
variation for the three material types. Considering the ef-
fect of strut geometry for 316L material: There was an
increase 3.73% between OctetT(c)-60 and OctetT (h)-60,
and an increase 12.75% between OctetT(h)-60 and Oc-
tetT(s)-60 for 60% porosity. There was an increase
5.31% between OctetT(c)-70 and OctetT(h)-70, and an
increase 9.05% between OctetT(h)-70 and OctetT(s)-70
for 70% porosity. There was an increase 5.83% between
OctetT(c)-80 and OctetT(h)-80, and an increase 8.83%
between OctetT(h)-80 and OctetT(s)-80 for 80% poros-
ity.

As it could be understood from the results obtained
by numerical analysis, the strut geometry, porosity, and
material type parameters affected the mechanical per-
formance of the lattice structures at different rates. Sta-
tistical analysis results were given in Fig. 8 to under-
stand the degree of influence of the three parameters. A
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residual error of 0.02% was found in generating the S/N
ratio charts. For Octet Truss lattice structures, strut ge-
ometry, porosity and material type parameters had
1.27%, 68.85% and 29.86% effects on the mechanical
performances of the lattice structures, respectively. In
this statement, the signal value (S) is the value to be
measured, and the noise value (N) is the effectiveness of

the undesired factors within the measured value. The
graphs of the calculated S/N ratios represent the degree
of influence of any variable parameter used in the analy-
sis. In addition to the S/N ratio, ANOVA analysis was used
to determine the significance levels of variable parame-
ters affecting the mechanical properties of the structures.
This analysis was performed with Minitab software.

Strut Geomety

Porosity

Material Type

90

84.53

Mean of SN Ratios

70 T T T

Circle Hexagonal Square 60%

T T

70% 80%

CP-Ti Ti6Al4V  316L

Fig. 8. Effect of strut geometry, porosity and material type parameters
on effective elastic modulus for Octet Truss lattice structures.

The effective elastic modulus values were inputted
into the MATLAB program in order to create a correlation
between results. The equations for each lattice structure
were generated using the curve fitting technique in the
MATLAB program, considering consideration of all mate-
rials and porosities. The following equations and R
squared values for each lattice structures were shown in

Table 6 when the "x" value is taken as the elastic modu-
lus of materials (MPa) and the "y" value is taken as po-
rosity rates (%). These curve fitting findings were repre-
sented graphically in Fig. 9. Table 6 provides equations
that are used to calculate the effective elastic modulus of
lattice structures depending on the material's elastic
modulus value and the desired amount of porosity.

Table 6. Curve fitting analysis results in terms of lattice structure type.

Lattice structure type Curve fitting equation R-square
Octet Truss-Circle fi(x,v,2) = (4736 E + 4) + 0.3415 x + (—1351) y + (8.857 E — 8) x% + (—0.00414) x y + 9.83 y? 0.9993

Octet Truss-Hexagonal  f,(x,y,z) = (4.518 E + 4) + 0.3465 x + (—1272) y + (9.949 E — 8) x* + (—0.004214) x y + 9.218 y? 0.9994
Octet Truss-Square f3(x,v,2) = (6.296 E + 4) + 0.4059 x + (—1809) y + (8.561 E — 8) x* + (—0.004867) x y + 13.11 y? 0.9991

x10*
F

25
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65
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Fig. 9. The graphics of curve fitting results for each lattice structure models.
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Equations were developed for the second analysis
based on the elastic modulus of each material. For each
material, "x" and "y" variables representing lattice struc-
ture types and porosities were accepted in these studies.
Table 7 provides the curve-fitting formulae and R-

squared values in accordance with the results. Addition-

ally, graphs invented of MATLAB curve fitting formulae
for each material attribute were provided in Fig. 10. With
the lattice structure type and the desired amount of po-
rosity entered into the formulae found in Table 7, it will
be feasible to determine how much effective elastic mod-
ulus lattice structures will possess.

Table 7. Curve fitting analysis results in terms of material properties.

Elastic modulus of materials Curve fitting equation R-square
316L 91(%,y,2) = (1419 E + 5) + 4136 x + (—2918) y + 528 x2 + (=71.6) x y + 15.74 y2 0.9989
CP-Ti 9:(%,y,2) = (7411 E + 4) + 2362 x + (—1519) y + 242.5 x% + (—38.19) x y +8.151y%>  0.9991
Ti6A14V gs(x,y,2) = (7.525 E + 4) + 2391 x + (—1542) y + 250 x? + (—38.87) x y + 8.276 y* 0.9991

x10*

N
N (&} w
! ! /
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65
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B Lattice Structures

1

Fig. 10. The graphics of curve fitting results for each material properties.

In the end, the "x" and "y" parameters represent the
various types of lattice structures and the elastic modu-
lus of materials, respectively. As a result, each porosity's
results were investigated independently. The curve fit-
ting equations and R-squared values for each porosity
were provided in Table 8 below. Additionally, the graphs

obtained by these curve-fitting equations were shown in
Fig. 11. By choose the lattice structure type and the elas-
tic modulus of the material to be design according to the
equations in Table 7, the effective elastic modulus values
of the lattice structure will be determined.

Table 8. Curve fitting analysis results in terms of porosities.

Porosity Curve fitting equation R-square
60% hy(x,y,2) = 5232 + (—2997) x + 0.06382 y + 739.8 x* + 0.01035 x y + (1.508 E — 08) y? 0.9994
70% hy(x,y,z) = 2164 + (—=775.1) x + 0.04259 y + 189.9 x% + 0.00546 x y + (18.184 E — 08) y* 0.9998
80% hy(x,y,2) = 1092 + (—=377.9) x + 0.0242 y + 90.83 x* + 0.003075 x y + (4.097 E — 08) y? 0.9999

Tables 6, 7, and 8 show that the equations have R-
square values of more than 0.99. The term with a low de-
gree of effect compared to the others could be removed
from these equations. So that results could be obtained
with simpler equations. Since this affects the R2 values of
the equations, the equations presented in the study were
given with all the details. These figures show that the

data used to create the graphs was sufficiently similar to
each other. This finding was supported by a closer look
at the current study's reaction surface plots (Karaman et
al. 2022). These investigations also provide researchers
with a reliable mathematical model to estimate these pa-
rameters of the input and output for any response value
before executing actual tests.



Ghahramanzadeh Asl et al. / Challenge Journal of Structural Mechanics 9 (4) (2023) 133-144 143

Effective elastic modulus(MPa)

2 1.8 16 14

60%

70%

80%

2
1 Lattice Strucutres

1.2 1

5
<10 Elastic Modulus (MPa)

Fig. 11. The graphics of curve fitting results for each porosity.

4., Conclusions

In this study, the effects of strut geometry, porosity,
and material type on the mechanical performance of lat-
tice structures were numerically investigated. The po-
rosities of circular, hexagonal, and square Octet Truss
lattice structures were modeled at 60%, 70%, and 80%,
respectively. A total of 27 numerical analyzes were per-
formed with three different material types. As a result of
the analyses, the effective elastic modulus of the lattice
structures were determined according to Hooke's law. It
was determined by ANOVA analysis that the strut geom-
etry, porosity and material type parameters had 1.27%,
68.85% and 29.86% effects on the mechanical perfor-
mances of the lattice structures, respectively. In accord-
ance with the curve fitting technique used for the data
produced by finite element analysis, three kinds of poly-
nomial 2nd-order curve equations were developed. A to-
tal of nine equations were found, and their R-square val-
ues exceeded 0.99. Using two desirable constant values
and the nine equations that were found, the effective
elastic modulus could be determined. For the engineer-
ing industries, especially in the biomedical engineering
application, the accuracy of the correlations found for
each curve equation was satisfactory. Since there are
several options for the geometric and mechanical char-
acteristics of the structure, these curve equations are a
reliable tool in design and manufacture planning for a
quick manufacturing process.
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ABSTRACT ARTICLE INFO
In geotechnical engineering, retaining walls are widely employed to solve the prob- Article history:

lem of supporting horizontal loads occurring between two different soil levels. In the Received 30 May 2023
traditional retaining wall design, stability checks continue until a safe design is ob- Revised 21 July 2023

tained according to selected wall dimensions and soil properties. This design method
is a process that is time-consuming and based on trial and error. In this study, the
stability control of the retaining wall, which is a complex engineering design, has
been carried out with fuzzy logic methods. Adaptive network-based fuzzy inference
systems (ANFISs) including Grid Partition (ANFIS-GP) and Substructive Clustering
(ANFIS-SC) have been utilized as fuzzy logic methods. The sliding stability criterion
of the cantilever retaining wall has been obtained by performing 1024 retaining wall
designs which are created using different wall dimensions. Ninety percent and ten
percent of the 1024 sliding safety factor values acquired through numerical analyses
were respectively allocated to the training and testing phases. The prediction perfor-
mances of the methods have been evaluated by considering the Root Mean Square
Error (RMSE), Mean Absolute Error (MAE), and Coefficient of Determination (R*) ob-
tained for the sliding safety factors during the training and testing stages. Upon jux-
taposing the actual and anticipated sliding safety factors for a dataset comprising
1024 observations, it has become evident that the ANFIS-SC methodology outper-
forms the ANFIS-GP approach in terms of predictive accuracy. Furthermore, this
analysis culminated in the determination that the application of fuzzy logic methods
stands as an efficacious and dependable means for checking the stability criteria of
retaining walls.

Accepted 14 October 2023

Keywords:

Retaining wall design
Stability check

Fuzzy logic

Artificial intelligence

1. Introduction nical engineers, a proactive approach is required to an-

ticipate possible collapse scenarios and to analyze and

Retaining walls, which are an engineering structure,
are mainly employed in developing and expanding cities,
on highway and railway transportation lines, in engi-
neering structures such as bridges and roads, in coastal
areas, and in irrigation canals. It is constructed as a ver-
tical structural element in places where it is not possible
to connect two different floors with a slope (Fig. 1).
These structures are of vital importance in order to pre-
vent negative situations that may affect the current
structure during the operation process by ensuring the
safety of work and worker health and stability, tempo-
rary or permanent as soon as the works and productions
continue. In this mission, which is assigned to geotech-

implement designs that are safe against these scenarios.
Lateral soil pressure theories put forward by the re-
searchers are used to understand the natural behavior of
the soil and to analyze the collapse scenarios correctly
(Das and Sivakugan 2017).

Several parameters are decisive in the formation of
lateral soil pressures affecting the retaining structures.
These are the behavior of the soil under load, the engi-
neering parameters such as the shear resistance of the
soil, the physical properties of the soil, the groundwater
condition, the geometry of the retaining structure drain-
age conditions, and external effects. In the case of
transport or movement in the soil environment, stress
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changes and discharges occurring in the force balance of
the system in the transport or movement region cause
stability problems (Saglamer 1985).

In geotechnical engineering, retaining structures are
used to prevent the negative effects of the abovemen-
tioned stability problem. In the conventional stability
control of the retaining wall, the repeated trial-and-error
method is utilized according to the selected wall pre-siz-
ing until the safe design is achieved. In traditional calcu-
lation methods, it is a problem that the designs made by

trial and error based on experience take a long time and
economic sections cannot be obtained. By making use of
information technologies, the design processes can be-
come faster and more reliable, and at the same time, it is
possible to reduce the negative situations affecting na-
ture by using the resources correctly by conducting in-
terdisciplinary studies with the developing technology.
In general, like all engineering structures, the traditional
calculation methods of retaining walls take a long time
and increase the workload of geotechnical engineers.
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Fig. 1. Retaining structure applications (Uray 2020).

This phenomenon has drawn the attention of many
researchers, and with the help of algorithms used for this
problem, the processing power of computers has been
emphasized and it has been stated that it is possible to
obtain safe and fast results with multidisciplinary stud-
ies (Binici and Oztiirk 2019; Uray et. al 2021, 2022). In
addition, there are many studies in the literature on the
variation of analysis results under different soil condi-
tions and other variables in retaining wall design (Arama
et al. 2020; Arslan et al. 2018; Dagdeviren and Kaymak
2018; Gandomi et al. 2015; Uray et al. 2019a; Yepes et al.
2008). Studies with methodologies such as the use of ar-
tificial neural networks, the use of heuristic optimization
methods, the use of various optimization algorithms, and
the realization of predictions with machine learning are
included in the literature (Shahin et al. 2009; Manjunath
et al. 2012; @nalp and Arel 2012; Gokkus et al. 2018;
Uray et al. 2019b; Seyhan 2021; Mishra et al. 2021;

Mustafa et al. 2022). Citakoglu and Coskun (2021) made
predictions for the future by using the monthly total pre-
cipitation data between the years 1990-2015. They
made the prediction model using traditional ANN and
ANFIS, followed by wavelet transform ANN and wavelet
transform ANFIS. The prediction performances of these
models were evaluated according to statistical criteria.
Predictions made using ANN and ANFIS methods did not
yield the desired result. According to the coefficient of
determination, Wavelet transform ANN (DD-ANFIS) and
wavelet transform ANFIS (DD-ANFIS) models were
found to be more successful in predicting future precipi-
tation data (Citakoglu and Coskun 2021). Citakoglu et al.
(2014) created a monthly average evaporation model
using ANN and ANFIS models. Various combinations of
long-term average monthly climate data such as wind
speed, air temperature, relative humidity and solar radi-
ation were used as input parameters in the models. It
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was observed that the ANFIS and ANN model gave more
successful results compared to the results compared
with the classical method (Citakoglu etal. 2014). Basakin
et al. (2022) analyzed the monthly wind speed time se-
ries of Kirsehir province using independent, hybrid and
ensemble models. Artificial neural networks, Gaussian
process regression, support vector machines and multi-
variate adaptive regression lines are used as stand-alone
machine learning models, while discrete wavelet trans-
form is used as a preprocessing technique to create hy-
brid models. The results revealed that hybrid wavelet
models outperform independent models (Basakin et al.
2022).

In the engineering discipline, effective, economical,
and aesthetic design is essential, as well as minimizing
the negative situations affecting nature by acting with
the principle of sustainability. Providing a state of safety
with economic sections is beneficial in this regard. In this
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study, the prediction of the sliding safety factor of the
cantilever retaining wall against sliding was investigated
employing two different fuzzy logic methods. The per-
formance of the methods was examined by statistically
evaluating the predicted sliding safety factor.

2. Method
2.1. Cantilever retaining wall

In the traditional solution method of the retaining
structures, the preliminary design given in Fig. 2 may be
started with the ratios specified in the regulations and
standards. The wall size recommendations given in Fig.
2 are in the nature of a preliminary design guide taken
into account in the trial-and-error method (ACI 318R-05
2005; TS 7994 1990).

ACI 318
2 9
0.07H-0 l.JI
b~ 8-12 inch
[
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i !

— =
b) o B=04H-06H i

Fig. 2. Cantilever retaining wall preliminary design guides (Uray et al. 2021).

After pre-sizing the retaining wall design, investiga-
tions are made against sliding, overturning, bearing ca-
pacity, and slope stability, and the safety factors (Fs) are
determined. In cases where the safety factor is not sulffi-
cient (Fs<1.50), the designer repeats the operations until
it is satisfied (Das and Sivakugan 2017). The sliding be-
havior of the retaining wall, which is effective in deter-
mining the sliding safety factor considered in this study,
is shown in Fig. 3.
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Fig. 3. Sliding behavior in retaining wall (Uray 2020).

The stability criteria of the cantilever retaining wall
should be checked by considering soil properties ob-
tained from the results of experiments and examinations
conducted in the field and laboratory and design geome-
try. First of all, the lateral soil pressures affecting the re-
taining structure should be calculated by the designer
with the theories in the literature. In this study, the lat-
eral soil pressures considered in determining the sliding
safety factor were determined according to the Rankine
theory (Rankine 1857). In Rankine theory, calculations
are made by regarding the stresses that occur when a
soil medium reaches a state of plastic equilibrium. In
elastic equilibrium, the soil is at rest; in the plastic case,
it is in the case of active and passive thrust. For these
three cases, the lateral soil pressures (oo, 04, 0p) affecting
the retaining structure can be calculated by multiplying
the vertical stress (ov) with the coefficients of earth pres-
sure at rest (Ko), active earth pressure (Ka), and passive
earth pressure (Kp) given by Egs. (1)-(3) (Orhan 2020),
respectively.

Ky, =1 —sing, 0, = Ky, (atrest) (D
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cosf— (cos[i’)z—(v:osq,’afs)2

cos/i’+\/(cos[i’)2—(cos¢fs)2 ’

K, = cosf o, = K,0, (active case) (2)

K, = tan? (45 + %) ,0, = K,0, (passive case) 3

There, ¢ corresponds to the internal friction angle of
the soil from which the horizontal soil thrust is deter-
mined, and 3 corresponds to the slope of the soil.

In this study, the design variables of cantilever retain-
ing wall are top stem thickness (X1), toe extension (X2),
bottom stem thickness (X3), heel extension (Xi), base
thickness (Xs) and they demonstrated in Fig. 4.
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+-——r— >

Fig. 4. Cantilever retaining wall design.

In the stability of the retaining wall against sliding,
there is a balance between the sliding forces and the
forces resisting sliding. A collapse scenario occurs when
the forces resisting the slide are defeated. Since it is de-
sired to stay on the safe side in the analysis, the ratio of
the forces resisting slip (Fsr) given in Eq. (4) to the sliding
forces (Fsw) given in Eq. (5) is defined as the sliding safety
factor (Fs) (Fig. 5). The mathematical expression of the
sliding safety factor (Fs) is given by Eq. (6).
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Fig. 5. Loads acting on the retaining wall.

2 2
Fy = 2Vtan (2, ) + 2y (X, + X5 + X)) + B

Z'V=V|/'C+VVS+Q+ZPay (4)

o = 2Py (5)
For

Es = % (Fsw = ZFa) (6)

Wcand Ws are the weight of the wall and the weight of
the backfill soil above the heel extension, respectively.
The active lateral soil force (Ps) formed by the soil sup-
ported by the retaining wall and the passive lateral soil
force (Pp) formed along the base depth at the front of the
wall are given by Egs. (7) and (8), respectively.

P, = 0.5K,yps(X,tanf + H + X5)?

P,, = P,cosp, By = P,sinf (7
P, = 0.5K,¥ysDf* + 2¢45, /K, Df (8)

In this study, the sliding safety factors of the cantilever
retaining wall was determined by taking into account the
mathematical expressions and the geotechnical and slope
properties of the soil environment given in Table 1.

Table 1. Cantilever bearing wall design parameters.

Parameter Symbol Value Unit
Wall stem height H 6 m
Surcharge load q 0 kPa
Backfill slope B 10 °
Internal friction angle of backfill soil and base soil ¢rand ¢pos 30 °
Unit weight of backfill soil and base soil yesand yp 18 kN/m3
Friction angle between foundation base and soil ) 2/3 s °
Cohesion of backfill soil and base soil cpsand ¢ 0 kPa
Foundation depth Dy Xs m

2.2. Fuzzy logic methods

In this section, data set, fuzzy logic methods, and eval-
uation criteria were given with implementation details
of models for predicting the sliding safety factor (Fss) of
cantilever retaining wall. A data set consisting of 1024
different wall designs was prepared for the prediction of

Fss of the cantilever retaining wall. In the preparation of
the data set, the design variables given in Fig. 4 were con-
sidered. 1024 (45) different wall designs (combinations)
including all values of 5 design variables and 4 different
values given in Table 2 were created. By utilizing safety
factor dataset of these designs, the sliding safety factors
were predicted by fuzzy logic methods.
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Table 2. Cantilever retaining wall design parameters.

X1 (m) X2 (m) X3 (m) X4+ (m) Xs (m)
0.30 0.50 0.30 0.50 0.50
0.35 1.50 0.35 1.50 0.75
0.40 2.50 0.40 2.50 1.00
0.45 3.50 0.45 3.50 1.25

In prediction analysis, 1024 data set was randomly
sorted and 922 (90%) and 102 (10%) of them were used
as training and as test data, respectively. In the analyzes,
two different iterations were tried and the effect of iter-
ation on the modeling was also examined. The iterations
used are ten (10) and one hundred (100). Looking at the
correlation relationship between the inputs and Fiss; it is
seen that they are 0.031 with X1, 0.179 with Xz, 0.405
with X3, 0.980 with X4, and 0.005 with Xs.

Root Mean Square Error (RMSE), Mean Absolute Er-
ror (MAE) and Coefficient of Determination (R?) were
used as evaluation criteria. RMSE, MAE, and R? evalua-
tion criteria are given in Egs. (9)-(11), respectively.

1 2
RMSE = \/; ¥, (Fs, — Es,) 9)
1
MAE = E §V=1|E§5e - E950| (10)
N _ 2
R2 = 1 — Ziz1(ZFsso~Fse) (11)

— 2
N (B Fsso—Fsse)

In formulas, Fss,, Fsse, and N correspond to the ob-
served Fss value, pedicted Fss value, and the number of
data, respectively.

In Fig. 6, the implementation of ANFIS-GP and ANFIS-
SC models for predicting Fss are demonstrated.

Generation 1024 data set and obtaining
sliding safety factors Splitting randomly sorted data set
Cartikvered Concrete Retaining Wall Train (°090)-Test (00101 Spllt
Implementation of ANFIS-GP and ANFIS-SC
models according to selected iterations
‘_
Training Testing and model
validation |
mtos Dwea rachl o gaicrpigena - ticantiavered-concraa-rataning-wal )
Obtaining evaluation criteria and visualization 7| - qu®) Phme e’ o
- R S
« RMSE N Scatter plot §l e."-.o’; e
« MAE ‘ S ¥ .
. R? | s - %
2 " _.U:(t‘ 20’
Metrics . i

Fig. 6. Fuzzy logic based prediction of retaining wall stability.

Table 3 contains the inputs used in the study and the
corresponding datasets.

Table 3. Inputs and datasets used in the study.

Inputs Data Sets

1 input X1

2 input X1+ Xz

3 input X1+X2+ X3

4 input Xi+Xo+ Xz + Xa
5 input X1+ X2+ X3+ Xa+ X5

2.2.1. Grid partition (GP)

When the GP fuzzy inference system is desired to be
used, the learning of the model is basically based on the
grid partitioning method. The Grid Partition method di-
vides the data set into rectangular sub-areas, called
grids, according to the previously determined number
and types of membership functions to be used. In the
subspace, each input is divided into membership func-
tions of identical shape. The system creates fuzzy rules
based on input-output training, optimizing data provid-
ing fast learning processes and computation time. When
using this model; Membership functions of all anteced-
ent variables can be defined. The basic logic of the sys-
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tem is to create rules by calculating all combinations of
membership functions for the input variables to be used
in the model to be created (Benmouiza and Cheknane
2019; Fattahi 2016; Hekim and Orhan 2011; Kaya 2018).

2.2.2. Substructive clustering (SC)

SC is applied when there is no clear idea about the
number of centers for the distribution of data. It is one of
the fuzzy clustering methods. It is similar to Mountain
Clustering proposed by Yager and Filev (1994). How-
ever, since the grid is not used, the number of possible
cluster centers depends only on the number of data, not
on the dimensionality or distribution of the data (Yager
and Filey 1994). The data point with the largest number
of close neighbors is chosen as the cluster center. It posi-
tions other data points accordingly, where each point is
a potential cluster center based on its own characteris-
tics. It continues like this until the end. In this method,

which is a good approach especially since it is independ-
ent of the initial condition, cluster centers are not deter-
mined except for data points. Therefore, the detected
cluster centers may not be suitable for every data space
(Fattahi 2016; Hekim and Orhan 2011; Kaya 2018; Pri-
yono et al. 2005).

3. Findings and Discussion

Tables 4 and 5 show the test results of the models per-
formed for 10 and 100 iterations using the GP and SC
methods. In Figs. 7-10, the scatter plots prepared for
each input set in 10 and 100 iterations of the GP and SC
methods are given. Charts show observations and pre-
dictions of test data. In addition, the regression line and
equation of the best-performing model in the form of
y=ax+b and the coefficient of determination are given in
the figures.

Table 4. Test results using 10 iterations.

Inputs (10 iteration, test)

Criteria Algorithm
1 input 2 input 3 input 4 input 5 input Avr.
GP 0.324 0.319 0.321 0.016 0.004 0.197
RMSE SC 0.324 0.322 0.331 0.017 0.001 0.199
Avr. 0.324 0.320 0.326 0.016 0.002 0.198
GP 0.289 0.286 0.287 0.011 0.004 0.175
MAE SC 0.289 0.289 0.298 0.011 0.002 0.178
Avr. 0.289 0.287 0.292 0.011 0.003 0.177
GP 0.001 0.026 0.015 0.998 0.999 0.408
R? SC 0.007 0.011 0.002 0.997 0.999 0.403
Avr. 0.004 0.018 0.009 0.997 0.999 0.406
Table 5. Test results using 100 iterations.
Inputs (100 iteration, test)
Criteria Algorithm
1 input 2 input 3 input 4 input 5 input Avr.
GP 0.324 0.319 0.322 0.016 0.003 0.197
RMSE SC 0.324 0.323 0.333 0.018 0.003 0.200
Avr. 0.324 0.321 0.327 0.017 0.003 0.198
GP 0.289 0.287 0.289 0.011 0.002 0.175
MAE SC 0.289 0.290 0.299 0.012 0.002 0.178
Avr. 0.289 0.288 0.294 0.011 0.002 0.177
GP 0.001 0.025 0.012 0.998 0.999 0.407
R* SC 0.007 0.007 0.004 0.997 0.999 0.403
Avr. 0.004 0.016 0.008 0.997 0.999 0.405

In the study conducted by Uray et al. (2019b), predic-
tion models that provide sliding, overturning, and slope
stability safety factors by using Multilayer Artificial Neu-
ral Networks, Generalized Regression Artificial Neural
Networks, and Radial Based Artificial Neural Networks

were submitted. According to the study, the model devel-
oped with Artificial Neural Networks can be used reliably
in predictions of safety factors of the cantilever retaining
wall. On the other hand, the prediction models of sliding,
overturning, and slope stability safety factors were ob-
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tained by utilizing machine learning algorithms for cantile-
ver retaining walls and creating a mathematical model
based on regression that provides to calculation of the
safety factors (Seyhan 2021). Looking at the results; ob-
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Fig. 7. Scatter plot for 10 iterations of the GP method.
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Fig. 9. Scatter plot for 10 iterations of SC method.

4. Conclusions

In this study, the prediction of retaining wall stability
control was investigated using an adaptive network-
based fuzzy inference system including ANFIS-GP and
ANFIS-SC. In the study; A data set containing 1024 (45)
different wall designs was created by considering four
wall dimensions including stem thickness (X1), toe ex-
tension (X2), bottom stem thickness (X3), heel extension
(X4), base thickness (Xs). Randomly selected 90% of
these data were used in the training phase and the re-
maining 10% were used in the testing phase. In addition,
two models were created by changing the number of it-
erations to 10 and 100. Models were compared using
three different error criteria (RMSE, MAE, and R?). When

the results are examined;

served that the correlation coefficient value is quite close to
one. Thus, it has been revealed that the obtained mathemat-
ical model can be an important and practical solution for
finding the value of safety factors in retaining structures.
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Fig. 8. Scatter plot for 100 iterations of the GP method.
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Fig. 10. Scatter plot of SC method for 100 iterations.

¢ Since the best result is for ANFIS-SC with MAE= 0.002
RMSE=0.001, R*= 0.999 for 10 iterations and 5 inputs,
the ANFIS-SC method is more prosperous than the
ANFIS-GP method in predicting safety factors.

¢ It has been determined that the errors are further re-
duced by including the 4th and 5th inputs in the models.

¢ It has been observed that the performance values ob-
tained in the 1st, 2nd, and 3rd input sets of both meth-
ods are quite low (errors are high and the coefficient
of determination is close to zero) and the predictions
do not represent the observed values.

¢ The relationship between the input parameters em-
ployed in the models and the predicted sliding safety
factors is consistent with the modeling performance. In
other words, it was determined that the errors were
less in the inputs with a high correlation coefficient.
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¢ Ithasbeeninferred that the model with 100 iterations
takes longer in different iteration applications and
gives predictions with fewer errors.

¢ Asaresult, in this study, the sliding safety factors pre-
dicted by considering 1024 different wall designs
were used and the success of the fuzzy logic methods
in prediction was compared.

e When the evaluation criteria obtained are examined,
it has been shown that fuzzy logic-based prediction
methods can be used robustly and effectively in com-
plex engineering design problems.
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ABSTRACT ARTICLE INFO

Recently, structural engineers have tended to design stronger and lighter structures
due to economic reasons, technical developments in computer-aided design, and im-
provements in manufacturing. The demand for designing stronger and lighter struc-
tures has led to the compulsory considering structural efficiency and stability loss at
the design level. Lateral-torsional buckling (LTB) is a major stability loss for web-
tapered cantilevers with doubly symmetric [-section, which are aesthetic and struc-
turally efficient. The elastic LTB loads of these cantilevers should be calculated at the
design level since the LTB may happen before bending stress reaches yield. Studies
related to the LTB of cantilevers are rare and require numerical solutions since the
LTB mode shape of cantilevers is complex compared to simply supported beams. The
present study introduces an analytical procedure based on the energy method for
calculating elastic LTB of web-tapered cantilevers with doubly-symmetric I-section
in two different forms. The analytical model considers different transverse load
types, positions of loads, and web tapering degrees. The analytical solutions were
validated with one-dimensional finite element analysis using a beam element. Excel-
lent accordance between results was demonstrated. The general LTB behavior of
web-tapered cantilevers with doubly symmetric I-section was clarified with detailed
comments based on results obtained from the presented analytical model.
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1. Introduction

Steel web-tapered cantilevers with I-section are very
popular structural members by means of aesthetic fea-
tures and light weights. A good optimization could be
achieved by tapering their web along the cantilever
length considering the variation of bending moment. In
other words, web height is maximum at fixed support,
and it decreases towards to free end since the bending
moment is lowered too. However, a web-tapered canti-
lever bending about its major axis may buckle out of a
plane by deflecting laterally and twisting for a level of the
applied transverse load. This stability loss is called lat-
eral-torsional buckling (LTB), and the critical load level
where buckling occurs is elastic LTB load (Yilmaz 2023).
Fig. 1 depicts the LTB of a cantilever. The elastic LTB load

of beams, beam-columns, and cantilevers subjected to
uniform bending can be calculated by solving related dif-
ferential equations; however, analytical solutions may
be very complex or include infinite series when moment
distributions vary along the length of the structural
member and/or structural member has support condi-
tions differ from simple support (Yilmaz and Kirac 2017;
Yilmaz et al. 2017, 2019; Yilmaz 2023). At this point, nu-
merical methods such as finite differences (Ozbasaran
2013; Ozbasaran 2014; Assasi and Roeder 1985) and fi-
nite integral (Anderson and Trahair 1972; Kitipornchai
etal. 1984) were utilized for the calculation of the elastic
LTB load of cantilevers. Based on the finite element solu-
tions performed, Xiao et al. (2023) derived practical
equations to calculate the elastic LTB load of doubly
symmetric cantilevers for essential load cases.
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Nomenclature
Ai, Bi
br Top and bottom flanges’ width

The amplitudes of the buckled mode shape

c Center of gravity
Cw(z) The warping constant
d(z) Heights of cross-section

E Young’s modulus

G Shear modulus

h(z) Heightsof web

ho(z) The distance between flange centers

hi The height of the web at the fixed end

Hp Vertical distance between the shear center and load
application points for the point load

Hq Vertical distance between the shear center and load

application points for the distributed load
L(2)
J(z) Torsional constant

The moment of inertia belonging to the weak axis

Mx(z) The bending moment about the major axis
P Point load

q Distributed load

S Shear center

tr Top and bottom flanges’ thickness

u Lateral displacement of the shear center

The strain energy stored in the cantilever

Vertical displacement of the shear center

< <

The work done by the external transverse forces

2% Additional work done by the end moment acting on
shear center

11 The total potential energy of the cantilever
10) Torsion rotation of the shear center
L) The free-end rotation

Dy Torsional rotation at the application point of the
point load

The energy method, which is based on the equality be-
tween the additional strain energy stored when LTB oc-
curs and the additional work done by the applied forces,
is a favorable approach to evaluating elastic LTB of steel
structural members. To determine elastic LTB load with
this method, a buckled shape that represents the actual
mode shape and provides kinematic boundary condi-
tions is substituted in the total potential equation be-
longing to the slightly buckled position (Yilmaz 2023;
Trahair 1993). While closed-form equations for beam
and beam-columns could be established using the en-
ergy method with basic mode shapes, it is hard or com-
monly impossible to generate equations for cantilevers
due to their complex mode shape (Yilmaz 2023). The en-
ergy method was used to calculate the elastic LTB of
beams, beam-columns, and castellated beams (Mohri et
al. 2008; Kim et al. 2016; Torkamani and Roberts 2009;
Yilmaz et al. 2017; Ozbasaran 2019; Saoula et al. 2021;
Bresser et al. 2020; Belaid et al. 2018; Pham 2022). Fur-
thermore, the LTB load of the beams with mono-sym-
metric I-sections (Yilmaz and Kirac 2017; Yilmaz et al.
2019; Mohri et al. 2003; Mohri et al. 2013; Aydin et al.
2015; Mohammadi et al. 2016), the beams with various

cross sections such as C, Z and box (Cheng et al. 2013;
Saoula et al. 2016; Zhang and Tong 2016), and cantile-
vers (Wang and Kitipornchai 1986; Ozbasaran et al.
2015; Andrade et al. 2007; Aydin et al. 2013; Zhang and
Tong 2008; Zhang et al. 2016; Yilmaz 2023) were evalu-
ated utilizing the energy method.

Fig. 1. The LTB of a cantilever.

Experimentally and analytical investigation on the
stability of web or flange tapering beams with doubly
symmetric and mono-symmetric I-sections were pre-
sented in studies by Kitipornchai and Trahair (1972) and
Kitipornchai and Trahair (1975). Trahair (2017) devel-
oped a treatment based on the finite element method for
calculating the LTB of tapered beam-columns, which is
subjected to various load types and has different bound-
ary conditions. Benyamina et al. (2013) developed a for-
mula for LTB of web-tapered beams with doubly sym-
metric I[-section. The LTB of beams with arbitrary cross-
sections was studied by Asgarian et al. (2013). The LTB
of the beams, of which flanges and web simultaneously
tapered, was investigated by the study of Kus (2015).
Trinh et al. (2023) introduced an approximate expres-
sion to evaluate the critical moment of simply supported
I-section beams whose height changes. Osmani and Mef-
tah (2018) presented a study focused on the LTB of sym-
metric beam-columns considering shear deformations.
Yuan et al. (2013) studied the LTB of T-section cantile-
vers. The LTB of web-tapered mono-symmetric I-section
cantilevers were examined by Andrade et al. (2007) and
Andrade and Camotim (2005). In these comprehensive
analytical studies, pre-buckling effects have been in-
cluded in the energy method, and numerical LTB exam-
ples for beams and cantilevers subjected to point load
were presented. It should be emphasized that elastic LTB
load must be calculated with the above-mentioned meth-
ods and considered in design since LTB may occur before
the bending stress of the cross-section’s extreme fibre
comes to yield.

The literature review conducted reveals that there is
no comprehensive study related to the LTB of cantilevers
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with doubly-symmetric I-section exposed to different
load cases by considering their positions along the cross-
section. The primary motivation of the present study is
to establish an analytical procedure based on the energy
method, which is easily programmable with mathemati-
cal software, to determine the elastic LTB load of web-
tapered cantilevers with doubly-symmetric I-section for
six load cases and three loading positions which are top
and bottom flange and shear center loadings. The analyt-
ical results were compared to one-dimensional finite el-
ement analysis (1D-FEA) using LTBeamN software. In
light of the results of numerical examples, slenderness
and tapering effects were interpreted, and explanations
were presented. The study will contribute to under-
standing the uncharted LTB behaviour of web-tapered
symmetric [-section cantilevers with detailed interpreta-
tions as well as the analytical procedure that enables the
calculation of critical LTB load for the design of steel
members.

a

2. Analytical Procedure

In the present study, the analytical model has been de-
veloped for web-tapered cantilevers with symmetric I-
section, which have two different tapering forms illus-
trated in Fig. 2. In the first of two tapering forms, depicted
in Fig. 2(a), web tapering has been provided by the oblig-
uity of the bottom flange while the top flange is parallel
to the cantilever's longitudinal z-axis. In the second form,
illustrated in Fig. 2(b), web tapering has been provided
by the obliquity of both the top and bottom flanges. In
the study, cantilevers with the first tapering form will be
named Cantilever Type 1 (C1), and Cantilever Type 2
(€2) will be used for the cantilevers with the second ta-
pering form. Before the LTB occurs, the cantilever bends
about its major axis under the effects of transverse loads,
and then the cantilever buckles by deflecting laterally
and twisting, shown in Fig. 2(c), when the magnitude of
the loads reaches the elastic critical LTB load.

P

Fig. 2. The LTB of web-tapered cantilevers.

In Fig. 2(a), @ and L are the tapering angle and the can-
tilever length, respectively. Fig. 2(c) illustrates the a-a
section of the web-tapered cantilevers. In Fig. 2, while
the S and C denote the shear center and the center of
gravity, respectively, the lateral and vertical displace-
ments and the torsional rotation of the shear center were
given with u, v, and ¢, respectively. Fig. 3 shows the
cross-section dimensions of a web-tapered cantilever
with a doubly symmetric I-section. In Fig. 3, while the top
and bottom flange width is shown with by, the trdenotes
the top and bottom flanges’ thickness. The d and h are
heights of cross-section and web, respectively.

These two dimensions depend on the distance to the
fixed end in the z-axis since h decreases with tapering.

The height (h) can be expressed for the €1 and C2 canti-
levers as given in Egs. (1) and (2), respectively.

h(z) = h; — z * tan(a) (D)
h(z) = h; — 2 * z = tan(a) (2)

where hi refers to the height of the web at the fixed end.
Therefore d becomes:

d(z) =h(z) + 2+ tf 3)

The warping constant Cw(z), torsional constant J(z),
and the moment of inertia belonging to the weak axis
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Iy(z) are the main parameters which effective on the
LTB. For a web-tapered cantilevers in Fig. 2, Cw(2), J(2),
and I;(z) can be expressed as follows:

hO(Z)b tr

Cw(2) = (4)
J(z )_w (5)
1()_% (6)

where the ho(z) is the distance between flange centers
and given as follows:

ho(z) =d(z) — tr = h(z) + t; (7)

by tr

y tr

by

Fig. 3. The cross-section dimensions
of the doubly symmetric I-section.

The strain energy stored in the cantilever due to lat-
eral bending, warping, and torsion, respectively, can be
written as follows (Yilmaz 2023; Yilmaz et al. 2019):

1L dzu(2)]? 1L azp2))?
u=1f EIy(Z)[ ;ZZ] dz +1], ECW(Z)[ dzj] dz +
1 (L dé(2)]?
21y 612 |22 az 8)

where E and G are Young’s modulus and shear modulus,
respectively. The work done by the external transverse
forces can be expressed as in Eq. (9) (Yilmaz 2023; Yil-
maz et al. 2019):

d?u(z)

V=2 M(2) [w(z) =%

]] dz +3 3 PHy}

+3 Iy aHop(z)2dz + M, |52 9)

where Mx(z) implies the bending moment about the ma-
jor axis. The works of point load P and distributed load
g, acting out of the shear center, were taken place as sec-
ond and third terms in Eq. (9). The source of these works
is the variation of distance between the application point
of loads and shear center during rotation of section. Hp
and H, denote the vertical distance between the shear
center and load application points for P and g, respec-
tively. H, and Hq should be taken as positive when the
load application point is below the shear center. The @,
shows torsional rotation at the application point of the
point load.

Furthermore, an external moment acting on the shear
center at the end of the cantilever generates additional
work existing in the last term of Eq. (9). To understand
this additional work Vi, end moment M is replaced with
an equivalent force couple, which are in opposite direc-
tions and acts on flange centers. These forces displace
relatively in longitudinal directions, leading to additional
work when the cross-section rotates. Vu can be calcu-
lated by multiplying the magnitude of forces with their
displacement in the longitudinal direction as follows
(Yilmaz 2023):

=] |ho(L) 22| = Mg, |2 (10)
= 2[5l

In Eq. (10), &L is the free-end rotation. Eventually, the
total potential energy (II=U+V) of the cantilever can be
expressed as in Eq. (11) by considering Vlassov’s model.
In this model, the cross-section is rigid in its plane, and
the shear deformation belonging to the section’s mean
surface can be neglected (Yilmaz 2023).

= EL () [29] 4z 4 L Be, ()[4 d
+ @ [ dr + L M) [200) [S] ] a2
+3 T PHy @2 +3 fy aHd(2)2dz + M, [52] (11)

The energy method predicates the equality of the
strain energy stored due to the effect of LTB and the ex-
ternal forces' work. The energy method necessitates a
buckled mode function representing the real buckled
shape and providing boundary conditions that constrain
deflection and/or rotations at supports. At fixed support
of the cantilevers, all deflections and rotations are zero.
Therefore, u, ¢, du/dz, d¢/dz are taken as zero at fixed
support. The u, ¢, du/dz, d¢/dz are unconstrained at the
free end. The cantilever mode shape can be defined as
lateral deflection (u) and rotation angle (@), which be-
longs to the shear center. Bearing in mind above men-
tioned restrain conditions for cantilevers, the buckled
mode function can be implied as in Egs. (12) and (13).
The amplitudes of the buckled mode shape were shown
as Aiand Bi.

u@ =34 (2) (12)

o@ =3B (5" (13)
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When buckled shape functions are substituted in Eq.
(11), the total potential energy becomes as follows:

I = U+V=f(A1,A2,A3 ...,An,Bl,Bz,B3 "'IBTL) (14)

The 2n variables of the total potential energy function
are Aiand Bi. The LTB occurs when the total energy func-
tion reaches a stationary condition, which can be ex-
pressed with the following equations:

on .
Fyvie 0 fori=12..n (15)
an .
38, 0 fori=12..n (16)

Egs. (15) and (16) yield a system of 2n homogeneous
linear equations, which can be expressed as follows:

[K12nx2n {d}2nx1 = {0}2nx1 (17)

where K is a coefficient matrix and {d}=
{A;,A;,A; ..., A,, B, By, B; ...,B,}T . Eq. (17) has been
satisfied when the determinant of the K coefficient ma-
trix equals zero.

det [K]anZn =0 (18)

Eqg. (18) yields a power series of order 2n, whose
smallest feasible root gives the elastic LTB load or mo-
ment. The present analytical treatment can be easily pro-
grammed utilizing mathematical software such as Matlab,
Mathematica, Mathcad, etc. The current analytical treat-
ment can enable for calculation LTB load of both web-ta-
pered cantilevers depicted in Fig. 2 under various load
types considering their positions along the cross-sections.

Load Type 1; P P

>Z
L
;
Load T 3P
oa ypqe iPi+q P1=0.50L
LIJLILLLILLIIITILLT -
L
y
Load Type 5; P+P
P P
‘:Z
L
y

3. Numerical Analysis

In the numerical analysis, based on the analytical
model introduced, the elastic LTB loads of both web-ta-
pered cantilevers C1 and C2 were calculated for six dif-
ferent load cases, presented in Fig. 4, and three loading
positions, which are top flange, bottom flange, and shear
center loadings. The end-moment loading was applied
only on the shear center. The cantilevers' lengths and ta-
pering angles were taken as variables to investigate the
effects of the tapering and the slenderness on the LTB of
C1 and C2 cantilevers. The section properties of cantile-
vers used in numerical analysis are given in Table 1.
Names of cantilevers consist of four characters, the first
two of which shows cantilever types €1 and (€2, and the
rest of two imply specimen number from S1 to S11. The
dedenotes the height of the cross-section at the free end.
All dimensions in Table 1 are in units of mm. The taper-
ing angles are in units of degree. The untapered cross-
section was in dimensions of IPN-200, commonly used in
structural practice. However, fillets were neglected, and
flange thickness was assumed to be constant. The canti-
lever length was appropriate for the slender section as-
sumption, considering crudely L/h>5. Similar cantilever
lengths were used in previous works (Yilmaz 2023; An-
drade and Camotim 2005). Previous studies argued that
the energy method based on beam element assumption
might not precisely reflect the LTB behavior of very com-
pact sections and demonstrated the requirement for 3D
finite element analysis (Yilmaz 2023; Andrade and
Camotim 2005). Tapering angles were chosen to prevent
excessive tapering at the free end according to the initial
by considering manufacturing. Cantilever tapering was
designed so that the cross-section height at the free end
was not less than 50% of the height at the fixed end.

Load Type 2; q

lll:lllliilllillllll

Load Type 4; P2 +q

lll=llll|1lllllll|l

P2=qL

Load Type 6; M
M
N

¥

Fig. 4. The considered load types in the numeric analysis.
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In the numerical analysis, the elastic modulus and
Poisson's ratio were taken as 2-10°> MPa and 0.3, respec-
tively. All elastic buckling loads calculated via the pre-
sented analytical method were compared with the 1D fi-
nite element analysis (1D-FEA) using LTBeamN soft-
ware (Centre Technique Industriel de la Construction
Metallique 2015). LTBeamN software has been com-
monly used to solve elastic LTB problems in the litera-
ture (Yilmaz 2023; Kucukler and Gardner 2019; Yilmaz
et al. 2017, 2019; Yilmaz and Kirac 2017; Kovac 2012).
The software calculates the elastic LTB load analysis uti-

lizing the beam elements that consider warping.
LTBeamN allows users to define almost any common
open section. Users can define sections using a pre-de-
fined catalog or modifying dimensions for various cross-
sections that are commonly used. Furthermore, sections
may be defined by using their section properties that are
effective in buckling. Users may change section height
through its length to allow the analysis of haunched and
tapered sections and assemble members from different
upper and lower sections. The software provides flexi-
bility for defining restraint conditions.

Table 1. The section properties of cantilevers used in the numerical analysis.

Variables Sections a L d d. br tr tw
C181 0 3000 200 200 90 113 75
C1S2 0.955 3000 200 150 90 113 7.5
UETBEA €183 1.909 3000 200 100 90 113 75
angles
€254 0.477 3000 200 150 90 113 7.5
€285 0.955 3000 200 100 90 113 75
C186 1.273 3000 200 133.34 90 113 7.5
C187 1.273 3500 200 122.23 90 113 75
C1s8 1.273 4000 200 111.12 90 113 75
Slenderness
€259 0.637 3000 200 133.34 90 113 75
€2510 0.637 3500 200 122.23 90 113 75
€2511 0.637 4000 200 111.12 90 113 75

Restrain positions can be defined for any position
both along the cross-section and length of the member.
For each restraint, four different degrees of freedom can
be defined. External and internal loading options can be
used for loading structural members. In the external
loading, concentrated and distributed loads can be
added to the demanded positions along the cross-sec-
tions and length of the member. A bending diagram and
axial load should be provided for buckling analysis in the
internal loading. Besides, a self-weight of member may
be added as an option. LTBeamN presents numerical re-
sults and graphical output to determine buckling loads

and modes. Furthermore, the software has yielded com-
patible results with 3D finite element analysis (3D-FEA),
where solid and shell elements are used (Yilmaz 2023;
Yilmaz etal. 2017, 2019; Yilmaz and Kirac 2017). The nu-
merical analysis results were presented in Tables 2-7 for
six load cases respectively. These tables include elastic
LTB loads of all cantilevers presented in Table 1 for top
and bottom flange loadings and also shear center load-
ings. In the tables, AN and LT denote the elastic LTB
loads obtained using the present analytical model and
LTBeamN software. R implies the ratio of the analytical
model results to the LTBeamN results.

Table 2. Load case 1, Pcr (KN).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1S1 22.53 21.85 1.03 32.20 31.67 1.02 38.36 37.89 1.01
C1S2 24.41 23.69 1.03 31.53 31.03 1.02 36.31 35.82 1.01
C1S3 26.34 25.84 1.02 30.87 30.49 1.01 34.19 33.81 1.01
C254 24.41 23.69 1.03 31.53 31.03 1.02 36.31 35.82 1.01
C2S5 26.34 25.84 1.02 30.87 30.50 1.01 34.19 33.81 1.01
C1S6 25.06 24.39 1.03 31.31 30.84 1.02 35.61 35.14 1.01
C1S7 18.54 18.11 1.02 21.79 21.44 1.02 24.16 23.81 1.01
C1S8 14.19 13.88 1.02 16.00 15.73 1.02 17.39 17.12 1.02
€259 25.06 24.39 1.03 31.31 30.84 1.02 35.61 35.15 1.01
C2510 18.55 18.11 1.02 21.79 21.44 1.02 24.15 23.81 1.01
C25811 14.19 13.88 1.02 16.00 15.73 1.02 17.39 17.12 1.02
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Table 3. Load case 2, gqcr (kN/m).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1S1 24.78 2411 1.03 39.86 39.23 1.02 53.75 53.12 1.01
C1S2 26.41 25.02 1.06 39.11 38.50 1.02 51.01 50.64 1.01
C1S3 28.20 26.17 1.08 38.36 37.87 1.01 48.16 48.26 1.00
C254 26.41 25.01 1.06 39.11 38.50 1.02 51.02 50.69 1.01
C2S5 28.21 26.16 1.08 38.36 37.88 1.01 48.16 48.36 1.00
C1S6 26.99 25.38 1.06 38.86 38.28 1.02 50.08 49.83 1.00
C1S7 17.08 16.11 1.06 22.86 22.49 1.02 28.34 28.21 1.00
C1S8 11.46 10.83 1.06 14.52 14.27 1.02 17.45 17.36 1.00
€259 26.99 25.36 1.06 38.85 38.29 1.01 50.07 49.91 1.00
C2S10 17.09 16.10 1.06 22.86 22.50 1.02 28.34 28.24 1.00
C2S811 11.46 10.82 1.06 14.52 14.27 1.02 17.44 17.38 1.00

When results presented in Tables 2-7 are examined, it
has been found that the present analytical approach ex-
cellent matches with the 1D-FEA solutions performed
with LTBeamN. Results demonstrated that the present
analytical approach has been successful in capturing
the effects of tapering level and slenderness on the LTB
of web-tapered cantilevers. The average difference be-
tween analytical and numerical results is only 2%, and
the maximum difference very rarely reaches 8% for
compact sections where the energy method exhibits
slightly worst performance on evaluation of the LTB
since it bases on a beam element assumption. As slen-
derness increases, the beam element assumption be-
comes more valid; consequently, the energy method
yields better accordant buckling loads with the FEA re-
sults. Similar tendencies were observed in previous
studies (Yilmaz 2023; Yilmaz et al. 2019; Yilmaz and Ki-
rac 2017).

It should be noted here that for short cantilevers, a
more exact evaluation of the LTB may be achieved with
3D-FEA with shell element instead of the energy method
based on 1D frame element assumption since the re-
markable web and/or flange distortion or a localized
web buckling phenomenon taking place near the appli-
cation point of load is not captured with the 1D frame el-
ement assumption (Yilmaz 2023; Andrade et al. 2007;
Ozbasaran et al. 2015).

It should be remembered that, as mentioned above,
choosing a proper buckling mode shape reflecting the ac-
tual buckling mode is critical to the performance of the
energy method. In the analytical calculations, sixth-order
functions were used in Egs. (12) and (13); in other words,
n=>5 was taken. With the increase of n, the difference be-
tween analytical and numerical results may be lowered.
However, it must not be remembered that higher-order
functions considerably increase computational time.

Table 4. Load case 3, ger+0.5gcL (KN/m).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1s1 9.53 9.26 1.03 14.18 13.95 1.02 17.90 17.68 1.01
C1S2 10.25 9.86 1.04 13.90 13.68 1.02 16.93 16.78 1.01
C1S3 11.01 10.57 1.04 13.61 13.45 1.01 15.93 15.91 1.00
C254 10.25 9.86 1.04 13.90 13.68 1.02 16.93 16.79 1.01
C2S5 11.01 10.57 1.04 13.61 13.45 1.01 15.93 15.93 1.00
C1S6 10.50 10.09 1.04 13.80 13.60 1.01 16.60 16.49 1.01
C1S7 6.65 6.41 1.04 8.19 8.06 1.02 9.54 9.47 1.01
C1S8 4.45 4.30 1.04 5.24 Buills 1.02 5.95 5.90 1.01
€259 10.50 10.09 1.04 13.80 13.60 1.01 16.60 16.49 1.01
C2510 6.65 6.40 1.04 8.19 8.06 1.02 9.54 9.48 1.01
C2511 4.45 4.29 1.04 5.24 Buills 1.02 5.95 591 1.01
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Table 5. Load case 4, ger+qcrL (KN/m).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1s1 5.85 5.68 1.03 8.56 8.42 1.02 10.58 10.45 1.01
C1S2 6.31 6.09 1.04 8.38 8.25 1.02 10.00 9.90 1.01
C1S3 6.78 6.57 1.03 8.21 8.11 1.01 9.41 9.37 1.00
C254 6.30 6.09 1.04 8.38 8.25 1.02 10.01 9.91 1.01
C2S5 6.78 6.57 1.03 8.21 8.11 1.01 9.41 9.38 1.00
C1S6 6.46 6.24 1.04 8.33 8.20 1.02 9.81 9.72 1.01
C1S7 4.09 3.97 1.03 4.95 4.87 1.02 5.66 5.61 1.01
C1S8 2.74 2.66 1.03 3.17 3.12 1.02 3.55 3.51 1.01
€259 6.46 6.24 1.04 8.33 8.20 1.01 9.81 9.73 1.01
C2510 4.09 3.97 1.03 4.95 4.87 1.02 5.66 5.61 1.01
C25811 2.74 2.66 1.03 3.17 3.12 1.02 3.55 3.51 1.01

Another critical finding revealing the general LTB be-
havior of web-tapered cantilevers, obtained from the nu-
merical study, is that increases in tapering level, or other
words, the tapering angles, have led to a decrease in elas-
tic LTB loads for all load cases applied to the shear center
and bottom flange. However, when transverse loads are
acted on top flanges of web-tapered cantilevers, the LTB
loads have increased with the increase of tapering. This
unexpected result, less material providing more
strength, can be explained by two opposite effects due to
the increase in tapering. The first of these effects is the
decrease in stiffness due to the rise in tapering. This ef-
fect causes a reduction in buckling load, as expected. The

second effect stems from the decline in the distance be-
tween the application point of the transverse load and
the shear center when tapering increases. In contrast to
the first effect, this effect leads to a rise in buckling load.
Consequently, since the second effect is more dominant,
the elastic LTB load has increased when the load is ap-
plied to the top flange with the increase in tapering. It
can be explicitly observed that these two effects tend to
decrease buckling load with the increase of tapering
when transverse loads are applied to the bottom flange.
Therefore, for bottom flange loading, the increase in ta-
pering cause a decrease in the LTB loads.

Table 6. Load case 5, Pe+Pcr (KN).

Top flange Shear center Bottom flange
Cantilevers AN LT R AN LT R AN LT R
C1S1 19.25 18.68 1.03 29.00 28.51 1.02 37.38 36.90 1.01
C1S2 20.72 20.13 1.03 28.44 27.96 1.02 35.36 34.87 1.01
C1S3 22.23 21.81 1.02 27.87 27.51 1.01 33.26 32.86 1.01
C254 20.72 20.13 1.03 28.44 27.96 1.02 35.37 34.87 1.01
C2S5 22.23 21.81 1.02 27.87 27.51 1.01 33.26 32.87 1.01
C1S6 21.22 20.68 1.03 28.25 27.81 1.02 34.67 34.20 1.01
C1S7 15.67 15.08 1.04 19.56 19.29 1.01 23.19 23.11 1.00
C1S8 11.99 11.71 1.02 14.30 14.04 1.02 16.49 16.22 1.02
€259 21.22 20.68 1.03 28.25 27.81 1.02 34.67 34.20 1.01
C2510 15.67 15.30 1.02 19.56 19.23 1.02 23.19 22.84 1.02
C2511 11.99 11.72 1.02 14.30 14.04 1.02 16.49 16.23 1.02

4., Conclusions

The present study has established an analytical treat-
ment to evaluate the lateral-torsional buckling behavior
of web-tapered doubly symmetric I-section cantilevers.
In the scope of the study, two different forms of cantile-
vers, of which web tapering is created by the obliquity of
only the bottom flanges and both top and bottom flanges.

The analytical model considers the variation of mo-
ment distribution, the position of transverse load along
the cross-section, and the tapering level. Thus, cantile-
vers were investigated under six load cases and three
loading positions in numerical analysis. The LTB loads
obtained by the analytical method were compared to 1D
finite element analysis.

It has been found that there is only, on average, a 1%
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difference between numerical and analytical LTB loads.
An increase in tapering caused a decrease in the LTB
loads when the transverse load was applied to the bot-
tom flange and shear center; however, the opposite ten-
dency occurred for top flange loadings. The increase in
tapering has brought along two opposite effects, which
are effective on the LTB of web-tapered cantilevers sub-
jected to top flange loading. The first is a decrease in stift-
ness, which cause a reduction in buckling loads, and the
second is a decrease in the distance between the appli-
cation point of loads and the shear center, leading to an
increase in buckling load. For top flange loading, since
the second effect is more dominant, the LTB loads have
increased when tapering increased.

Table 7. Load case 6, Mc- (KN'm).

Shear center
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